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A TRIANGULAR MODEL OF A COUPLING OF
DISSIPATIVE AND ANTIDISSIPATIVE OPERATORS
WITH REAL SPECTRA*

GALINA S. BORISOVA

ABSTRACT: This paper finishes the description of the large
class of nonselfadjoint operators with real spectra, presented as a cou-
pling of dissipative and antidissipative operators and having a limit of
the corresponding correlation functions.

KEYWORDS: Nonselfadjoint operator, dissipative operator, tri-
angular model, characteristic operator function, operator colligation, cou-

pling

1 Introduction

This paper is dedicated to the further development of one of the
directions in the nonselfadjoint operator theory founded by M.S. Livsic
and his associates.

After the classical book of John von Neumann "The Mathematical
Foundations of Quantum Mechanics" (where the quantum mechanics is
presented as a unified theory based on the spectral theory of selfadjoint
operators in Hilbert spaces) the efforts of many mathematicians show
that the spectral analysis of nonselfadjoint operators cannot be made
to fit into the framework of the theory of selfadjoint operators and its
simplest generalizations. Nonselfadjoint operators arise in the discussion
of processes that proceed without conservation of energy.

In the end of 1970s there were many prerequisites for investiga-
tions of nonselfadjoint operators. The theory of nonselfadjoint operators
is based on:

— the theory of the characteristic functions and the triangular
models of M.S. Liv§ic;

*Partially supported by Scientific Research Grant DDVU 02/91 of MON
and Scientific Research Grant RD-08-120/2017 of Shumen University.
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— the theory of dilations and functional models of B.Sz.-Nagy and
C. Foias;

— the scattering theory of P. Lax and R. Phillips.

The first major method in the nonselfadjoint operator theory was
initiated in the middle of the 1940s by M.S. Livsic [11, 13]. The main
tool here is the characteristic operator function, which is associated with
an arbitrary operator A in a Hilbert space H in the following way

I —i®(A—=\)"1o*
where J is a signature operator (i.e. J = J* = J~1) and

@*J@:AfA .

7

This function serves as a unitary invariant of the operator A and in many
important cases it is much easier to analyze than the original operator.
The characteristic operator function has intriguing properties. The main
point is that there is a relation between invariant subspaces of the opera-
tor and factorizations of its characteristic function. This result is proved
by M.S. Livsic and V.P. Potapov in [17]. This relation and Potapov’s the-
orem allow to M.S. Liv&ic to construct the so-called triangular model of
nonselfadjoint operators with finite dimensional imaginary parts ([12]).

Let H be a separable Hilbert space and let A be a bounded linear
nonselfadjoint operator in H with a finite dimensional imaginary part
dim(A — A*)H < +oo (i.e. the so-called operator with a finite non-
hermitian rank.) Analogously it can be considered the case when the
imaginary part of A belongs to the trace class.

In the case when the operator A is a dissipative operator in a
Hilbert space H (i.e. (A — A*)/i > 0) it follows immediately that there
exists the limit

lim (e*Af, e f), feH.

t——+oo

The existence of this limits ensures the existence of the wave operator
W, (A*, A) as a weak limit

(Wi (A", A)f.g) = lim (e e, g)

for the couple (A*, A) (f,g € H), obtaining the correlation function
V(t,s) = (e f, e f) of the dissipative curves e’ f and the limit of
the correlation function.

-4 -
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These results for the dissipative operators are presented in the
works of M.S. Liv§ic and his associates (see, for example, [6, 16, 15, 14,

5]).

Naturally there arises the question: are there nondissipative op-

erators A in a Hilbert space H for which there exist the limits
: itA g itA : itA g itA
m (e0f,e"0f), - lim (e"0f, e ).

It turns out that there exists a larger class of bounded nondissi-
pative operators in a Hilbert space which solve the question, mentioned
above. This class of bounded linear nondissipative operators, presents
couplings of dissipative and antidissipative operators with finite dimen-
sional imaginary parts and real absolutely continuous spectra. (Analo-
gously it can be considered the case when imaginary part of the operator
belongs to the trace class.) The triangular model of the operators from
this class is introduced by the author in [1] and investigated in [7, 2, §].
The natural consideration of this class follows from the system-theoretic
significance of the colligation which is connected with the multiplication
theorem of the corresponding correlation function. In [7] the asymptotic
behaviour of the nondissipative curves e*Af as t — 400, f € H, has

been obtained, which ensures the existence and the explicite form of the
limits lim (e®A4f, e4f).
t—Foo

2 The triangular model

In the paper [1] the author has introduced the model which is a
coupling of a dissipative and antidissipative operators with real spectra
and finite dimensional imaginary parts. In this paper we will complete
the description of a large class of nondissipative operators, present as
a coupling of dissipative and antidissipative operators with real spectra
and finite dimensional imaginary parts.

In [1] it has been introduced the model

Af(@) = a(@)f(x) — i [ FETIE)STI* (x)de +
(1) l 0 T
+i [ FOI(E) ST (x)d€ + i [ f(§IL(E)LIT* (w)de,
T 0
where the matrix function II(z) is a measurable n x m (1 < n < m)
matrix function on [0,!], whose rows are linearly independent at each
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point of a set with a positive measure and satisfying the condition
(2) tr IT* () (z) = 1,

the function a(z) is a bounded nondecreasing function in [0, ] which is
continuous at 0 and continuous from the left in (0,!], the matrix L :
C™ — C™ with det # 0, L* = L has the form

(3) L=J —Jy+5+5%

I, 0 (0 0 (00
(G 0)e=( ol )= (5 )

I}, is the identity matrix in C* (k = r, m —1), S is (m—7) x r matrix, r
is the number of positive eigen values, m — r is the number of negative

eigen values of L, {f(x) = (fi(z), fo(x), ..., fu(®)) : fu(z) € L2(0,1)} =
L2(0,1; C") is a Hilbert space with a scalar product

l
(f(2), g(x)) = / f@)g*(@)dx,  f(z).g(x) € L2(0,1;C").
0

It has to mention that every matrix L with L = L*, det L # 0, can be
presented in the form

(4) L=V(Ji—Jo+S+S8)V",

where V' : C™ — C™ is invertible matrix. The representation (4)
follows from the unitary equivelence of L and a diagonal matrix with
eigen values of the matrix L and the generalized inertia law [6].

In the case when the matrix function satisfies the condition

" () (z)J; = J I (2)I(x)

the operator (1) is a coupling of dissipative and antidissipative opera-
tors with real spectra and finite dimensional imaginary parts, i.e. the
operator A can be presented in the form

A= P AP, + P,AP, + P AP,

where P;, P, are ortogonal projectors in L2?(0,1;C"), P;A is dissipa-
tive operator on the subspace P;L%(0,/;C") (i.e. the imaginary part of
_6-
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P, AP, is a nonegative operator) and P> A is antidissipative operator on
PL2(0,1;C™) (i.e. the imaginary part of P AP; is nonpositive opera-
tor). In other words, if Q(x) is a measurable m x n matrix function in
[0,1], satistying the condition II(z)Q(z) = I for almost all = € [0,1], the
operators Py, P, : L%(0,1; C") — L2(0,1; C"), defined by the equalities

Py f(z) = f(@)(2)1Q(x),  Pof(x) = f(2)I(z)2Q(x)

are orthoprojectors in L2(0,/; C™), then the operator A has the repre-
sentation
A= P AP, + P,AP, + P AP;.

In the last equality P, A is dissipative operator on the subspace
PL2(0,1;C™) (i.e. the imaginary part of PyAP, is a nonnegative op-
erator) and P, A is antidissipative operator on P,L?(0,1; C") (i.e. the
imaginary part of the operator Py AP; is nonpositive), Py APy and P, AP
have real spectra, determined by the values of the real function «a(z).

It turns out that every nonselfadjoint operator 7" in a Hilbert space
H which is a coupling of dissipative and antidissipative operators with
real spectra and finite dimensional imaginary parts can be presented in
the form (1).

Theorem 1. Let the bounded nonselfadjoint operator T in o Hilbert
space H with real spectrum and finite dimensional imaginary part is
a coupling of dissipative and antidissipative operators with real spectra
determined by a nondecreasing function. Then the operator T is unitery
equivalent to the model (1).

Proof. Let the bounded nonselfadjoint operator T': H — H be a cou-
pling of a dissipative operator and an antidissipative one with finite
dimensional imaginary parts and real spectra, determined by the non-
decreasing function «(z) : [0,!]] — R. Then T has the representation
from the form

T=PTP + PTP,+ PTP,,

where P;, P, are orthogonal projectors in H and H = Hy & Hs, H =
P H, H, = P,H, H; is an invariant subspace according to 7', P,T P,
is a dissipative operator and P>,T P, is an antidissipative operator. The
operators P\TP; u P, T P, can be embedded in operator colligations X1
n XQ.
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Now we apply the theorem for unitary equivalence of an operator
with finite dimensional imaginary part and the triangular model of M.S.
Livsic ([6], [16]) onto the principal subspaces in the case of a dissipative
operator and in the case of antidissipative operator with real spectra.
From the relations
PTP, — PT*P, . PTP,— PT*P
m m :

di - H < o0, di
i i

PTP —PT'P _ PTP,—PT'Py _

) B

1 - 1

H < oo,

it follows that the operator
PTP — PT*P,

7

has s; nonnegative eigen values in the subspace

PTP — PT"P,

2

H

and the operator

P,TP; — PsT*Py
i

has s; nonpositive eigen values in the subspace

H.

PTPy, — PBT*P,
1

Then there exist triangular models fl and TQ which are embedded in
the operator colligations from the form

X1 = (Ty; L*(0,1;C™), ®,,C™; 1,,),
j(\;2 = (f27L2(0717 an)a (527 C7‘2; _ITz)

such that the operators P,TP; n fk are unitary equivalent onto the
principal subspaces of the colligations X; u X; (kK = 1,2). It has to
mention that the positive numbers nq, 71, ns, ro satisfy the inequalities

np <dimEy <sp <1y, k=12,

- 8-
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where Ey n FE» are linear span of channels elements of the colligations
X1 u X5 correspondingly. The operators T7 and T5 have the form

T

T () = a(@)g (x) + i / 01 ()T (€)1, TT; () e,
0

xT

Togs(x) = alx)gs(x) — i / 02T (€)1, T3 () e,

0

gr(z) € L2(0,1;C™) (k = 1,2). I(€) are ny, x ry (k = 1,2) matrices
functions with linearly independent rows onto the subspaces with posi-
tive measure, the operators ®; : L2(0,1; C"*) — C"* are defined by the

equalities
1

Bign(o) = [ o(@u(@)l,,da,
0

where gi(x) € L2(0,1;C"), I, is identity matrix in C™ (k = 1,2).
From the unitary equivalence there exist the unitary operators

Up : L?(0,l;C™) — P.H, k=12,
such that
(5) Ty, = U; P,TP,U,

onto the principal subspaces of T, u PyTP, (k=1,2).
Let us consider now the space

L%(0,1;C") = L*(0,1;C™) @ L*(0,1;C"™)

and the orthoprojectors in L2(0,1; C") defined by the equalities

5 ( In O ~ (0 0
P1_<0 0) PZ_(O In2>'
Let us choose the numbers m u r such that they satisfy the inequalities

ny <dimFE; <s; <7y <
.9
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no < dimFy < 59 <19 <m—r.

Now we considr the matrix L : C"™ — C™ with det L # 0, L = L* and
with r positive and m — r negative eigen values from the form

L=J —Jo+ 8+ 5%

I, 0 (0 0 (00
(5 0) (0l ) 5= (5 0)

Straightforward calculations show that if f(z) € L2(0,1;C") and
f(z) is presented in the form f(z) = (fi(x), fo(x)), where Py f(z) =
fr(x), k=1,2, then

where

Ty fy(x) = o) fo(z) + i [ f2(E)TL(€)T,, T (2)de =
(6) , 0

= a(z)Py(f(z)) + z‘off@)ﬁlﬁl(s)Lﬁr(x)Edf,

x

- Tz fo(z) = a(@) fo(x) *iofo(f)ﬁQ(f)ITQﬁg(x)dﬁ =
7 z N N .
= a(z)Pa(f(x)) + ioff(f)P2H2(f)LH§(x)P2df,

where n x m matrices II; (¢) and IIy(¢) have the form

~ o (I 0 0 0 ~ .. (000 0
= (MO 08 ) mo=( o o e )=

The operator 111 is dissipative and the operator fg is antidissipative on
the subspaces PL2(0,1;C") and P,L?(0,l;C") correspondingly.
Further instead of the colligations )~(1 and )?2 we consider the
colligations R o
Xy = (TP Hy, ®,C™; L),

Xy = (PyTaPy; Hy, ®5,C™; L),

-10 -
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where Hjy = ﬁkLQ(O,l;C”),

l
O f( f(z k=1,2.
e

Then the coupling T' = P\ TPy + T Py + PyTP; of the operators
Ty u T3 is unitary equivalent to the coupling of the operators 77 and
T, (17 - a dissipative operator , T5 - an antidissipative operator) onto
the principal subspaces. The unitary operator U : L2(0,/;C") — H
defined by the equality

(8) U= PU, P, + P,Uy P,

realizes this unitary equivalence.
But straightforward calculations show that

T=UTU = 131U1 P\ TPU P, + ﬁ2U2 PyT PyUs Pyt
9) +P1 \Up PLT PoUs P, =
= P\ Py + PyT2P; + P, TP,

where we have used the relations (5) and (8). On the other hand, using
that T is a coupling, for the operator P1TP2 we obtain that

l
(10) P\TP, = i® Loy Py f () = i / F(E) Poly (6)LITE (2) Pyde.
0

Now the equalities (9), (6), (7) and (10) imply that
Tf(x) = a(z)Pi(f(x)) + fo )P (€) LIT () Prdé+

(11) +a(z)Py(f(z) —&-sz (&) PoIly(€) LT () Pydé+
Fi | £(€) PoTia(€) LT (1) Prde.

0

Let us denote the next matrix

[ I 0o 0 0
Hm_( 0 00 ﬁg(.ﬁ))

- 11 -
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Hence _ N _ N
P1H(I)J1 = Hl(x), PQH(I’)JQ == HQ(I)

and the representation (11) takes the form

Tf(z) = a(z)Pi(f(x)) + i

Fa(z)P(f(x)) +1

+iflf(§)H(E)J2LJ1H*(fE)d§

FOI(E) Sy LT (x)dE+

O —=z

FOIL(E) JoLJoIT* (x)dE+

O—=x

0
Hence
TF(w) = alw)f(2) + i [ FETIE AT (2)de—
(12) x 0 l
—i ] SO AT (2)d€ +1 [ J(ETE)SIT (w)d.

Consequently, from (12) it follows that the operator T = P, TP +
P, TP, + PyTP; is unitary equivalent to the operator (12) (onto the
principal subspace) and after direct calculations T takes the form

~ l
Tf(x) = a(x)f(z) +i [ f(T(E)ST (z)dE—

~i ] SIS T (@) + [ FOELIT (@),
The condition IT*(x)II(x)J; = J1II*(2)II(z) is obvious.
The pfroof is complete. O

The proof of Theorem 1 together with the triangular model (1),
introduced in [1], finishes the description of a large class of nonselfadjoint
bounded nondissipative operators which are presented as a coupling of
dissipative and antidissipative operators with finite dimensional imagi-
nary parts and with real spectra, determined by a real nondecreasing
function. This class of operators generates nondissipative continuous
curves whose asymtotics exist and are obtained explicitly in the papers
[7], [10], [8] in terms of multiplicative integrals and a finite dimensional
analogue of the classical gamma-function. The explicit form of these

- 12 -
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asymptotics plays an important role in the construction of the scat-
tering theory for the couple of operators (A*, A) ([7], [10]) and results
concerning the connection between the soliton theory and the theory of
commuting nonselfadjoint operators ([4], [3]). A triangular model of reg-
ular couplings of dissipative and antidissipative operators for unbounded
operators A with different domains of A and its adjoint A* is introdused
and investigated in [9, 10, 8].
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ON BIGGER PRIMES*

Ivo M. MICHAILOV, IVAN S. IVANOV, SINTIA A.
VLADIMIROVA, FANI M. ALEKSANDROVA

ABSTRACT: In this survey we discuss some classical problems
about recognition of prime numbers. Various tests are studied that can
be further programmed on a computer to find big primes.

KEYWORDS: primes, sieve of Eratosthenes

1 Introduction

Prime numbers (or just primes) are natural numbers, like 2, 3, 5,
7, 11, . . . , which are not multiples of any smaller natural number
(except 1). If a natural number is neither 1 nor a prime, it is called a
composite number.

For example, among the numbers 1 through 6, the numbers 2, 3,
and 5 are the prime numbers, while 1, 4, and 6 are not prime. 2 is a
prime number, since the only natural numbers dividing it are 1 and 2. 3
is prime, as no numbers other than 1 and itself divide evenly into it. 4
is composite, since 2 is a number that divides evenly into it, in addition
to 1 and itself. 5 is prime as only 1 and itself divide evenly into it. 6 is
divisible by 2 and 3, therefore it is not prime.

No even number greater than 2 is prime because by definition, as
any such even number n has at least three distinct divisors, namely 1,
2, and n. Accordingly, the term odd prime refers to any prime number
greater than 2. Similarly, when written in the usual decimal system,
all prime numbers larger than 5 would end in 1, 3, 7, or 9, since even
numbers are multiples of 2, and numbers ending in 0 or 5 are multiples
of 5.

Prime numbers are important, since the fundamental theorem in
arithmetic states that every natural number greater than 1 is a product
of prime numbers, and moreover, in an essentially unique way. Prime

*This work is partially supported by a project No RD-08-104/06.02.2017
of Shumen University.
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numbers are like cousins, members of the same family, resembling one
another, but not quite alike.

There are hints in the surviving records of the ancient Egyptians
that they had some knowledge of prime numbers: the Egyptian frac-
tion expansions in the Rhind papyrus, for instance, have quite different
forms for primes and for composites. However, the earliest surviving
records of the explicit study of prime numbers come from the Ancient
Greeks. Euclid’s Elements (circa 300 BC) contain important theorems
about primes, including the infinitude of primes and the fundamental
theorem of arithmetic. Euclid also showed how to construct a perfect
number from a Mersenne prime. The Sieve of Eratosthenes, attributed
to Eratosthenes, is a simple method to compute primes, although the
large primes found today with computers are not generated this way.

It is quite natural, when studying the set of prime numbers, to
ask the following questions, which we phrase informally as follows:

. How many prime numbers are there?

. How to recognize whether a natural number is a prime?

1
2
3. Are there functions defining prime numbers?
4. How are the prime numbers distributed?

5

. Which special kinds of primes have been considered?

In this paper we will concentrate on the first two questions. For
further information we refer the reader to the monograph [3].

2 How many prime numbers are there?

Firstly, let us note that any natural number n > 1 has a prime
divisor. We can easily verify this claim using mathematical induction.
Indeed, if n itself is not a prime, we can decompose it as a product of
two numbers which are smaller than n, so we can apply the induction
assumption on either of them. From this fact also follows the existence
part of the main theorem in the arithmetic, namely every natural number
n > 1 is a product of primes (see the beginning of the next section and
for further reading [4]).

The answer to the question of how many prime numbers exist is
given by the fundamental theorem:

Theorem 2.1. There exist infinitely many prime numbers.
-16 -



On bigger primes

There are at least 10 different proofs of the latter theorem (by Eu-
clid, Kummer, Goldbach, Schorn, Thue, Perott, Auric, Métrod, Wash-
ington, and Furstenberg’s). We shall give three of them below.

I Euclid’s proof.

Suppose that p;1 = 2 < ps = 3 < -+ < p, are all the primes.
Let P = p1ps---pr + 1 and let p be a prime dividing P; then p cannot
be any of py,po,...,p., otherwise p would divide the difference P —
p1p2 -+ pr = 1, which is impossible. So this prime p is still another
prime, and pq, pa, ..., p would not be all the primes.

IT Kummer’s proof.

Suppose that there exist only finitely many primes p; < py <
--- < pr. Let N =pips---p, > 2. The natural number N —1 > 1 has
a prime divisor p; in common with N; so, p; divides N — (N —1) = 1,
which is absurd!

[T Furstenberg’s proof.

This is an ingenious proof based on topological ideas. Since it is so
short,we cannot do any better than transcribe it verbatim; it appeared
in 1955:

In this note we would like to offer an elementary “topological”
proof of the infinitude of the prime numbers. We introduce a topology
into the space of integers S, by using the arithmetic progressions (from
—00 to +00) as a basis. It is not difficult to verify that this actually
yields a topological space. In fact, under this topology, S may be shown
to be normal and hence metrizable. Each arithmetic progression is closed
as well as open, since its complement is the union of other arithmetic
progressions (having the same difference). As a result, the union of any
finite number of arithmetic progressions is closed.

Consider now the set A = J A,, where A, consists of all multiples
of p, and p runs through the set of primes > 2. The only numbers not
belonging to A are —1 and 1, and since the set {—1,1} is clearly not an
open set, A cannot be closed. Hence A is not a finite union of closed
sets which proves that there are an infinity of primes.
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3 How to Recognize Whether a Natural Num-
ber is a Prime

In the article 329 of Disquisitiones Arithmeticae, Gauss (1801)
wrote:

"The problem of distinguishing prime numbers from composite
numbers and of resolving the latter into their prime factors is known
to be one of the most important and useful in arithmetic. . . . The
dignity of the science itself seems to require that every possible means
be explored for the solution of a problem so elegant and so celebrated."

The first observation concerning the problem of primality and
factorization is clear: there is an algorithm for both problems. By this,
we mean a procedure involving finitely many steps, which is applicable
to every number N and which will indicate whether N is a prime, or, if
N is composite, which are its prime factors. Namely, given the natural
number N, try in succession every number n = 2,3,... up to [v/N] (the
largest. integer not greater than v/N) to see whether it divides N. If
none does, then N is a prime. If, say, Ny divides N, write N = NoNy,
so N1 < N, and then repeat the same procedure with Ny and with N.
Eventually this gives the complete factorization into prime factors.

It should, however, be noted that for large numbers N, it may
take a long time with this algorithm to decide whether N is prime or
composite. This touches the most important practical aspect, the need
to find an efficient algorithm - one which involves as few operations as
possible, and therefore requires less time to be performed.

I The Sieve of Eratosthenes.

As we have already said, it is possible to find if N is a prime using
trial division by every number n such that n? < N. Since multiplication
is an easier operation than division, Eratosthenes (in the 3rd century
BC) had the idea of organizing the computations in the form of the well-
known sieve. It serves to determine all the prime numbers, as well as the
factorizations of composite numbers, up to any given number N. This
is illustrated now for N = 40.

Do as follows: write all the numbers up to 40; cross out all the
multiples of 2, bigger than 2; in each subsequent step, cross out all the
multiples of the smallest remaining number p, which are bigger than p.
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It suffices to do it for p? < 40.

2 3 4 5 6 7 8 9 16
11 2 13 ¥4 15 16 17 18 19 20
21 22 23 24 25 26 27 28 29 30
31 32 33 34 35 36 37 38 39 40

IT Classical Primality Tests Based on Congruences.

Fermat’s little theorem says that if p is a prime and a is any
natural number not a multiple of p, then a?~! = 1 (mod p). However,
we note right away that a crude converse of this theorem is not true —
because there exist composite integers N, and a > 2, such that ™V =1 = 1
(mod N).

Euler generalized Fermat’s little theorem by introducing Euler’s
function. For every n > 1, let p(n) denote the number of integers a, 1 <
a < n, such that ged(a,n) = 1 (the greatest common divisor of @ and n
is 1, or equivalently, a and n are relatively prime).

Euler proved the following:

Euler’s Theorem. If gcd(a,n) = 1, then a®™ =1 (mod n).

Nevertheless, a true converse of Fermat’s little theorem was dis-
covered by Lucas in 1876. It says:

Test 1. Let N > 1. Assume that there exists an integer a > 1 such
that:

(i) a¥"t'=1 (mod N),
(ii) @™ #1 (mod N) form=1,2,...,N — 2.
Then N is a prime.

Defect of this test: it might seem perfect, but it requires N — 2
successive multiplications by a, and finding residues modulo N — too
many operations.

Proof. Tt suffices to show that every integer m,1 < m < N, is prime to
N, that is, (IN) = N —1. For this purpose, it suffices to show that there
exists a,1 < a < N, gcd(a, N) = 1, such that the order of a (mod N) is
N — 1. This is exactly spelled out in the hypothesis. O
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In 1891, Lucas gave the following test:

Test 2. Let N > 1. Assume that there exists an integer a > 1 such
that:

(i) a¥ ! =1 (mod N),
(ii) @™ £ 1 (mod N) for every m < N, such that m divides N — 1.
Then N is a prime.

Defect of this test: it requires the knowledge of all factors of
N — 1, thus it is only easily applicable when N — 1 can be factored, like
N=2"4+10or N=3x2"+1.

The proof of Test 2 is, of course, the same as that of Test 1.

In 1967, Brillhart & Selfridge [2] made Lucas’ test more flexible:

Test 3. Let N > 1. Assume that for every prime factor ¢ of N —1 there
exists an integer a = a(g) > 1 such that

(i) a1 =1 (mod N),
(ii) aN=1/4£1 (mod N).
Then N is a prime.

Defect of this test: once again, it is necessary to know the prime
factors of N — 1, but fewer congruences have to be satisfied.

Proof. 1t is enough to show that ¢(N) = N —1, and since p(N) < N—1,
it suffices to show that N — 1 divides ¢(V). If this is false, there exists
a prime ¢ and r > 1 such that ¢" divides N — 1, but ¢" does not divide
©(N). Let a = a(q) and let e be the order of @ mod N. Thus e divides
N —1 and e does not divide (N —1)/q, so ¢" divides e. Since a?N) =1
(mod N), then e divides ¢(N), so ¢"|¢(N), which is a contradiction, and
concludes the proof. O

To make the primality tests more efficient, it is desirable to avoid
the need to find all prime factors of N — 1. So there are tests that only
require a partial factorization of N — 1. The basic result was proved by
Pocklington in 1914, and it is indeed very simple:

Theorem 3.1. Let N —1 = ¢q"R, where q is a prime, n > 1, and q does
not divide R. Assume that there exists an integer a > 1 such that:
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(i) a1 =1 (mod N),
(ii) ged(a™N-D/1 1, N) =1.
Then each prime factor of N is of the form mq™ + 1, with m > 1.

Proof. Let p be a prime factor of N, and let e be the order of a mod p,
so e divides p — 1; by condition (ii), e cannot divide (N — 1)/q, because
p divides N; hence, ¢ does not divide (N — 1)/e; so ¢™ divides e, and a
fortiori, ¢ divides p — 1. O

The above statement looks more like a result on factors than a
primality test. However, if it may be verified that each prime factor
p = mq™ + 1 is greater than v/N, then N is a prime. When ¢" is fairly
large, this verification is not too time consuming.

Pocklington gave also the following refinement of his result above:

Theorem 3.2. Let N — 1 = FR, where gcd(F,R) = 1 and the factor-
ization of F' is known. Assume that for every prime q dividing F' there
exists an integer a = a(q) > 1 such that:

(i) V1= 1 (mod N),
(ii) ged(a™N-D/1 1, N) =1.
Then each prime factor of N is of the form mF + 1, with m > 1,
The same comments apply here. So, if F > /N, then N is a

prime. This result is very useful to prove the primality of numbers of
certain special form. The old criterion of Proth (1878) is easily deduced:

Test 4. Let N = 2"h + 1 with h odd and 2" > h. Assume that there
exists an integer a > 1 such that a(N=1/2 = —1 (mod N). Then N is
prime.

Proof. N —1 = 2"h, with h odd and a”~! =1 (mod N). Since N is
odd, then ged(a™¥~1/2 — 1, N) = 1. By the above result, each prime
factor p of N is of the form p = 2"m +1 > 2". But N = 2"h+ 1 < 22",
hence VN < 2" < p and so N is prime. O

-21 -



Michailov 1., Ivanov I., Vladimirova S., Aleksandrova F.

In the following test (using the same notation) it is required to
know that R (the nonfactored part of N — 1) has no prime factor less
than a given bound B. Precisely:

Test 5. Let N —1 = FR, where gcd(F, R) = 1, the factorization of F is
known, B is such that FB > /N, and R has no prime factors less than
B. Assume:

(i) For each prime ¢ dividing F' there exists an integer a = a(q) > 1
such that ™! =1 (mod N) and ged(a™N-1/9 — 1 N) = 1.

(ii) There exists an integer b > 1 such that b8 ~! = 1 (mod N) and
ged(bf — 1, N) = 1.

Then N is a prime.

Proof. Let p be any prime factor of N, let e be the order of b modulo
N, so e divides p — 1 and also e divides N — 1 = F'R. Since e does not
divide F', then ged(e, R) # 1, so there exists a prime g such that gle and
q|R; hence, ¢q|p — 1. However, by the previous result of Pocklington, F'
divides p — 1; since ged(F, R) = 1, then ¢F divides p — 1. Sop—1 >
q¢F > BF > +/N. This implies that p = N, so N is a prime. O

The paper of Brillhart, Lehmer & Selfridge [1] contains other vari-
ants of these tests, which have been put to good use to determine the
primality of numbers of the form 27 + 1,227 £ 27 + 1,227 "1 £ 27 4+ 1,

We have already said enough and will make only one further com-
ment: these tests require prime factors of NV — 1.
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ON THE EFFECTIVE BULK MODULUS OF MULTI-PHASE
DISPERSIONS

KRASIMIR D. TSVYATKOV

ABSTRACT: Variational bounds for the effective bulk modulus of
random dispersions of homogeneous spheres of different elastic moduli are
considered. It is shown that explicit results can be derived for such class of
multi-phase dispersions under some natural assumptions. Thus, well-known
results incorporating two- and three-point correlation functions for two-
phase dispersions are generalized.

KEYWORDS: effective elastic moduli, random dispersions,
variational bounds

1. Yeon

Pasriexxiame xeTeporeHHa egacTH4Ha Cpesa, MpecTaBisBalia
JIMCTIEPCHsI OT XOMOI'CHHH HEMpecHyaliud ce chepu CbhC ClydailHu
00eMeH MOIYT K, W MOJNYJT Ha CPA3BAHE i, DPasMpEJEeHN
CIly4aifHO B HEOTPaHHYCHA MaTpHIa C 00EMEeH MOIYJ K, M MOJIYJ] Ha
cps3BaHe 4, BK. ¢ur. 1. Bps3kara Mexay TeH30puTe Ha
nedopmarnusta €(x) u Ha HanpexkeHnero T(X) B cpenara ce JaaBa OT
KOHCTHTYTHBHUSI 3aKOH

1) T(x) = A(X) Tre(x) I+2u(x) &(x),

* Hacrosiara cratus e ¢unancupana ot ®oun ,,Hayunu usciaenBanus’ KbM
[ITymenckus yausepcurer ,,Emuckon Koncrantun [IpecnaBcku mo mpoext
Ne P/1-08-120/06.02.2017 r.
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KbIeTO | € enuHWYHMAT JBYBaleHTeH TeH3op, Tre(x)=g;(x) e
2
crenara Ha €(X), a ﬂ(x)zk(x)—g Hu(X) m p(X) ca momerata Ha

napamerpure Ha Jlame, x(X) W u(X) mTpHeMarT CHOTBETHO

CIIYYauHUTEC CTOUHOCTH K'p u ,Llp , AaKO X JICKHU B C(pepa, ukK, U4,

.f.::.%, -
B - '

aKO X JICXHM B MaTpullaTa Ha JUCIICPCUATA.

®@ur. 1. J[pa npuMepa 3a JUCHEPCUH OT IHCKOBE C TPU Pa3IUIHH
PaBHOBEPOSITHU €JacCTU4YHM Monyinu. JlsBara CHMMKa € Ha JucIepcus,
HaMMpamia ce B paBHOBecHE ¢ o0ma obeMHa KOHIIGHTpAIUs Ha JHUCKOBETE
#, =0.3. Tlonyyena € upe3 KOMIIOTbPHA CHMYJIALKs, OCHOBaHA Ha MoHTe
Kapmo meroma mHa Metpomonuc oT MOJEKyJsIpHaTa AWHAMEKA. J[scHara
CHIMKa € Ha HEpaBHOBECHA MHCIIEPCHS, TIONy4YeHa 4Ype3 CIydaiHO
MOCJIEeIOBaTeIHO Jo0aBsJHE HAa JUCKOBE JIO [OCTUTaHe Ha oO0eMHa
KOHIICHTPAIUS ¢p , MHOT'O OJIM3Ka JI0 Ta3d Ha HACHIIaHE ¢p ~0.55.

Tenszoppt Ha pgepopmarmsaTa €(X) € CHUMETPUUPAHHAT
TpaJIieHT Ha IIOJIETO Ha mpemecTBaHeTo U(X) B cpenata, M3passBalil

1
CC B JACKAPTOBU KOOpAMWHATU C PABCHCTBOTO gij = E(ui'j + uj,i ) , a IIpu

OTCHCTBHE HAa MAacOBH CHJIM TEH30PHT Ha Hampekenneto T(x) ce

MOUMHSABA Ha ypaBHEHHETO 3a paBHOBeche 7, .(X)=0. (Tyk u mo-

ij,]
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JIOJTy M3IMOJI3BaMe TMPABUIIOTO Ha AMHINANWH 3a CyMHpaHe MO JBOMKa
MOBTaPSIIH CE UHACKCH.)

[pennonarame, 4ye cpexara € CTATUCTUYECKH XOMOTCHHA H
u3otpornHa. ToraBa e)eKTUBHOTO MIOBEJACHUE HA CpeliaTa ce Onpesess
OOMKHOBEHO 4pe3 PaBEHCTBOTO

@ (T()) = 4, (Tre(x) T+ 241, (2(x)),

KBJETO CKOOMTE O3HayaBaT yCpeJHEHHMe 1o aHcamMOblIa OT
2

peanusauuM Ha cpepata, A, =k, ——/,, @ kK, U [, Ca CHOTBETHO

HEUHUST edhekmueer obemer MO0yl W HEHHHAT MOOYI HA CPA3BAHE.
B mmTeparypata ca TpeIoKeHM MHOTO (GHM3MUHH U
MaKpOMEXaHWYHH MOJENN 3a TpeAcKka3BaHe Ha e(EeKTUBHHTE
CBOICTBa Ha ciydaitHu aucnepcuu. Omre npeau 630 150 rogunu B
3HAMCHUTUS CH TPAKTAaT [0 EJIEKTPHYECTBO M MarHeTusbm [1]
Ilxeiimc Knapk Maxkcyen wusBexaa npuOmmkeHa ¢opmyna 3a
e(eKTHBHATA MPOBOJUMOCT Ha AMCIEpCHs OT chepH, UMallh eaHa U
Chllla HeciydYaiiHa nposoaumoct o,. IlogxonsT Ha Makcyen ce
HpEeHacs JISCHO B €IACTUYHHS CITydaid Jaxe 3a qucnepcud o N Buia

cdepu, UMaK pa3TIUuyHE OOEMHH MOIYIIH Kl(p),...,/c,(qp), MOJYJIH Ha

cpasane  447,..,4 w 0OGEeMHH KOHIEHTpAIMH CHOTBETHO

A7, ¢”, Bx., manmpumep, [2, T'm. 18] u [3]. Tpubmmkennre
(opmyiu 32 epeKTUBHUTE €NACTHYHN MOLYIN K, M A, TOTaBA MOXKE
Jla Ce 3aIuIIaT BbB BUIA

(x) (1)

(@) =1+ %,a é’(ﬂm(z){;ﬁp ey %) f(ﬂm())gﬁp !

Ky o 1_£(ﬂm )¢p /um am# l_é,(ﬂm# )¢p
KBIETO

Wy _ 8" o Wy _ 8"
g(ﬁm ) = Z_ﬁm (Ki ) 2t g(ﬂmﬂ ) = Z_ﬂmﬂ (lLlI P )
i1 P, i1 P

ca Cpe,Z[HI/ITe CTOﬁHOCTI/I Ha Koe(bI/H_[I/IeHTI/ITe Ha HOJI}IpI/I3yeMOCT
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o (1 — K5y

@) A= B (i =% = t)
7

(u)
m + (e (,U - :um)
Ha cdepa C eTacTHYHN MOAYNIH K WU f OTHOCHO MaTpHIiaTa, KOUTO

K, +al (k- x,)

Hapy4yaMe Taka 10 aHaJOrWs C TCOPHATa Ha JUEIEKTPHUIIMTE,
ciengaiiku [2, I'n. 20],
) o= e O Ky 2
3k, +4u, 53k, +4u,
ag,= AP +---+ 4P e obimara 06eMHa KOHIEHTpAIKsA Ha cEepUTE OT

mucnepcusita. e orbenexum, ye mo dopmynure (3) Moxe ma ce
JOCTUTHE W 4Ype3 Jpyrd mnoaxonu. B anamormuna c¢opma Te ca
noiydeHd ot YeHr [4] 4pe3 u3moi3BaHe Ha Meroga Ha Mopu U
Tanaka [5]. benBenucre [6] monyuyaBa B ekBHBaieHTa (popma Chinara
dopMyna 3a k, 4pe3 M3IOI3BaHE Ha O0OOOIIEHATa CaMOCIperHara
cxeMa, HO Mapajy Bb3HUKHAIM YCIOKHEHHsS HE JlaBa sSBEH U3pa3 3a
He -

B ocHOBata Ha TE3W MOIXOMU CTOAT PAa3yMHH (H3WIHU
npeamnonokeHns. He e scHo, o0ave, KakBa CTaTHCTHKa Ha
pasmpesielieHe Ha MHOXKECTBOTO OT IIEHTPOBETE X; Ha cdepure u

CBHOTBCTHUTC UM CJIACTUYHU MOAYJIN K'J- n /uj CTOHU 3a1 MOJIYYCHUTC

npubmkeHu Gopmynu. B obuus ciydail epekTHBHUTE MOIYIH K, U
M, 3aBHCAT OT IBJIHOTO CTaTHCTUYECKO OIUCAHWE Ha cpenara. Ha

MpaKkThKa, o0aye, pas3mojarame camMo ¢ WH(pOpMaIMsTa, JaBaHa OT
I'BPBUTE HIKOJIKO KOpENallMOHHW (YHKIMH 3a cpenarta. ETo 3ario
€IMHCTBEHOTO, KOETO MOJKE Jla C€ HAIPaBU CTPOTO U TIOCIIEI0BATEIHO,
€ MOJIy4aBaHeTO Ha IPAHUIM 3a K, U /i, C IIOMOLITA Ha BAPHMALMOHHU

npuHiMny. HeTpuBuamHu TrpaHUIM 332 CS(PEKTUBHUTE €JaCTHYHU
MOJYJY, H3MON3BAllM CaMO OOEMHUTE  KOHICHTPALMH  Ha
KOMITOHEHTHTE Ha Cpe/iaTa, Ce MOoJyYaBaT OT BapHALMOHHUS IPUHIINAI
Ha Xamun u [lpukman [7]. B ciyuas, korato cpeiara 3a cpaBHECHHE
B TO3W MPUHIIMI € N30paHa Jia € MaTPHLAaTa, ChOTBETHUTE TPAHHIN HA
XammH u Ulpukman [7] ce naBar cbe commte popmys (3).
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TYK me pasriicgame MMPUIIOKCHUC Ha KIIaCUYCCKHUTE
BapyUallMOHHU TMIPUHIMAIIA. ChINIaCHO KJIACHUYCCKUS MNPpUHIMAII 34
MUHHUMYM Ha NOTCHIUAJIHATA CHEPIUs (byHKI_II/IOHaJTbT

) U] = (x(x)[Tr&(x)]") +2(u(x) &(x) : €(x)),

pasriexaaH BhpXY Kiaca OT MPOOHH MOTCHIUANHK moyeta £(x), 3a
kouto (£(x)) =(&(x)), ce MHUHUMH3HpPA 32 UCTHHCKOTO mojic &(X) B
cpenaTa; IpH ToBa

(7 minU =« [Tr(e)? + 2 1, (e) : (e),

KOETO II03BOJIIBA HAMHUPAHETO Ha FOPHU I'PaHUIM 3a kK, U [, AKO
(YHKUMOHAIBT C€ pas3riekaa BbPXY TakbB Kiac OT HOIyCTUMH

npoorn monera. B (6) €(X) =é(x)—%Tré(x)I € JeBuaTopHara

ChCTaBAIA HAa TeH30pa £(X), a JBOETOYMETO O3HAYaBa KOHTPAKIIKS 110
JIBETE JIBOWKH OT WHJCKCH Ha Y4aCTBAILIHUTE TCH30PH.

Cropen MpUHIMIIA 32 MHHEMYM Ha JOIIBJIHUTEIIHATA CHEPTHUsI
(GYHKIMOHATBT
@ WHOI= o [T+ (— 3 :5(x),

9 x(x) 2 p(x)

pasriexaaH BbPXY Kiaca OT CHMETPUYHH W PAaBHOBECHH MPOOHH
noera 1(x), 3a komro (T(Xx))=(7(X)), ce MHHUMH3UpaA 32

HCTUHCKOTO Nosie T(X) B cpenarta; IpH ToBa

(9) minW = i[Tr<~r>]2 + i(s) (s,
9k, 2

e
A . 1_ .
KbJIETO cera S(X) = ‘r(x)—éTr 7(x)I e meBmaropHaTa chCTaBsAlIa HA

tersopa T(x). Pasnexmanero Ha (pyHKIHOHAIA BHPXY TaKbB KJIaC OT
JONMYCTUMH TIPOOHM TMOJIETa T[O3BOJIABA HAMHPAHETO Ha JOJIHH
IPaHMIIN 32 K, U L, .
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I'panuum 32 x, ¥ 4, WU3NOJN3BAIIM CTaTUCTUYECKATA
MHQOpMAaIUs, ChIbpKaIlla Ce B IbPBUTE TPU KOPEIAMOHHN (HYHKLIUH

Ha moserata x(X) ¥ w(X), ca MONy4eHH U U3CIICIBAHU 32 JUCIICPCHUS
OT chepu ¢ eIHH M CHIIM €IACTHYHH CBOWCTBA K, W [, BK.
Harpumep [2, ['m. 21 u 22]. Pasrnexnmar ce OCHOBHO JBa THIA

BapUallMOHHU TIpaHMIM. EJHUAT ce OCHOBaBa Ha W3IIOJ3BAHETO HA
nepTypOaIMOHHOTO pasjaraHe Ha MCTHHCKOTO mosie €(X) 3a ciaabo

HEXOMOT€HHa Cpe/ia, a IPYruAT — Ha KIACTePHOTO pasjiaraHe Ha £(X)

3@ MaJNKd KOHUEHTpauuu ¢, Ha chepure. Okasga ce, Y€ TOraBa Te3u

TpaHUIU CHBNAJAT 3a e()eKTHBHUA 00eMeH Moyl K, , Bxk. [8, 9 ,10].
ToBa ca rpaHuITe, U3BESKAAIM CE OT MO-OOUIMS THIT TPAHULIU HA
bepan u Monunbo [11] 3a mpou3BosiHH ciydaiiHu monieta k(X) U
4(X), u rpanunmre, noiayuenn ot Kunranus u Topkyato [10]. Tyk
me 0000mMM Te3W TPaHUIM 3a AWNCIEPCHH OT chepu ¢ pasiTuvHA
CIly4aiiHU eNacCTUYHU CBOMCTBA K, U [L, , PA3TIIEKIANKH TH O] OO
yanep. e mokaxkem, de Te ca pa3IMyHH 32 TAKWBA JUCIICPCUU U I
NOJYYUM aHAUTUYHUA W3pa3u 3a TAX. CHOTBETHUTE TpaHHIM 32
MOJyJla Ha cps3BaHe e Obaar pasrienanu apyrage [12]. Ile
OTOEJNIEIKUM Camo, Y€ Te ca Pa3iIMuHK Jaxe 3a JUCIEPCHH OT chepu ¢
€JIHU ¥ CHIIU eTaCTHYHH cBo¥cTRa [8, 9, 10].

Or (7) u (9) BemHara ce BWXma, Y€ INPU HAMHUPAHETO Ha
rpaHund Ha e(eKTHBHHS OOEMEH MOIyNl K, € JOCTaTb4YHO Ja ce
NpPEANoNIoKM, Ye TeHzopure <€) U (T) ca cdepuuHy, T.e.
JieBuaTopuTe UM (€) | (S) ca paBHHU Ha HyIJa.

2. IIpooHuTe nosnera Ha bepan-Moaunbso u Kunranus-Topkyato
3a gucnepcuss oT cdepu C eIHA MW ChIla HW3OTPOIHA
nposogumoct o, Topkyaro [13] BbBeka IPOOHM MONETA, OCHOBAHH

Ha KJIACTEPHOTO pa3jiaraHe Ha EIIEKTPUYECKOTO TIOJe 3a MalKu
KOHLEHTpauuu ¢, Ha chepure. Ilo aHanorus Ha TAX 3a AMCTIEPCHH OT

-30 -



Bbpxy edexTuBHHS 06eMEH MOAYI HAa MHOTO(A3HH AUCTICPCHU

chepu Cc enHa W CHIIM E€MACTHYHH MOJYITH K, U U, Kunranus n

Topkyato [10] u3mon3Bat npoOHHU T0NIETa OT BUAA

(10) &(x) = (&) +ag (x),

KBAECTO @ € peajeH napameTsp, OTHOCHO
KOWTO Ce MHHHMHU3Upa PECTPUKIHMATa Ha (QyHKuuoHama U BBpXY
Te3W NpOOHM Tmojera, a moiuero g (X) MNpousnu3a OT IIbPBUS
HETPUBHUAJICH WICH B KJIACTEPHOTO pasjiaraHe Ha HMCTHHCKOTO MOJIE
g(x) mpu ycnoBuero (g (x))=0. Ananoruunu npoOHHU ToJeTa ce
BbBeKIaT © 3a (QyHkiuoHama W . Creasaiiku Topkyato [13],
MOJMYYCHUTE IO TO3W HAYWH BApPUAIMOHHW TPAHUIM TE HapHyatr
Kiacmephu epanuyu om nvpeu ped. NUspaser 3a momero & (X) ce

00001112Ba TI0 €CTECTBEH HA4YMH U 32 AUCHEepCHs OT cepu ¢ pa3nudHu
€J1acTU4YHUA Moayiu. Torasa

g,(x) = D T(x—x;;x”, 4f”)
(1) :
~ [[[ Tx=yix, )F (v, 1) dydxeds

KbieTo T(X;k,4) € CMyIICHHETO Ha TIOJITO Ha XOMOTCHHATa
nehopmanusi ¢ TeH30p (&) B HEOrPaHUYCHA MAaTPHIA C ENACTHYHH
MOIYIH K, W [, IOPOJCHO OT BHACSHETO HAa M30iMpaHa chepa
eNacTUYHM MOIYJIM Kk W g B Tasd marpuma, a F(y;x,u) e
CbBMECTHATa €IHOTOYKOBa BEPOATHOCTHA IINTBTHOCT Ha
pasmpesieNieHre Ha IIEHTPOBETE X ; Ha CepuTe M TEXHUTE eNACTHYHH

(p)

MOIyH (MapKepH) K}p) v ;" B aucniepcusTa, BX. T. 3 no-gony. B

(11) ce cymupar cmylneHHsTa Ha BCHYKU CHEpH OT AUCIEPCHUSTA, &
MHTETPAIHUAT 4WIEH C€ BBBEXKIAa CaMO 3a Ja Ce€ YIOBIETBOPHU
ycnoBuero (g (x)) =0. B ciyuas, xoraro (&) e chepuueH TeHsop,

1
T. €. {&) = §Tr(5> I, Terzopuoro mone T(X;K,m) moxxe aa ce 3anwiie

BBHB BHUJIA

(12) T(xx, 1) = B () VV@(X) Tr (e),
KbACTO
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¢(X)=Ih(y)G(x—y)dy € HIOTOHOBHST TOTEHIManl Ha cdepa ¢
pamMyc a ¥ LEHThP B KOOPJAMHATHOTO Hauamo, h(X) e HeliHara
XapakTepucTHaHa GyHKuus, koepuuentsT S (k) e manen B (4), a
1
4 | x|

usnoTo mpoctpanctBo R®. Tyk M M0-A0JTy MHTErPHPAHETO OTHOCHO

G(x) =

e ¢ynkumsara Ha ['puiin 3a ypaBHenueto Ha Jlamnac B

IPOCTPaHCTBEHATA TIPOMEHJINBA Y € BhpXy LUoTo R®, a 0THOCHO
OpOMEHJIMBUTE Kk M g — B uHTepBama Y =[0,+00), OCBeH ako

o0JylacTTa Ha MHTETpUpaHe HEe € 3a/aJeHa SIBHO.
[Tomerara (11) morar fga ce 3amumar B mo-ipocta Gopma, ako
U3I0JI3BaMe CIIy4aifHOTO I10JI€ Ha IUIBTHOCTTA

(13) w (XK, 1) =Z§(x—x D80 xS (u— ™),

(p)

(p) o
MOPOJCHO OT cHcTeMara {X ey’ } OT Mapxupauu CIy4ailHU

(p)

TOYKH X ; C MapKep eIaCTHYHUTE UM MO/ (/(}p), U ) , KOSITO MOXKe

Jla ce pasriexia KaTo MHOXKECTBO OT TOYKH, CIIy4allHO pa3npeielieHn
B o6mactta R x Y'x Y. ®dynximara w(X;x, 1) ce nedunupa upes o —
¢byukumata wa Jupak u e BbBemena ot Crparonosuu [14] 3a
HEMapKUpaHa CHCTeMa OT TOYKH {Xj}, CIy4ailHO pasmpeieieHu
BbpXY mpaBa. HellHOTO 0000M1IcHHE 32 MapKUPAHU CITydalHH TOYKH
X; € Mapkep pajuyca a; Ha cdeparta ¢ UEHTBHD X; CE BbBEX/a OT
XpucroB [15]. C momomura Ha ¢yHKimATa W (XK, ) CiaydaitHUTe
nosieta Ha o0eMHust Moayn k(X) W MoJyna Ha cpsizBaHe u(X) Moxke
Jla ce TPEJICTABSAT BbB BU/IA

K(X) = 16 + [ [ (0 = 10, (X =y (x; , p2) dyd el
1) = e+ [[ (1= 1 )N =YY O 10, ) dyd s

a mpoOnute moneta Ha Kunranus u Topkyaro jpa ce 3amuiiar BB
BUIA

(14)
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(15)  &(x) = (&) +a [y, L)YV p(x = y)y'(%; 6, ) dyd s Tr (e)

npu (2) = %Tr<s> 1, kb1e10 7 (K, 4) = 7 (16, 0) = B (i), B3k (10) -

(13). Tyk u mo-mgomy §’=§—<§> e (uykTyanusaTa Ha ciydaiHaTa

¢bysaxmms & .
3a MpOM3BOJIHA CTATHCTHYECKH XOMOTE€HHA M M30TPOITHA cpena
bepan 1 Monunbo [11] u3mon3Bar mpoOHHM MojieTa OT ChHIIUS BHUI

(10), 3a kouto 0bGaue moneTo €,(X) € MPONOPLHOHAIHO HA IBPBHS
MHTETPAJICH YiIeH OT NepTypOallMOHHOTO pasnarane Ha €(X) 3a cnabo
XeTeporeHHa cpea npu cepuyeH TeH3op (&) , T. €. moyueTara

(16) 8(x) = (&) + A[ VVG(x - y)x'(y) dy Tr(z) .

Axo B Tazu GopMyia M3BBPIINM MPEXOJ] OT CIyYalHOTO moiie x(X)
KbM CIIy4alHOTO TOJIe Ha MABTHOCTTA (XK, /) TO MbpBaTa OT
dopmynute (14), e JOCTHTHEM a0 MPOOHHU moseTa £(X) OT ChINUSA
Bug (15) mpu  y(x, 1) =y (K, 1) = Kk — K. JlecHO ce BMXIa, 4e 3a
JUCTiepcuu OT cepu ¢ €IUH U ChIIU OOeMEH MOayJl (YHKIUHTE
Yor (K, 44) ¥ ygy(x, 1) ca IPOMOPUMOHKM M 3aTOBA JBATa Kjaca OT
HpOoOHM ToJIeTa ChBHAAAT — (akT, Koiito Oemre ycraHoseH B [8,9]. 3a
JCTIepCcuu OT cepr ¢ pa3iuiHu 00eMHHU MOJIyH, obade, TOBa HE €
taka. Tyk Iie u3BeAeM W H3cieABaMe TPaHUIUTE 3a e(peKTHBHATA

IPOBOJAUMOCT, KOWTO MPOU3THYAT OT H3MOJI3BAHETO HA TMPOOHHTE
noseta (12) npu npousBosHa pukcupana ynkuus y(x, 1) . Moxe na
ce ToCTaBH MO-00IIara 3aj1a4a 3a eKCTpeMU3Mupane Ha (YHKI[HMOHAA
U[£()] mpu Bapupane Ha ¢yukmusta y(x,s). Tasu 3amada € mo-

ClloXKHa | 11e Ob/e pasrienana apyraue [12].

3a HamMHpaHe Ha CHOTBETHHTE I'PAHHIM € HEOOXOIMMO Ja Ce
M030BEM Ha CTATHCTUYECKOTO OMUCAHUE HA JUCIICPCHUSITA, IaICHO T0-
06c¢ToitHO B [16], K0€TO TYK HAKPATKO IIIE M3ITOKUM.

3. CTaTHCTHYECKO ONUCAHNE HA TUCTIEPCUSATA
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CnyuaitHata ¢(yHKOUs Ha IDTBTHOCTTa (XK, ) HAITBIHO

onpenens aucnepcusaTa. HeMHUTe MOMEHTH MOTAT J1a Ce M3Pas3sT upes3
CbBMECTHUTE MHOTI'OTOYKOBH BEPOSTHOCTHH [JIbTHOCTU
F.(Yy Yo K by, K, 4,) HA pasmpeneneHne Ha LEHTPOBETE X i

Ha cepuTe W TEXHUTE EIACTUIHH MOIYIH S [lo-nony me HU

ObaaT HeoOXOAMMH H3pa3UTe 3a MBPBUTE TP MOMEHTa, KOUTO CE
JaBat oT GOpMyITUTe

(w(y;®))=F.(y; o),
17 WOy (@))=Ri@)oly.,)8@,) + ROy Y.ia )
(W (Y @) (Y, 0w (Y35 0)) = Fi(Yy5 @) 5(Y,,)8(@;,)5(Y,5)5(a 5)
+3{5(Y12)8(@,) R (Y2, Vai @5, @)}, + By (Y1, Yo Vs 0, 0y, ),

KbIETO M{ | O3HaYaBa CHMETPH3AIMS OTHOCHO BCHUKHTE M
pasnuYHM KOMOMHALMM OT HHIEKCH B ckobute, Y, =Y;-Y;,
o=(k,u) 1 o;=0,-ao, K. [14, 15, 16].

Ilpuemame, dYe B JUCIEpCHATA HAMA [POCTPAHCTBEHU
YUYaCTBIM, KOUTO Jla UMAT M30MPATETHOCT KbM chepu ¢ pa3inyHd
enacTUYHM CcBoiictBa. ToBa oO3HAayaBa, 4Ye CTATUCTHKATa Ha
Pa3sNpeeNeHreTo Ha eNacTUIHuTe MOy @; = (K, 4;) Ha chepure

€ He3aBHCHUMa OT Ta3W Ha IIOJIOXKCHUATA Xj Ha C(bepI/ITe, T. €.

R Yni@e @) = £,(Y1 - Vo) B, @),

kpgero f, (y,,...,y¥,) ca CbBMECTHHTE MHOTOTOYKOBU BEPOSTHOCTHH
IUIBTHOCTH HA Paslpe/IeieHe Ha LIEHTPOBETe X; Ha cdepure, a
P(@,...,@) ca CBBMECTHHTC BEpPOSTHOCTHH IUIBTHOCTH Ha
pasnpesieyieHre HAa TEXHUTE E€NACTMYHU MOAyIH  @; = (K, 4;),

j=12,.... Illle mpuemeM CBINO, Y€ TE3W €IACTHYHH MOIYJIH ca
CTaTUCTUYECKU HE3aBUCHUMHU, T. €.
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Pn(a).U""a)n): P(a)l)P(a)n)a

KbIeTO P(w) e BeposSTHOCTHATA IUIBTHOCT HA €IACTUYHHTE MOMIYJIH
w=(x,u) Ha cdepa or aucnepcusra. llle orOenexxum orie, ye oT
HPENOIOKeHATa CTaTUCTUYECKA XOMOTCHHOCT M HM30TPOITHOCT Ha
macnepcusita  cnexsa, ue  f(y)=n, f,(y,Y,)=n’g,(r) mu
fa(Y1: Y2 ¥a) =N°05(Yy —Ya:Y, —Ys) » Kbaeto N e cpeammsr Gpoid
IEHTpOBE Ha  chepu B  eaUHHIA  00eM, g,(r) u
g;(u,v)=g5(lul,|v|,u-Vv) ca croTBeTHO ABYTOUYKOBATA (pajUanHAaTa)
¥ TPUTOYKOBATa (DYHKIMHU HA pasnpenenenue, =y, -y, |.

4, BapnalmomlTe rpaHMIu 3a e(l)eKTI/IBHaTa NnpoBOAUMOCT

4.1. Ilonyuasane na eopnama eparnuya
Pecrpukimsara wa ¢ynkimonana U[€()] BBpXy mnpoOHHTE

nojuera (15) e Beue 0OMKHOBEHA, KBafpaTHa (QYHKIHUA HA « , YUETO
eKCTpeMU3UpaHe BOJAM 10 IOJTy4yaBaHE Ha IOpHA TpaHMIA k|, Ha

6(1)CKTI/IBHaTa IIPOBOAUMOCT K, .

R2
18 L= (k) -,
(18) Ky =(K) 9

KBJIETO

Q=(x, —%ym)A(“) +2u, A+B™ +2B,

R= J.J..”(’(l —i,)7(@,)h(x=y,)h(x-Yy,)
x(w(y,, e)y'(y,,o,))dy,deody,dw,,

A" = [ [ @)y (@)h(x=y)h(x-Y,)
X (Yo @)y, @,))dy,doydy da,,
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A= [ [[7@)r(@,)VVp(x-y,): VV(x-Y,)
(W (Y, @)y (Y, @,))dy,dedy,dw,,

B = [[{[[] [zcg Ky —%(ua —um)}y(aw(wz)h(x—ya)h(x—yl)h(x—yz)

xW'(Yy, @' (Y, @,)p (Y, @5))dy,dody,dody do,

a9)  B=[JI] - m)r@p @I -y VVolx-y,): VVp(x-y,)
W' (Y1, @)y (Y5, @)y (Y3, @,))dy dedy,do,dy deo,.

W3nonseaiiku uspaszute (17) 3a mepBuTe Tpu MOMeHTa Ha (X, w), 3a
R, A" A B"™u B HoJTy4aBame

R=¢[ (i, — )7 |8, +[ E(,) K5, JEGI 07,
AV =E(*) 4, +E (), N7, A=E( ) an+E(y)a,n’,
BM = SKKD — K, —%(up —/lm)jf}fﬁp

25|:(K‘p — K, —%(yp —#m)jﬂf}g(ﬂ b,
n
+|:5(K‘p —%ﬂpj—(zcm —gﬂmﬂﬁ(yz)ﬁz"
+ |:5(K'p _gﬂpj_(’(m _glumj:|62(7)63n3’
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B=&[(t, — 14,)7* JO41
(20)  +{2&[ (1, — 1)y JEGY, +[ Ewty) — 11 JEG B I
+[ E(up) — t JEX()B,N°,

KbACTO KOG(i)I/IHI/ICHTI/ITe

r, =&, =b, = [[h(z,)(z,)0(z, - 2,)dz,dz, =V,
a, = [VVp(2): VVe(2)dz =V,
8, = [[VVo(z)): VV(2,)0(2, ~2,)dzdz, = -V,
b = [R@VV (@) WV pl2)dz =2V,
b, = [[h@IVYp(2): VY (20002, - 2.)dzdz, = -V,

6; = ”h(zl)h(zz)gz(zz _Zl)dzleZbZ =0,

ce MPECMSATAT JIECHO Ype3 M3IMO0JI3BaHe HA YCIOBUETO 33 HEMPECHYaHe
1
Ha cdepute u cBoiictBata A@(X)=—h(X) u h(X)VVp(x) = 3 h(x)I

Ha HIOTOHOBHA MOTCHIHAI W 4YPE3 MHTCIPUPAHC IO YaCTU IIPpU al n

a, , a Koe(puIHeHTUTE
(21) b} = [[h(Z,)VVe(z,): VV(2,)0, (2, —2,)dz,dz,,
b, = J-J-J-h(23)VV¢(zl) :VV@(2,)95(2, - 25,2, — 2;)dz,dz,dz,

Y 3aBUCST OT JIBY- U TPU-TOYKOBUTE (QYHKIIMU Ha pasrpesieieHue; B
naneHure no-rope popmynu 6(r) =g,(r)—1 e Toranxara

-37-



LBsTKkoB Kp.

KopenanuoHHa Gynkmus, g,(u,v)=09,(Uu,v)—g,(u)—-g,(v)+1,V, e
00eMbT Ha cepa ot qucnepeusita, () e MaTEeMaTHIECKOTO
OYaKBaHe Ha Clyyaiinata Benmuuna ¢ . Chumre Koeuumenta b u
b, ce mosiBABAaT M IPH aHAIOTUYHOTO Pa3IIeXkIaHe 3a ePEeKTHBHATA
HpOBOIUMOCT o, Ha aucnepcusra [17]. Okasa ce, 4e Te ce u3passBar
4pe3 CTATUCTUYESCKU TTapaMeTpy 3a JABy(a3Ha Tucrepcus, T.c. 3a
mucnepeus oT cepu € e1Ha U ChIla IPOBOJUMOCT O, -

4.2. Cmamucmuyuecku napamempu 3a Oucnepcusma

[lo3oBaBaiiku ce Ha (QakTta, 4e 3a ABy(dasHa mgucTepcus
rpanunuTe Ha Bepan [18] u kmacrepuute rpanunu Ha Topkyarto [13]
3a 0, ChBIAAAT, B [17] ycTaHOBUXME PaBEHCTBOTO

(22) 8= 4, +(d-22,),
KbAETO
(23) B =nb, +n*(2b, + b)) +n’h,,

a ¢, € CTaTHCTMYECKH MAapaMeThp 3a CPE/aTa, BbBEIEH HE3aBUCHMO

enuH ot apyr ot Topkyaro [19] u Munton [20], koiiTo 3a qucnepcus
oT chepu ce u3pas3siBa B HMHTErpaiHa (opma dUpe3 JBY- U TPH-
TOYKOBUTE (YHKIMM Ha pasnpeneneHue 0,(r) m g,;(u,v), Bx.,

nanpumep, [2, T 20]. (B nwurepatypara 3a ¢, ce usmonssa
OOMKHOBEHO O03HA4€HHETO (,, CBBP3BAallkM 1O TO3M Ha4YUH
napaMmeTspa ¢ ¢aszara ¢ IPOBOJUMOCT O, , 32 KOATO TyK M3IOI3BaMe
O3HAYCHUETO O ,.) AHAIOINYHO CPABHEHHE MOXE Jla CC HAlpaBH 32

rpanuimre Ha bepan-Monunabo [11] u Kunranus-Topkyaro [10] 3a
e(eKTUBHUSA 00eMEH MOy K, Ha JUCHPCHA OT cEPU C €HU U ChLIN

€NaCTHYHU MOJYIM K, W [, KOETO BOIM [0 DPaBEHCTBO,

exBuBayienTHO Ha (22) . Ille orGenexum camo, ue ToraBa oT (20)
2 o

cnensa, ye B=(u, —u,)By”, ETO 3ammo, nososasaiiku ce mbk Ha

unTerpainnara gopma (19) 3a B, mie momyunm npescrassseTo
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(24) B=(Z™(X)F(x): F(x)),
KBJIETO
ZP(x) = [h(x-y)p(y)dy = > -h(x-y,)
i
€ MHAMKaTopHata QyHKIUs Ha ¢a3ara oT chepure, a

F(x) = IVWp(X -y (y)dy = ZVVgp(x -y;) +% I

B Tasu cu ¢dopma mapamersppT B Mmoxe idecHo nga ce
IPEeCMETHE 4Ype3 KOMIIOTHPHA CUMYJALUsl Ha AMCIEPCHUSTA, a OTTYK

Ype3 paBeHCTBOTO (22) J1a ce MPECMETHE U MapameTspa ¢, , KaKkTo €
HarmpaBeHo OoT Munep u Topkyaro [21], KOWTO ycTaHOBSBAT B

€KBHBAJICHTHA ()OPMa TOBA PABEHCTBO.
C nomoiura Ha paBeHcTBara (22) u (23) MoXkeM Ja H3pa3uMm

xoepunmenra b, 4pes mapamerbpa ¢, U KoepuuueHTa bl , koiito

ITBK MOYXeE JIECHO Ja ce TpeoOpa3yBa J0 CIEeTHUS BHUIT

(25) bl =2QVv?,
KBJIETO

d—l
26 Q= as ds
(26) [T )( 3

€ CTAaTHCTHYECKH MapaMeThp, KOMTO ce MOSBSBa MPH ONMPOCTSIBAHE HA
napameThpa ¢, 3a JWMCIEPCUs OT Hempecuyamu ce cdepu, BK.,

Hanpumep, [22]. 3a aucnepcusi, Hamupam@a ce B TEPMOAMHAMHYIHO
paBHOBecHe, MapaMeTbpbT () € MpecMeTHAT B MocieaHaTa pabora 10

pen ¢§ :
(27) Q=0+ ¢, +Q, 8 +0(4) |
25 51

KBIETO QO=3—56—EI n3, Q, _i %IHS — In3 u Q, =0.080980.

3a napameTbpa ¢, buitsimu u Topkyarto [22] momyyasat npuOImkKeHO:
(28) ¢, =0.210684, + 0.04693;153 +0.00247 ¢s + 0(¢g) .
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[To-yno6Ho e BMecTo mapamerbpa (2 1a BbBeJeM IapaMeTbpa

3
(29) Zp=3Q¢p:szT¢p

a
3a KOHTO ce okaza [23], ue 0< y, <1. JIoOpe U3BECTHO €, Y€ CHIIUTE
HEPABEHCTBA Ce yIOBIETBOPABAT M OT napamerspa ¢, 0<¢g, <1, Bxk.
[19, 20]. Oxa3a ce cbmo, 4e 32y, MOXKe Ja Ce U3BEJIE TPEICTABSHE,

aHAJOTUYHO HA TOBA, ONpEJENeHo oT (22) n (24) 3a ¢ .

4.3. Kpatina ghopma Ha sapuayuorHuume panuyu
Mmaiikn npesu] CTONHOCTHTE Ha KOepUUMEHTHTE I, 8, a,,

4,, b, b, u b,, hopmynara (29) u IPOU3THUAIIOTO OT paBEHCTBATA
(22) n (23) mpencrapsane Ha b, 3a koepunuenture R u Q B u3pasa
(18) 3a ropnarta rpaHuIa k;, HaMHpaMe
R=[(£(x,)~ %, )E(), + Cov(xc,. 1) |,
Km

Q=3[ +Var() ]y,

m

(30) +(&(,) — 5 ) E2 (1) +Var(y) 4,
+[ Cov(x,,7*) —2Cov(x,,7)E(7)4, |4,

+2(E )~ 1) [N+ Va1, 14,
whaero Cov(é,n) = E[(E—EE@N- )] = £ - EDEm) e

KOBapHaluusara Ha ciydailHure BenwumHod & w7, a

Var(§)=Cov(&,&) = E[ (£~ E(§))* |=£(¢*)~€%(&) e mapuanmsa

(mmucniepcusra) Ha & .

AHanornyHa BapHalliOHHAa  TpoIleaypa, OCHOBaHA  Ha
MUHUMH3UpaHeTo Ha (QyHkimoHanda (8) BbpXy Kiaca OT HpPOOHHU
nojera
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#(x) = () +a[[ y(x, 1) [VVp(x—y) + h(x = y)I]
x ' (X; i, p)dydxdy Tr(T)
1
npu (7) = §Tr(r> | BOaM 10 HAMMpPAHETO Ha JOJIHATA I'PAHUIA k| Ha

e(eKTUBHUA 00EMEH MOIYI K,

1\ r2)™
31 NIV R
3) . {<> Q}

KbICTO C€ra

R= z[(eu/ch) YK, )EG ) +COUYK,.7) |y
Q=—— (k)# —— EX (g + Var(n) |,

m

(32) +4(EWK,) Y, ) E2 () + Var(y) ] 4,
+4[ Cov(Yx,,7*) —2Cov(Yx, . )P, |4,
+3(EW 1) =Y 14, ) E2 () &, + Var () 2, |8, -

I[eTaﬁJ'IHO H3CICABAHC Ha IOBCACHUCTO HA I'PAHUIIUTC K| U K,

e 6nsae aanaeno B [12]. Tyk 1e oTOeneKUM caMo, ue HaH-IPOCTHAT
clly4aii, KOrato y € HeclyJailHa BeJHYHHA, BOJIH J0 MOJy4aBaHETO

Ha I'paHUATC
1 < 1 >_ 4,0 (EWK,) -V, )
ko \k/ 3@l ) +A(EWK,) -V, ) +3(EW 1)~V 11, )&,

2
3¢y (E(x,) )
3y oy +3(EK,) = K )y +4(E(1,) — 11 ),
KOWTO MpEJCTAaB/sIBAT TPaHHUIUTE Ha bepaH-MoiuHbo 3a 1BydasHa
cpena ¢ enacruunn monynu E(x,), E(u,) M K, 44, 3a ropHata

Ky =<K>_
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rpanuna u emactuann moxymu YEWx,),YEW u,) n «,, 4, Ha

KOMIIOHCHTHUTC CH 3a JJ0JIHATa I'paHuUlla. Axo y € cnyqaﬁHa BCJIIMYHHA,

0621‘16, CTaTUCTUYCCKUAT TIapaMeTbp Y P nMa CaMOCTOATCIIHO

3HAUCHHUEC B OMPECACTIAHCTO Ha MOBECACHUCTO HA T'PAHUIIUTE.

JIUTEPATYPA:

1.

10.

11.

12.

Maxwell, J. C., A Treatise on Electricity and Magnetism, Vol.1, Ch. 9,
article No 310-315, pp. 435-441, 1st edn. Oxford, United Kingdom:
Clarendon Press, 1973.

Torquato S., Random heterogeneous materials, New York, NY:
Springer, 2002.

McCartney L. Neil, A. Kelly, Maxwell’s far-field methodology applied
to the prediction of properties of multi-phase isotropic particulate
composites, Proc. R. Soc. London A 464, 423, 2008.

Weng, G. J., Some elastic properties of reinforced solids with special
reference to isotropic ones containing spherical inclusions, Int. J. Eng.
Sci. 22, 845-856, 1984.

Mori, T., K. Tanaka, Average stress in matrix and average elastic energy
of materials with misfitting inclusions, Acta Metall. 21, 571-574. 1973.
Benveniste, Y., Revisiting the generalized self-consistent scheme in
composites: Clarification of some aspects and a new formulation, J.
Mech. Phys. Solids,, 56, 2984, 2008.

Hashin, Z., S. Shtrikman, A variational approach to the theory of the
elastic behavior of multiphase materials, J. Mech. Phys. Solids, 11, 127-
140, 1963.

Markov, K. Z., K. D. Zvyatkov, Optimal third-order bounds on the
effective properties of some composite media, and related problems,
Advances in Mechanics (Warsaw) 14(4), 3-46, 1991.

Markov, K. Z., Kr. D. Zvyatkov, On the optimal third-order bounds on
the effective elastic moduli of random dispersions of spheres, Annuaire
Univ. Sofia, Fac. Math. Inf., Livre 2, Mécanique, 83/1989, 37-63, 1992.
Quintanilla, J. and Torquato, S. (1995). New bounds on the elastic
moduli of suspensions of spheres, J. Appl. Phys. 77, 4361-4372, 1995.
Beran, M. J., Molyneux, J., Use of classical variational principles to
determine bounds for the effective bulk modulus in heterogeneous
media, Quart. Appl. Math. 24, 107-118, 1966.

Tsvyatkov, Kr. D., Bounds on the effective elastic moduli of multi-phase
dispersions of spheres, to be published.

-42 -



Bbpxy edexTuBHHS 06eMEH MOAYI HAa MHOTO(A3HH AUCTICPCHU

13.

14.

15.

16.

17.

18.

19.

20.

21.

22,

23.

Torquato, S., Bulk properties of two-phase disordered media. I11. New
bounds on the effective conductivity of dispersions of penetrable
spheres, J. Chem. Phys. 84, 6345, 1986.

Stratonovich, R. L., Topics in theory of random noises, Vol. 1, New
York, Gordon and Breach, 1967.

C. I. Christov, A further development of the concept of random density
function with application to Volterra-Wiener expansions, C. R. Acad.
bulg. sci. 38(1), 35-38, 1985.

Zvyatkov, Kr. D., On the effective conductivity of a class of random
dispersions, Annuaire Univ. Sofia, Fac. Math. Inf., Livre 2, 89, 217,
1995.

Tsvyatkov, Kr. D., On the effective conductivity of multi-phase
dispersions, Proceedings of the Conference MATHTEX 2012, Univ.
Shumen, Fac. Math. Inf., Vol. 1, 85-90, 2013. (in Bulgarian)

Beran, M. J., Use of the variational approach to determine bounds for the
effective permittivity in random media, Nuovo Cimento 38, 771, 1965.
Torquato, S., Microscopic Approach to Transport in Two-Phase Random
Media, Ph.D. thesis, State University of New York at Stony Brook,
1980.

Milton, G. W., Bounds on the electromagnetic, elastic, and other
properties of two-component composites., Physical Review Letters 46(8),
542, 1981.

Miller, C. A., S. Torquato, Effective conductivity of hard-sphere
dispersions, J. Appl. Phys. 68, 5486, 1990.

Beasley, J. D, S. Torquato, Bounds on the effective conductivity of
suspension of random impenetrable spheres, J. Appl. Phys. 60, 3556,
1986.

Tsvyatkov, Kr. D., Bounds on the effective conductivity of multi-phase
dispersions of spheres, to be published.

Kpacumup 1. liBsaTKOB

Y ,,Emuckon Koncrantun [pecnascku®, rp. lymen, @MU,
Karenpa ,,MaTeMaTHIecKu aHaju3

E-mail: ktsvyatkov@abv.bg

-43-






Topumnuk Ha HTY , Enuckon K. IpecnaBcku®
dakynreT no Matematika 1 uHpopmaruka, Tom XVIII C, 2017, ctp. 45-55

SIGN IN THE MARKETING COMMUNICATION
TRUFKA R. DIMITROVA

ABSTRACT: The company sign or logo is an important tool for
communication, impact, identification and connectivity. We have studied the
influence of the sign over two particular products through examining the
absorption coefficient, vibration frequency of the Lorentz oscillators,
refraction of the light. We have made an experiment for the explanation of
the essence and the mechanisms of influence, conclusion for the meaning and
the application of the sign.

KEYWORDS: logo, sign, sign language, absorption coefficient,
marketing communication, vibration frequency of the Lorentz oscillators

Introduction

The creation of the company logo or sign is one of the most
important steps in the initial phase of the development of every firm. It
can contribute for the creation of a company image of the entity,
which will distinguish it from the competitors, will attract and keep
the attention and will have an impact over the audience and the whole
environment. Because of the mass impact the last mentioned is a huge
responsibility, which should be used with a lot of knowledge,
enlightenment and awareness of connectivity. In this research we look
at the sign as a sacred symbol. The sacred sign of family, state or
spiritual practice exists thousands years back and are written on walls,
plates, bread, flag and stamps. They have relation to the spiritual plan
of the Universe and they are timeless perfection and reality. The
sacred geometry simultaneously consist all the aspects of the language
as a main tool for communication: 1. sound /vibration, consonance; 2.
numbers, proportions and sequence of numbers; 3. archetype of
geometric shapes/circle, triangle, square, etc. [1]. The scared geometry
call the architecture of the Universe pure communication, because the
body reacts to the vibration, to the rationality and the messages of the
different shapes provoking different feeling/sensual knowledge.
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Therefore some authors define the sacred geometry as the mind of the
Universe, common language, omnipresent unity or integrity which
makes it a harmonizing factor in the exchange. The marketing
communication has a similar function and the end goal of marketing is
exchange of all the benefits with all the stakeholders. The research and
the approach used are determined from the following considerations:

- The author of trade marks Stefan Kanchev — the creator of the
signs of Bulgarian National Television, Petrol, The Union of
Bulgarian Artists, National Art Gallery, Balcancar, Bulgarian Science
Academy, of publishing houses like “Science and Art”, “Technology”,
“Education”, of Sofia opera, theater “Sofia”, puppet theater, received
recognition long ago not only in Europe but also in the whole world.
There are American publications with selected trade marks from all
over the world and the majority of them are designed by Stefan
Kanchev. In 1966 in New York is organized the first world expo of
trademarks and the only Bulgarian with an impressive presence is
Stefan Kanchev. He is included in the encyclopedia “Who’s who" in
the graphic design in a couple of consecutive editions. Possibly this is
because Stefan Kanchev is inspired mostly from the Bulgarian spirit
expressed in the folklore. Important fact is that he comes from an old
family of iconographers. His father is an iconographer and this has a
big influence over Kanchev's worldview. He is influenced by the
Bulgarian church mural, from the icon, the Bulgarian rugs and
embroideries, stone sculptures in which the sacred geometry is
present; [2]

- Symbolism is an ancient science. In the past almost the whole
knowledge in the world was disguised by different symbols.
According to a legend in the sign of the Bulgarian is encoded the
ancient science “isometric”, through which people will have the
ability to master the ancient knowledge for the harmony between the
man and the nature, the universal formula for resolving the human
contradictions. Every geometric shape has a different message. The
circle in static, e.g., is completeness, perfection, unity, the triangle —
might, stability, balance, the square — instability, concern. Through its
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vibration the sign communicates at the same time with the people, the
Earth, the space — it transfers information, it is a weapon, a link or a
wire [1]. It acts like an antenna and changes the energy system of the
body with which resonates, it becomes an emitter. Human DNA
consists of icosahedrons and dodecahedrons [3]. Maybe the time has
come to go back to the ancient symbols, the sacred geometry, to get to
know them, to rediscover them, renovate them and live them again;

- Daniel Kage — master of geometry and sculpture from Vienna,
reflects the connection between the nature, the Universe and the
spiritual world, with his art he spreads the knowledge of the sacred
geometry. He speaks about the inner connectivity with the nature and
the important meaning of the ancient knowledge in present times. The
sacred geometry reveals the secret codes of the Universe. The sacred
geometric shapes are powerful mandalas which allow us to connect
with the higher dimensions in order to keep the vibrating energy in
one and the same frequency with the Universe and therefore to find
inner peace / mandala — a Tibetan word for a wheel, integrity, circle of
faith, awareness, expression of the heart which leads to self-
awareness. Drawings joining together amazing figures and strict
geometric shapes.

- We base this research on results for a study by professor
Chavdar Kacaunov on the adaptometric / radiesthesic/ definition of
the impact of the symbols orenda over the human bio-field (aura). He
emphatically proves the ability of the symbols orenda to harmonize
the human bio-field in cases of energy shortage and energy surplus;

- Our study of the impact on the absorption coefficient of water
over different marketing tools-signs, slogan, attitude and clay, showed
the most significant the influence of the sign.This provoked our
interest in a deeper study of the impact of the sign on different
solutions — water and clay solution 1%.We chose the sign orenda as an
influence tool, because it is a sacred symbol which is defined as an
unity of spirit, soul and body, integrity, freedom, initiation and desire
for life, the basis of life. Orenda is a spiritual journey, concentrated
intention for happiness, synchronized connection of the soul

47 -



Dimitrova T.

(figure 1).

Figure 1. The sign Orenda

The main goal of this study is to find objective evidence and
indicators for the influence of “the sign language” on a particular
product. This will reveal the role of the sign, it will increase the
responsibility in its use, the enlightenment and the professionalism in
its creation. Our working hypothesis is that the sign changes the
vibration of the object it acts on and therefore it has an impact on the
consumer.

I. Essence of the sign

As a major element of semiotics the shortest definition of the sign is
an abstract group of all the sensory receptive signals which are related
to a particular object of the state of things. If we apply the definition
of professor Kaftandjiev sign is everything we use to express
something during communication. The company sign or or emblem is
called logo design. It is a basic element of the corporate style and
represents original drawing or image of the name and the activity of a
particular firm, product brand or service. The design of a company
logo can be created from a print, graphic image or a combination of
both. The company or corporate identity in marketing is “the face” of
the firm. It is expressed through the harmony of the advertisement
materials, products packaging, trademarks, and also the messages. The
logo and the complimentary graphic elements should be designed
according a set of rules which determine the color palette, the prints,
the outlook of the pages and other tools that ensure visual continuity
and recognition of all the physical aspects of the object. The creation
of a corporate identity starts with the design of a company sign (logo)
— separately or in combination with a print (logotype), package of
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materials for marketing corporate communication — business card,
form, envelope, file, color image of the firm as well as designing all
the additional materials needed for the marketing presentation. The
nature of the symbols is matter studied long ago by the philosophy and
the semiotics. But nowadays the most common notion is that the
efficiency and the sense of a particular sign depends both form the
receiver and the one who sends the message through him. If the
“sender” is not familiar with the particular language of the sign, he
would not be capable to express the message or he would create a
wrong notion in “the receiver” of the message. Therefore in
advertisement and the advertising messages is needed a deep
knowledge and sense of the right and effective use of symbols, signs
and their symbolism. The inability to send the desired message would
lead to a failure for the particular advertisement and the creation of
mistakes and possibly negative associations within the target group.
The unigue company sign (the logo) could be [4]:

e Logo print — the most common logo with a design focused on
the text. It is suitable for companies who can easily and
successfully visualize their activity through the text of the
logo. Another reason for common use of the logo print could
be the easy recognition of the products (services) by the
written name rather than by one symbol (sign). Such logo are
the trademarks Panasonic, Samsung, Sharp, etc.;

e Logo letter — Often it represents an abbreviation from the
name of the company or the product in the cases when the
initials are better interpreted than the full name or when the
name of the company consist several words. Such logo are J
& B, JPS, JPG, etc.;

e Logo symbol (sign) — it represents simple but strong graphic
symbol harmonized with the company, the product or the
service. It is suitable when the company activity needs an
emblem which is correctly interpreted by the consumers. Such
are the logo of trademarks like Blaupunkt, Nike, Apple
Computer, etc.;
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e Logo image (illustration) — graphic image (illustration) that
includes a symbol and a text inscription of the name of the
company/product.

I1. Methodology of the experiment

In the Lorentz model the quantum analogue of the classic linear
oscillator includes all the direct transitions between zones, all the
transition in which the electron transfers from one energy zone to
another without a change in its wave vector. The Drude model is
applicable with metals in which the electrons are free and the quantum
analogue of the classic oscillator includes transitions within the zone.
The acceleration of the electrons under the influence of light makes
them stay in the zone they are. With the acceleration their transition in
a state with a higher energy does not depend on the wave vector.

The experimental setting for measurement of the absorption
coefficient in the visible spectrum consist the following components:
halogen lamp (1) with a stabilized voltage source 3H-7 (2),
monochromator SPM-2, collimating system of quartz lenses (3),
cuvette with the solution under study (4), cuvette-holder (5), detector
Hamamatsu S2281-01 (6) and picoampere measurement MV-40 (7)
(figure 2). The thickness of the cuvette used is d = 0.995 cm.

a8
| MV-40 | /

= (07 ]ea

Figure 2. Experimental setting for measurement of the absorption
coefficient o(A).

The absorption coefficient is determined according the Beer-
Bouguer-Lambert law a(A) = (1/d)*[In(lo/1)], where d is thickness of
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the sample, I, is intensity of the falling light and | is intensity of the
transmitted light (figures 3, 4).
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Figure 3. The absorption spectra of water solutions in the spectral
region 200 — 500 nm.
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Figure 4. The absorption spectra of clay solutions in the spectral
region 200 — 500 nm.

When the electromagnetic wave is distributed in an isotropic
immersive environment, the absorption coefficient is represented as:

(1) a()L) = [Ne?(y/2))/[2cngom(ho-1) + (y/2)°]

The normalized curve of the absorption coefficient has the
shape:
(2) L) = [a)/amax] = (v/2) (A1) +(v/2)],
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where
3 Omax = [N€?]/[2engom(y/2)].

Whether the curve is actually a Lorentz curve could be checked
as follows: The dependence L(1) is reduced to linear through a linear
correlation analysis.

Therefore the equality (1) is transformed into the equality
4) [(1/ L)) - 11" = Do/ (v/2)] - [1/(y/2)].

Ao is own wavelength oscillation of the oscillators per one unit
of volume, and vy is coefficient of attenuation which accounts the loss
of energy in the vibration of the oscillators. If Y = [(1/ L(A)) — 1]*4,

B = [Mo/(v/2)], A = — [1/(y/2)] and x = A, then we can write
down the following linear function Y = Ax + B (figures 5, 6).

water water with sign
1.5 - . 14
L2s | y=-00261x+ 72418 Y= ']Rmfﬁ‘w:;g”" 12 y = 0,0139x - 4,3048
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2075 z
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200 225 250 275 300 325 350 200 250 300 350 400
wavelength [nm] wavelength [nm]

Figure 5. The experimental dependence [(1/ L(L)) — 1]*2 for water

solutions.
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Figure 6. The experimental dependence [(1/ L(L)) — 1]*2 for clay
solutions.
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If the coefficient of correlation is R* = 0, 98, then the
probability P would be 0, 95. At the end we can conclude that the
dependence between Y and x is linear and the curve is a Lorentz
curve.

For the absorption coefficient and the related Lorentz curves of water,
water after the influence of the sign orenda, clay solution and clay
solution after the influence of the sigh we have the following results.

Table 1. Summary of the research results

Object of study wat | water clay clay
er and soluti | solution
sign on and sign
Absorption coefficient [cm™] | 0,09 0,8 0,5 0,23

Frequency of vibration of the | 6,85 | 5,18 5,23 5,66
Lorentz oscillators [s™]

Ph 7,3 7,36 7,38 6,96
the frequency of fading 6,85 | 518* | 5,28* | 5,66*10
dipole oscillator mg [s™] *1150 10%° 10% 15

The analysis of the results shows the following (table 1):

1. Water has a low absorption coefficient and high vibration
frequency of the Lorentz oscillators, which means that
electrons are on high energy levels and do not absorb. The
structure is chaotic and unbalanced;

2. Water and sign have 8 times higher absorption coefficient and
lower vibration frequency of the Lorentz oscillators, which
means that electrons are at low energy levels, it is needed
more energy from outside to get them on a higher level and to
start secondary emission. The wave length is increased. This
means that the structure is in equilibrium and it is balanced;
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3. The changes in clay solution are similar to those of water and
sign, but in terms of quantity the structure of water and sign is
more balanced. The influence of the clay and the sign on the
water is identical, but the sign is more powerful.

4. Clay solution compared to the previously accounted influence
of the sign on object, decreases the absorption coefficient and
increases the vibration frequency of Lorentz oscillators, which
means that the structure loses its balance. The explanation is
the one-direction action of clay and sign, they start fighting
each other when they are together, they decrease the power of
the impact of the sign because the spectrum structure of the
clay is balanced. Compared to water this object is also more
balanced, harmonized and in equilibrium;

5. The analysis of the change of Ph proves the above mentioned
conclusions, as the sign and the clay make the object more
alkaline, e.g. pore useful.

I11. Conclusions

1. The sign orenda has a very significant influence on both
products and it also balances and leads to equilibrium the
spectrum structure. The degree of influence is different and
depends from the structure of the object. The mechanism of
influence is a change in vibration frequency in the Lorentz
oscillators. The result from the influence fully complies with
the description of this symbol. Similar influence is positive
not only for the product and its consumer but also for the
whole environment.

2. The usage of symbols from the sacred geometry in the design
of a sign not only improves the communication with the
consumer but also changes his spirituality and harmony,
contributes to the transformation of the Earth of a better
harmonized place for living. The sign becomes a unique
energy print of the company.

-54 -



Sign in the marketing communication

3. We need to study and apply the sacred geometry, to further
explore the influence of the different geometric real company
signs on one and the same object.

4. The results from the experiment prove that the sign can have a
significant role in salesmanagement in two aspects:
through direct communication of the sign and its
impakact on the optic abilities of the product;
through added value to the consumer value of the
product.
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PEAJIN3ALIAS MEXKIIPEJIMETHBIX CBSI3EM B
OBYYEHUU SJJEMEHTAPHOM MATEMATHKH B
MEJATOTMYECKOM YHUBEPCUTETE
(HA TIPUMEPE TEMBI «BBIPAKEHHUS M X
IPEOBPA3OBAHMS»)"

BAJIEHTHHA I'. BEB3, JIIOAMUJIA ®. CYXOMBAHEHKO

IMPLEMENTATION OF INTER-PROMOTIONAL
RELATIONS IN THE TRAINING OF ELEMENTARY
MATHEMATICS IN THE PEDAGOGICAL UNIVERSITY

(ON THE EXAMPLE OF THE THEMES OF
"EXPRESSION AND THEIR TRANSFORMATION"™)

VALENTINE G. BEVZ, LYUDMILA F. SUKHOYVANENKO

ABSTRACT: The paper reveals the grounds for necessity of
introducing interdisciplinary connections into the practice of intending
mathematics teachers training. Certain examples of implementing previous,
concomitant and perspective interdisciplinary connections of «Elementary
Mathematicsy  with  «History of Mathematicsy, «Methodology of
mathematics», «Mathematical Analysisy, and «Algebra and the Theory of
Numbersy are given.

KEYWORDS: interdisciplinary connections, elementary mathematics,
history of mathematics, mathematical analysis, algebra and the theory of
numbers, methodology of mathematics, future teachers of mathematics.

Beenenune. XapakTepHbIMU Ye€pTaMU COBPEMEHHOI'O PAa3BUTHSA
HayKd SIBIAETCS YIIyOJieHHE B3aWMOCBS3aHHBIX MEXIy CcoOoM
nponeccoB auddepeHnanu M MHTErpalMd HAy4YHOIO 3HAHMAL
MHuTterpanus npeanosaracT yCTAaHOBJIEHUE U YCUIIEHUE B3aUMOCBS3EM

" Dra cTaThs OCYIIECTBISETCS ¢ MOMOIIBIO (horaa HayuHbIX HecIen0BaHHil
HIY «Emuckona Koncrantuna [pecnasckoro» — Ne PII- 08-105/06.02.2017
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MeXay Haykamu. PesymeraToM  auddepeHimanum - SBISeTCS
BBIJICJICHHE B CAMOCTOSITENIBHBIE OTpaciu HAyKH  OTACIbHBIX
TEOpEeTHUECKNX cHucTeM. lleHTpanpbHOW NpoOJIeMON WHTETpalvH |
muddepeHnranun HayK SBISETCS MpoOiieMa COOTHOIICHHWS Hayk,
XapaKTepU3YyIOWAsAcsl EIWHCTBOM JBYX CTOPOH 3TOTO Ipoliecca:
CBSI3BIO M pa3rpaHUuEHUEM.

Kax ocobast popma 3HaHUS, Hayka BOSHHKIIA H JOJITOE BpEeMs
CyLIecTBOBaja Kak €OuHOe Ienoe (Uounuo), a TOo3Ke OT Hee
OTAENWINCH JIOTMKA, MaTeMaTrhka, actpoHomus. Tonbko B XVIII cr.
3aBEpIINIICSA TPOIECC OTAENEHUS OT EAWHOTO HAYYHOTO 3HaHUS
¢bu3uKy, XuMuM, Ouoaoruu u 1p. Ho nmpupoaHbie CBSA3M MEXIY 3TUMH
HayKaMH OCTAJIUCh HaBCET/Ia.

[Iponeccs! naTerpanmu u qudhepeHInaui XapaKTepHbl | IS
caMoi MaTteMaTuKH. MaTeMaTHKa CErOHS — 3TO HayKa CO CIOXHOU
CTPYKTYPOM M HepapXue, B HEU CYIIECTBYET pA3ACIICHHE Ha
OTJIeNbHBIE OTpaCid: anredpa, TeOMEeTpHsi, MAaTeMaTUIeCKUN aHaJu3,
TEOpHUsl BEPOSITHOCTEH, MaTeMaTHYeCKas CTATUCTHKA, TOIOJOTHS H
TOMy Noj00HOe. DTa muddepeHuuralys Haluia CBOe OTPaKCHUE U B
nporecce oOyueHHs. 37ech OHA 3aKIIOYacTCsl B HM3YYCHUH
CTYyJEHTaMH OTACIbHBIX HAyYHO-TIO3HABATEIHHBIX  KOMIUIEKCOB
(Y4eOHBIX TUCIMIUIMH, KaX/asi U3 KOTOPBIX B TOW WU WHOU CTETICHU
PacCKpbIBACT NpPEeAMET, OCHOBHBLIC 3aJadu, METO/bl, CPEACTBA U IIYTU
pa3BUTHUSL COOTBETCTBYIOIIEH OTpaciiv) JIMHEHHOW anreOpbl, anreOpsl
U TEOpUM YHUCEN, aHAJUTUYECKOW TEeOMETPUH, MaTeMaTHYEeCKOTrO
aHajgn3a, JUCKPETHOW MAaTeMAaTHKH W JPYTUX. OTH JTACHUTLIAHBI
BMECTE C Kypcamu dJIEMEHTapHON MaTeMaTHUKH, HCTOPHUH MaTEMAaTHKH
U METOIWKH OOY4YeHHS MaTeMaTHKe OO0ECIeYMBAIOT HEOOXOIMMYIO
MaTeMaTHYECKYIO MTOJATOTOBKY OYIyIIUX yUUTEICH.

Pacnipenenienne MateMaTHMKM Ha  ydeOHbBIE  JUCLIATUIMHBI
OTpaBJbIBaCT Ce0s, MOCKOJBKY II03BOJISIET OCHOBATEIHLHO HW3YYHTh
KOKAYIO0 U3 HUX U TIYOOKO OCMBICTHUTH WX TEOPETHUECKOW OCHOBBI U
NPUIOKEHUS, CIIOCOOCTBYET  OJHOBPEMEHHOMY  O3HAKOMIICHHUIO
CTYJICHTOB C BR)XXHBIMH MaTEMaTHYECKUMHU OTPACISIMU U OBICTPOMY
HAaKOIUJICHUIO HOBBIX 3HAHWM, HAaBBIKOB U YMEHMH. B TO e Bpems
U3yYeHHE MaTEeMaTUKU TaKUM 00pa3oM He 00ecreuuBaeT CO3JaHue y
CTYJEHTOB OOIIIETO [EIOCTHOTO B3IJIAIa HA MAaTEMATHKY.
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Peanu3anust MEXXIPEAMETHBIX CBsI3eH B 00yUCHHH JIEMCHTAPHON MaTEMaTHKH B
Ie/[arOrM4ecKoM YHUBEpCUTETE (Ha MPUMepe TeMBl ,,BbipaxkeHust 1 ux npeoOpa3oBaHus’”)

Paznuunbie acneKThl HpO6J'ICMI>I HUHTCTpalluu 3HAHUK OBLIU H

OCTAIOTCA MEPCIICKTUBHBIM HaTpaBICHUEM IICUXO0JIOrO-
MEAaroOru4eCKUX HCCIECAOBaHUN, IJAaBHOE MECTO CpPEAM KOTOPBIX
3aHUMAIOT HCCIIE0BaHuA, MOCBSIIIIEHHBIE 00001IEHNTO u

CUCTEMATH3allMM 3HAaHUM, pealu3allid BHYTPUIPEAMETHBIX U
MEXIIPEMETHBIX CBsi3ell B Ipomecce oOydeHus. B ycnosusax
OBICTPOrO yBENUYEHHsI OObEMOB HOBBIX 3HAaHWH B COBPEMEHHOM
o0IIecTBE HHTETPUPOBAHHBIM MOAXOA K TMOATOTOBKE OyayHIMx
yuuTene = MaTeMaTHKH  TNpu3BaH  OOECHEeYUTb  CHIDKEHHE
MH(QOPMAILIMOHHON HArpy3Kd Ha CTYAEHTOB M ()OPMHPOBAHHE y HHMX
LEJIOCTHOM CUCTEMBI 3HAHUM.

N3noxenne  ocHOBHOro marepmaja.  OcylecTBIEeHHE
MEXIIPEIMETHBIX CBsA3ell B OOyYEeHWHM UIpaeT BaXXHYI pOJIb B
MOBBILICHUH MPAKTHYECKOH M HAYYHO-TEOPETUYECKOW MOArOTOBKU
CTYAICHTOB, CYLICCTBEHHOH 0COOEHHOCTBIO KOTOPOH  SIBISIETCS
OBJI/ICHUE CTyACHTaMH OOOOIIEHHBIM XapaKTepOM IO3HaBaTEIbHON
JmestelbHOCTH. B mpomecce  oOydeHMss B IEJarord4yeckoM
YHHUBEPCUTETE CTYICHTHl JIOJDKHBI OBJIAJeTh OOJBIIUM OO0BEMOM
3HAHWH W TPUOOPECTH ONBIT, KACAIOUIMHCS pPa3IHMYHBIX YUeOHBIX
mucuuiuinH. Ho He Bce CTyIeHThl BOCHPHHUMAIOT 0OyueHHe
OTJENBHBIX YYEOHBIX NPEAMETOB KakK €IWHBI B3aWMOCBS3aHHBIN
MIPOIIECC, a TIOTOMY HE BCErJja MOT'YT yCTAaHOBHUTDH B3aMMOCBS3H MEXKIY
NOJY4YEeHHBIMH 3HaHUAMHU. VIMEHHO Mo3TOMY Ui (OPMHUPOBAHHS Y
Oyaymero  y4uress MaTEeMaTHKH npodeccHoHaNBHOH U
MaTeMaTHU4YeCKOW KOMIIETEHTHOCTH, CHCTEMHOTO YCBOEHHS 3HAHUH,
YMEHHMH ¥ HaBBIKOB I€J1I6CO00PAa3HO YCTaHABIMBATh U PEATM30BBIBATH
MEXTPEAMETHBIE CBSI3H. OcwmbIcnenne TaKNUX CBsI3eH
COCPEIOTOYMBAET BHUMAaHUE CTYACHTOB Ha TJIABHOM, CIIOCOOCTBYET
CHCTEMaTH3alMyM © OOOOIIEHUIO WX 3HAHWM, BBIABICHHIO U
YCTpPaHEHHIO MTPOOEJIOB B 3HAHUSAX U TOMY ITOJI00HOE.

Paznuunsie MOJIXOJIBI K OTIpECIICHUIO MOHSTHSA
«MEXIPEIMETHbIC CBSI3W» W OINpENelieHHI0 pa3HbIX (QYHKIUH
MEXIPEAMETHBIX CBSI3€H pacCCMOTPEHBI B cTaThe [3].

Hcnone30BaHue MEXIIPEIMETHBIX CBA3EM Ha 3aHATUAX 10
mpeaMeTaM MaTeMaTH4YecKOro IMKJIA Uil  OyAymux —yduTenen
MaTeMaTHKH T03BOJIIET TOBBICUTH MOTHBAIMIO CTYAEHTOB K

-59 -



bes3 B., CyxoiiBaneHnko JI.

M3YYEHHUIO TPEIMETa; JIy4lle YCBOUTh MaTepHal, MOBBICUTh KauecTBO
3HAHWI; aKTUBH3UPOBAThH MO3HABATEIBHYIO ACATEILHOCTH CTYIEHTOB
Ha 3aHATHAX; OOJErdynTh IIOHMMAaHHE CTyIEHTaMH H3y4aeMbIX
ABJICHUH M IIPOLIECCOB, AaHAIM3UPOBATh, COMOCTABIATH (AKTHl U3
pasNu4HBIX o0JacTeil 3HAHWH; OCYIIECTBIATH IIEJIOCTHOE HAay4HOE
BOCIIPUATHE OKPYJKAIOIIET0 MHpa; Hauboiee IOJHO peannu30BaTh
npodeccruoHamLHO-00pa3oBaTeIbHBIC BO3MOYKHOCTH KaKIOTO
CTYZCHTA.

OpHoit w3 (¢yHAaMEHTAIBHBIX YYEOHBIX JAUCUUIUIMH B
MOJTrOTOBKE YUHUTENS MaTeMAaTHKU B MIEAarOrMYECKUX By3aX Y KpauHBI
ABIsieTcsl «DNeMeHTapHas MateMaTtukay. OO0 3TOM CBHICTEIBCTBYIOT
0O0JIBIIOE KOJIMYECTBO YaCOB, KOTOPOE BBIACTSCTCS HA €€ U3yUYeHHE, U
3amaynl  caMoil  y4eOHOW  TUCIUIUTMHBL. 3a TEpHoj CBOETO
CYLIECTBOBAaHUS, a JTO I[IOYTH CTOJIETHE, MEHSUIUCh Ha3BaHME,
coJiepKaHue, 3a/1a4d, KOJIMYECTBO YacOB, a TAKXKE BEIIUCH JHCKYCCHU
0 ceMecTpe €€ M3y4eHHMs. OJeMeHTapHas MaTeMaTHKa — JTO
COBOKYITHOCTh pa3fejioB, 3agad M METOAOB MaTeMAaTHKH, He
WCTIONIB3YIOIIMX OOIIMe TOHSITUS MEPEMEHHOMW, (PYHKIHMH, TPaHHMIIBL,
MHOXECTBA. JJIEMEHTapHasi MaTeMaThka WCIONb3yeT IOHSITH,
KOTOpbIE CIOXKWINCH A0 HOSBICHUS MareMaTndeckoro ananuza. OHa
OXBaTHIBACT B OCHOBHOM apu(METHKy H TaK Ha3bIBaEMYIO
JJIEMEHTAPHYI0 ~ TEOPUIO  YHCEN,  JJIEMEHTapHyl  anreopy,
3JIEMEHTAPHYIO0 T€OMETPUIO, TPUTOHOMETPHUIO.

B mpemuciosun k kumre [1] WM. A. Tubm mnumer:
«JneMeHTapHas MaTeMaTHKa NpEeACTaBIsIeT CO00H JUCIHIUINHY,
TOYHBIE TPaHH KOTOPOW HE MOTYT OBITH ycTaHOBIEeHb. Ho B omHOM
HET COMHEHHUS: COBPEMEHHAas Hayka BKIIOYaeT B 001acTh
AJIEMEHTAPHON MaTEeMaTHKH OOJIBIIOE KOTHUYECTBO Pa3AeioB, KOTOPbIE
BBIXOJIST 32 Tpeeibl MIKOJIBHOTO Kypca dJIEMEHTAPHOW MaTeMaTHKU
cpeaHel IIKOMBL. OTW  pasdensl  coaepkaT B cebe  Kak
JOIONTHUTENbHBI MaTepuall, Ha KOTOPbIH ONHUpAIOTCS ApYyrHe
paszzienbl MaTeMaTWKH, TaK W Y4YCHHUs, UMEIOIINE TECHYIO CBS3b C
KypCOM 3JIEMEHTApHON MaTeMaTHKH CPEIHEH IIKOJIBI, MPeICTaBIIssI
€000l HayYHYIO OCHOBY 3TOT'0 Kypcay.

OctaHoBHMCS TOJIpOOHEE HA CTPYKTYpE COBPEMEHHOIo Kypca
JJIEMEHTAPHOW MAaTeMaTUKH B TEJaroriieckOM YHHBEPCHUTETE,
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KOTOPBIA SIBIAETCS] BaYKHOM COCTABISIONICH B MOATOTOBKE OyTyIIMX
yuuTenei. Ota yueOHas TUCIMIUIMHA U3y4YaeTcsl CTYyJeHTaMHi BO BCEX
MEAArOTUYECKUX YHUBEPCUTETAX, B KAKIAOM M3 KOTOPBIX CO3JAIOTCS
coOcTBeHHBIE mporpamMMel. Ha ocHOBe aHanmM3a  IporpaMm
HECKOJIBKMX  Tenarormyeckux yHuBepcuteroB (HauumonanmbHbIN
MEJArOrM4ecKuii  yHUBEPCHUTET UMEHU M. II. dparomaHoBa,
I'myXxoBCKHII HAIlMOHAJBHBIM IEJArOrMYECKUN YHUBEPCUTET UMEHU
Anekcannpa JloBxkeHKa, ITonTaBckuii HallMOHAJILHBIN
neparorudeckuil yausepcuter uMeHu B.I. Koponenka, Ymanckuit
TOCyIapCTBEHHBII MeAarorn4ecKui YHUBEPCUTET MMEHU
ITaBna TeIYMHBI) YCTAaHOBJIEHO, YTO B TOSCHUTENBHBIX 3allUCKaX K
nporpamMmmam orpesiesieH peaMeT, LEJH, 3a/1a4uu u
MEXIHUCIUIUINHAPHBIE CBA3M Kypca «DJIeMEHTapHasi MATEMaTHKay.

Ilpeomemom u3yuenuss y4eOHOM IUCUMIUIMHBI SIBISIOTCS
M30paHHbIC BOIPOCHI DJIEMEHTAPHOM MaTeMaTWKd, HW3ydacMble B
IIKOJIFHOM Kypce€ MaTeMaTWKH OCHOBHOH W crapiieil mpoduibHON
IIKOJIbI, @ UMEHHO. OCHOBHBIE NOHSTHS, (DAaKTBl M COOTHOLICHUS O
YHCIIaX, BBIPAKCHUAX, YPAaBHCHHUSAX, HEPaBEHCTBaX, (QYHKIHAX U
Tr€OMETPUYCCKUX O0BEKTAX.

Ocnosnas yenv y4eOHOM OUCLUIUIMHBI — TOBBICHTH OOLIYIO
MaTeMaTH4YeCKyl0 KYJIbTYpY CTYAEHTOB, HAy4UThb WX pelarh
IIKOJIbHBIE 33J]a4M [0 MaTéMaTHKe KaK Ha TMOBBIIIEHHOM, TaKk U Ha
yrIIyOJIeHHOM YPOBHSX (YpOBEHB (DaKyJIbTaTHBHBIX 3aHSATHH, KJIACCOB
M IIKOJI C YIIyONEHHBIM M3YYeHHEM MaTeMaTHKH, KOHKYPCHBIX
3aJJaHuM, ONIMMITHA/] IOHBIX MAaTEMaTHKOB H T. [I.).

3adauu kypca: w3y4yeHHe TOHATHIHOTO ammapaTa HEKOTOPBIX
BOXHBIX pa3fesioB 3JEMEHTAPHOH MaTeMaTHKH (TPUTOHOMETPHH,
apu(MeTHKH, anreOphl, TEOMETPHHU), COJICPKAaHUS M CIIOCOOOB
JIOKA3aTeNIbCTBA IIEHTPAJIBHBIX TEOpPEM, OBJIAJEHHE CTyJEHTaMHU
O0MMMH W CHENHATbHBIMH METOAAMU PEIICHHS OCHOBHBIX THIIOB
IIKOJIbHBIX MaTEMaTHUECKUX 33]1a4.

Mescoucyunaunapnvie céazu. N3ydenue kypea «QiaeMeHTapHast
MaTeMaTHKa» TECHO CBA3aHO C Y4eOHBIMH JUCLUIUIMHaMU «Bpicmas
anreOpa»,  «AHalIMTHYECKass  reoMeTpus», «Maremarndeckui
aHanmm3», «HayuyHbple OCHOBBI WIKOJNBHOTO Kypca MaTEMaTHKH,
«Mertonmuka mareMaTukm», «VcTopus MaTeMaThKm», a TakXKe C

-61-



bes3 B., CyxoiiBaneHnko JI.

MaTeMaTHYeCKHUMU JUCLIUTUTMHAMUA «konpHOTO Kypca
MaTeMaTHKH».

YuebHblil Kypc «DJeMEHTapHas MaTeMaTHKa» COCTOMT U3
CJIEIYIOIINX CONEPKATEIBHBIX MOLYJICH:

1. Yucnosvie mnoocecmsea. HeoTbemiemble I1eNble YUCIA,
apupMeTHIeCKre IeHCTBUA M CBOHCTBA. PammoHanpHBIE dYHCIA,
apupMeTHIeCKAe NEHCTBUA W CBOWMCTBa. JleHCTBUTENBHBIC YHCIA,
JeHcTBUS HaJl JeHCTBUTEIbHBIMU YHCIIAMHU.

2. Buipaocenuss  u  ux  npeobpaszosanusi.  PalyioHaNbHEIC
BBIPOKEHMSI, TOXIECTBEHHBIC IMPeoOpa30oBaHUsl  PalMOHAJIBHBIX
BhIpaKeHM. MppanyoHanbHbIe BBIpOKEHHS U HUX MPeoOpa3oBaHHA.
TpaHCLEHACHTHBIE BBIPAKEHHS, TOXKACCTBEHHBIE NPEOOpA30BaHUS
TPaHCLECHICHTHBIX BEIPAKCHUH.

3. Qyuxyuu u ux epagpuxy. DyHKUUU B IIKOJIBHOM Kypce
MaTeMaTHKH, WX cBoHcTBa W rpaduku. [loctpoenune TpadukoB
3JIEMEHTaPHBIX ¢byHKUMi METO/I0M Tre€OMETPUIECKUX
peoOpazoBaHMil.

4. Vpasnenus u nepagencmea. O0IINE CBEICHUS O YPAaBHCHUSX.
CriocoObl  pemieHWst — anreOpanyecKux ypaBHEHUH UM CHCTEM
ypaBHeHu#d. OOmue cBeneHus o HepaBeHCTBE. CrocoObl perieHus
anreOpanvyecKkux HepaBeHCTB. MeTObI I0Ka3aTeNbCTBA HEPABEHCTB.

5. l'eomempuueckue gueypol u enuyunsl. MeToapl U cOCOOBI
pelieHns — IUIAHUMETPUYECKUX  3afad  Ha  BBIYMCICHHE U
JI0Ka3aTesIbcTBO. MeToapl M CIOCOOBI PELICHUs TIAHUMETPUUECKUX
3aJa4 Ha mocTpoeHne. KoopIWHATHBIH M BEKTOPHBIM METOIBI
pelieHus 3a7a4 B Kypce MIaHUMETPHH.

AHanu3 y4eOHBIX NpOrpaMM IUCHMIUIMH, BKIIIOYEHHBIX B
IUTaHBl TOJATOTOBKH  OyAyImIMX  y4WTeNled MaTeMaTHKH, JaeT
BO3MOYKHOCTh YCTAHOBHUTh TECHBIE CBSI3M Kypca <«DJeMeHTapHas
MaTeMaTHka» ¢ KypcoMm «lcropusi MaTeMaTHKH» W OTPa3uTh HX B
yueOHOM TIpoLeCCe NPU H3YUYEHHHM KaKJOI0 W3 OIpeesIeHHbIX
Moayseil. MexXnpenMeTHBIE CBI3U «DJIEMEHTAPHOW MAaTEeMAaTHKW) W
«HcTopun MaTEeMaTHKH» SIBIISTEOTCSI codepaoicamenvbho-
UHPOPMAYUOHHBIMU, nepcnexmueHbIMU u 08YCMOPOHHUMU
(60306HO6NsI€MbIMY)  CBSI3IMH, TIOCKOJNIBKY HCTOPHIO MaTEeMaTHKH
CTYNEHTHl HAYMHAIOT UW3ydYaTh TIO3KE, HYEM DJIEMEHTapHYIO
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MaTeMaTHKy, a B Kypce «lcTopun MaTeMaTHKH» paccMaTpUBaeTCs
OTAEeNBHBIN Tepuon «MareMaTHKa MOCTOSHHBIX BEIUYMHY», KOTOPBIH
KacaeTcs (OPMHUPOBAHMS M PA3BUTHS SIEMEHTAPHON MaTEMaTHKH.

YcTaHOBIEHHE M pealu3als MEXIPEIMETHBIX  CBs3Ei
JNIEMEHTAPHOW  MaTeMaTHMKM M  UCTOPHMM  MAaTeMaTHKH  JIaeT
BO3MOXKHOCTh CTYAEHTaM OCO3HAaTh T'yMaHUTAPHBIH ITOTEHIHAI
MaTeMaTHYeCKUX IUCHUIUIMH U 3(QeKTHBHO peann3oBaTh €ro B
MEeIarorTHYecKOi JEATeNbHOCTH, a TakkKe IMPeJOCTaBIseT OyayIuM
YUYHUTEIISIM UCTOPHKO-MAaTEMaTHUECKHE 3HAHHS, HEOOXOAUMBIC UM IS
NPaBUJIBHOTO pa3pelIeHUs] METOJOJIOTHYECKHX M METOAMYECKUX
BOMPOCOB, BO3HHMKAIOIIMX B TMpolecce OOydeHHsT MaTeMaTHKe B
HIKOJIE.

PaccmarpuBaeMble  MEXIpEIMETHBIE CBS3M B OOYYCHHH
OyIymuX y4duTenei MaTeMaTHKH BBITIONHSIOT Ps BKHBIX (QYHKINIL:

1) ob6pa3oBaTesbHy0 ((HOPMUPYIOTCSI CHCTEMHOCTbB, TIyOHHA,
OCO3HAHHOCTh 3HAHWH, PACKPBIBACTCS POJIb U MECTO KOHKPETHBIX
MaTeMaTHYeCKUX 3HAaHHH B CHCTEME HayK M B NPAKTHIECKOU
NeATeTLHOCTH JIIOJIEH);

2) BOCITUTATEIIbHYIO (BocrinTanue JIMYHOCTHU uepes
¢dopMupoBaHue o0OmIEH KyIbTypsl M TPaMOTHOCTH, BO30YXICHHE
HHTEpeca K IPEAMETYy U BJIEYEHUS K HAY4YHOMY TBOPYECTBY,
IMOHMMAaHUE MECTa W PpPoOJIUu MPEAMETHBIX 3HaHHﬁ, OCO3HaHUue
HE0OX0IMMOCTH K OBJIaJICHUIO HOBBIMHU 3HAaHHSAMH);

3) pa3BuBarOIyl0 (pa3BUTHE CHCTEMHOTO ¥ TBOPYECKOIO
MBINUICHHS ~ CTYJCHTOB, (OpMUpOBaHHWE WX  I[103HABATEIHLHON
AKTUBHOCTH, CaMOCTOSITETIBHOCTH W WHTEpeca K TO3HAHHI0 HOBOTO,
CO3JIaHUE YCJIOBHU ISl TMOHWUMAHHS JIOTUKH IOCTPOCHUSI HAayYHBIX
TEopuil).

OcyuiecTBlieHHE MEXIIPEMETHBIX CBsi3el Ha  MpaKTHKe
BBI3BIBACT HEMAJIO TPYAHOCTEH: KaK OPraHH30BATh IO3HABATEIHHYIO
JIeATeNILHOCTh CTYACHTOB, YTOOBI OHHM XOTENIM YCTaHABJIWBATH CBS3U
MECXKAYy  pas3IMYHbIMU yT-Ie6HBIMI/I npeamMeTaMunu u ymeiu ux
UCIIOJIb30BaTh, KaK BBI3BATh I103HABATEIBHBIA HHTEPEC OYHyIIHX
yUYHUTENleH K MHPOBO33PEHYECKHM BONPOCaM HAyKH; KaKHM 00pa3oMm
O6’beZII/IHI/ITB ycuiunsa HpeHOZIaBaTeJIeﬁ pas3iMYHbIX MNOPEIMETOB B
JNOCTIDKEHHH ~ BocluTarenbHoro  addekra  obOydyenus?  UYacro
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MPENoIaBaTeIu CUYUTAIOT, YTO Pean3alisl MEKIIPEAMETHBIX CBSI3EH C
UCTOpHEN MaTeMaTHKM 4Yepe3 MHCIOJIb30BaHWE HCTOPUYECKOTO
MaTepuana MOTpe0yeT CyIIEeCTBEHHOTO YBEIMYEHHUS KOJIUYECTBa
4yacoB Ha wu3ydeHHe ydeOHOoro kypca. Ilo Hamemy MHeHHIO,
CyIIECTBYIOT BO3MOXXHOCTU OCBELICHUS HCTOPUYECKHX aCIIEKTOB
BOTIPOCOB, HM3y4aeMbIX B Kypce D3JEMEHTapHOW MaTeMaTHKH, O0e3
JYMIIHEeW TpaTthl BpeMmeHH. IIpuBeneM HECKOJIBKO TMPUMEPOB,
KacarolIuxXcsa COJIEpPKaTeNbHOTO MOIyNsa «BwlpaxkeHus ©u  UX
npeoOpazoBanus». Ilpu wu3ydyeHMM 3TOrO MOAYJIS B  Kypce
3IIEMEHTAPHON MaTEMAaTUKU pPaCCMaTPUBAIOTCS CIACAYIOIINE TEMBI:

- ToxnecTBeHHBIC IPeOOPa30BAHUS IIEJIBIX BBIPAKCHHUI;

- bunom HeroroHna. CaoiicTBa OMHOMHAJIbHBIX
KO3 UIHECHTOB;

- Teopema besy. [leneHne MHOrOUYICHOB;

- KpyroBas mepecraHoBka. Meron  HeompeaeNeHHBIX
KO3 UIHECHTOB;

- PaznoxeHue MHOrO4JI€HOB HA MHOXKUTEIH;

- VYmopomeHue JApoOHBIX  BbIpakeHWil.  [Ipom3BomHBIE
MIPOTIOPITHH;

- JleficTBUSL HaJ CTEHEHSMHU C PALMOHAJIBHBIM IOKA3aTEIIEM.
IIpeoOpa3zoBanue UPpaIMOHATBHBIX BHIPAKCHU;

- CremeHb ¢ JEUCTBUTEIBbHBIM IOKazaTeiaeM. JlelcTBUS Haj
crenensimu. Jlorapudm drcna;

- ToxnmecTBeHHBIE TMpeoOpa3oBaHUS  TOKa3aTENbHBIX U
Jorapu()MUIECKUX BbIPAKCHUH;

- Tpuronomerpuueckue BBIPKCHHUS. OCHOBHBIE
TPUTOHOMETPUYECKHE TOXKIECTBAa. TOXIEeCTBEHHBIE MpeoOpa3oBaHUS
TPUTOHOMETPUUECKHIX BBIPAKECHUH.
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b

Puc.1

Ileppast Tema «ToxkamecTBeHHBIE TPEOOPa3OBaHUS IEIBIX
BBIPRKEHHID» XOpOIIO 3HAKOMa cTyaeHTaM. Kpome wuctopun
MaTeMaTHKH  3]IeCh ~ ©CTECTBEHHBIM  00pa3oM  pean3yloTcs
OpedpIAyIIde CBA3M CO IIKOJBHBIM KypcOM MAaTreMaTHKH |
MEPCICKTUBHBIC CBS3M C METOJIUKOW 00yueHus matemartuke. [lourn
BCE IIKOJIbHBIE YYEOHHKH anreOpsl s 7 kinacca B Teme «Dopmyisl
COKpAILlEHHOTO YMHOMXEHHS» COIEpXKAaT pPHUCYHKH, IIOXOXKHE Ha
pucyHOK 1. DTO reomeTprdeckas HHTEpIIpeTalys KBaapaTa ABYWICHA.
NMeHHO TreoMeTpuuYecKuM CIocoOOM  JloKa3biBajiach  (hopMylia
kBagpata nBywieHa B «Hauwamax» EBknmmpa. Takoe nokazaTenbCTBO
ABJSIETCS HArJISIAHBIM M MOHSATHBIM JJISl ydalluxcsa. A B yuyuTeslen
CO3JIAIOTCS BO3MOYKHOCTH ISl Pa3BUTHSl KPUTHUYECKOTO MBIIIIJICHUS
YYaIUXCsl, €ClId 00CYAUTHh C HUMHU ajre0pandecKuit
U TEOMETPUYECKUH crocod JoKa3aTenscTBa (HOPMYI COKPAIIEHHOTO
YMHOKEHHS.

AKTyaJbHBIM JUTS JAIBHEHIIETO U3yYeHHsT METOAUKH 00yUCHHS
MaTeMaTHKe SBJISIETCS PACCMOTPEHHUE 33/1a4 HOBBILICHHON CI0XXHOCTH
U3  JeHCTBYIOUIMX  y4eOHMKOB  MaTeMaTHKH, B  YacTHOCTH
UCTOPUYECKUX 3aj1ad.

PaccmatpuBas Bropyto Ttemy — «buHom HeroTona. CmoiicTBa
OMHOMHUANBHBIX KO3(Q(UIMEHTOB» B KOHTEKCTE NpeoOpa3oBaHus
HENbIX BBIPOKEHUH CTyJIEHTaM Ie1ecoo0pa3Ho COOOUIMTh, YTO
NpaBWIO  HAXOXJCHUS  OWHOMHANBHBIX  KOIPQUIMEHTOB B

pasnosxennn (2+b)", n e N 3mamu u ucnons3oBanm MaTeMaTHkn
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Jpesnero Bocroka. b. [Tackans mokasan, Kak 3amucaTh BbIpa)K€HUE
nm000#1 creneHn OMHOMa C HATYypalbHBIM TOKa3aTelleM C MTOMOIIBIO
CIEIUATFHO TTOCTPOSHHOTO YHCIOBOTO TPEYTroOJNbHUKA (TPEYTOIBHUK
ITackans). OcHoBHast 3acimyra HproToHa cocTosuia B TOM, YTO OH
pacmpocTpanui ¢GopMmyiny OHHOMa Ha Ccly4ail NPOU3BOJIILHOTO
nedcTBuTtenbHOTO N. B cioywae [ApoOHBIX W OTPHUIATEIBHBIX
MOKa3aTeslied KOJNWYECTBO UJICHOB pAa3loKEeHHs OWHOMa BCeraa
OeckoHeuHa, TO €CTb CBOOUTCA K  OCCKOHEUHBIM  psAaM.
Pacnipoctpanenue (hopmynbl pas3noKeHus OnHOMa Ha
NEHCTBUTETbHBIE I[IOKA3aTeld WMeJo OONbIIoe 3HAadYeHWe s
JabHEHIIero pa3BUTHS MareMaTuku. MMeHHo mostomy (opmyry

pasnoxkenuss (a+b)"w s mHarypanmeHOro N HasBIBAIOT OGHHOM

HeroTOHA.

Takoe cooOmeHne coO3MaeT YCIOBUS UL yCTaHOBJICHUS
BHYTPEHHE IPEAMETHBIX CBS3eH B Kypce dJIeMEHTapHOH MaTeMaTHKH
(uenble BBIpAKCHHS M BBIPAKCHHS, COJCPIKAIME CTEMEHH C
JCUCTBUTEIHHBIM  IIOKa3aTeJIeM) M MEXIPEIMETHBIX  CBS3CH
3IIEMEHTApHOH MaTeMaTHKH C MaTeMaTHYeCKUM aHaIN30M (Teopus
OCeCKOHEUHBIX PANOB, psia Teitnopa).

Peanmu3oBaTe BHYTpEHHE IpEIMETHBIE CBSI3M B Kypce
SNIEMEHTApHOH MaTeMaTHKU (IETMMOCTh YHCENl M PasIoKeHHE
MHOI'OYJICHOB Ha MHO)KI/ITe.HI/I) U MCKIPCIMETHBIC CBA3U C I/ICTOpI/ICﬁ
MAaTCMAaTHUKKU MOXHO ITPU U3YUYCHHUU TCMbI «Pa3oxxeHre MHOTO4YJI€HOB
Ha MHOXKUTEIIN.

CrymeHTaM Ha 3aHATUM [pEJIaraeTcsi CaMOCTOSTEIBHO
PA3TOKHUTh HA MHOXHTETH BhIpaxennme a +4. Ilocie Toro, Kax
CTYJICHTBI BBIIIOJHAT (WM HE BBINOJHAT) IOCTaBICHHYIO 3amady
1eJIecO00pa3HO  MPEVIOKUTh MM  PACCMOTPETh CXOXKYK  3a1ady
W3BECTHOTO (hpaHIry3ckoro marematnka u ¢uinocodpa Codu XKepmen
(1776 —1831).

3adaua. JlokasaTh, 4TO KaXJO€ YMCIO Buja a + 4 seisercs
COCTaBHBIM (a > 1).

Pewenue. TIpeoOpazyem BbIpaKeHHUE a* + 4. Mmeewm:

d'+4=d"+ 4d* + 4 - 4a” = (&° + 2)* - (2a)* = (d®+ 2 + 2a) (d°

+ 2 - 2a).
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Bnech a°+2+2a #1,a°+2 - 2a = (a - 1)2 + 1+ 1. TlosTomy,
a' + 4 umeer 1Ba PA3THUHBIX NETHUTENS, OTIMYHBIX OT CAMOTO YHCIIA
Y eIMHUIBL. 3HAYHT, 3TO YHCIIO COCTaBHOE.

Pemienne wucTopuyeckux 3amad B Kypce 3JIEMEHTApHOH
MaTEeMaTHKH CTHUMYJIUPYET TIIOBBIICHHE WHTEpPeca CTYIACHTOB K
W3YYEHWIO TIpeIMeTa, paclmpsieT HayYHOe MHPOBO33PEHHE U
MOIHUMAET OOIMii ypOBeHb KyNbTyphl. C MMOMOIIBI0 HCTOPUIECKHIX
3aJja4 MOXKHO HE TOJBKO OXKHBUTH 3aHSATHSI U CO3JIaTh YCJIOBUS JJIS
0oJiee OCHOBATEIBHOTO U CO3HATEIBHOTO YCBOCHUS MAaTEMaTHYCCKHUX
MOHATHN CTYACHTaMH, HO U CHOPMHUPOBATh Y HHUX MPEACTaBICHUE 00
3JIEMEHTAapPHON MaTEMaTUKE KaK HayKe, KOTopasl pa3BUBACTCA.

[Tocnenusast TeMa 3TOro0 MOMYJS TMOCBAIIEHA TPUTOHOMETPHH.
[IpenmaraeTcst paccMOTpeTb BOIPOC: CHHYC, KOCHHYC, TaHTEHC W
KOTaHTEHC JeHCTBUTEIHHOTO YUCIIAa; OCHOBHBIE TPUTOHOMETPHUIECKHE
TOXKJIECTBA; IIOHSATHUE AapKCHUHYyca, AapKKOCHHYyca, apKTaHreHCa |
apKKOTaHTeHCAa JEHCTBUTENBHOTO YHCIA, OCHOBHBIE TOXIECTBA;
Croco0bl TTpeoOpa3oBaHusl TPUTOHOMETPHUECKUX BBIPAKEHUH. DTOT
MaTepua, 3a HCKITIOUCHUEM, BO3MOXHO, 00paTHBIX
TPUTOHOMETPUIECCKUX (DYHKIIUH, XOPOIIO 3HAKOMBIA CTyJIECHTaM EIlle
co MKoJbl. YTOOB TOBHICHTH BHHMaHHE W WHTEPEC K €ro
PacCMOTPEHHUIO, CTYACHTOB MOXKHO TIPHBJICYb K OOCYXKICHHUIO
CJIETyIOIINX BOIIPOCOB:

- UTo Ha3pIBAaETCS CHHYCOM JICHCTBUTEILHOTO YUCIa?

- Kak w3MmenuTcs ompenerneHue, e€ciu paccMaTpUBAaTh KpPyT
MIPOU3BOJILHOTO paamnyca?

- Ilouemy mnpuM pacCMOTPEHHMH €IMHUYHOTO Kpyra He
HapyIIaeTcsi BCEOOIIHOCTh?

- Kto BmepBele MpemIoXui paccMaTpuBaTh KPYr EIUHAYHOTO
pamryca?

[ToHSATHO, YTO CTYACHTHI CMOTYT OTBETUTh Ha IMEPBBIE TPHU
Bonpoca. Ha mocnemnuii — oTBeT maer mpemnojaBareidb. OH MOXET
OBITH W 3HAYUTEIHHO IITUPE.

TpuroHomeTpusi BO3HUKIA B TIIyOOKOW JPEBHOCTH Kak
BCIIOMOTATENbHBIA  pa3ied  acTpOHOMHUHM. JI[peBHHE  HCTOPUKHU
MPUNUCHIBAIA  CO3JaHUE  TPUTOHOMETPHUH  "OTI[y  T'PEUYECKOU
actponomun” Tummapxy (Il B. mo u. 3.). IlomHoe wu3IOXKEHHE
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JIPEBHETPEUYECKOW  TPUTOHOMETPUM ciae’laHo B "Amnbpmarecte"
[Ttomemess. Tam  BbIBeIeHBl OCHOBHBIE TPHUTOHOMETPUYECKHE
COOTHOLICHHA, HO (OPMYIHUPOBAINCH OHU C IIOMOIUBIO IOHATHS
XOpIbl:  BMECTO JIMHMM  CHHYCOB  pacCMaTpuUBald  XOPAY
COOTBETCTBYIOIIETO LEHTpaibHOro yria. Iltomemeit memmn xpyr Ha
360 wgacreir, muamerp — Ha 120, pagmyc — Ha 60, a Kaxmyro
oOpa3zoBaBmIyrocsi 9actb — eme Ha 60 u T. 1. DTO HpUAABAO €My
BO3MOXKHOCTb HAaxXOJHUTh XOpABI, MOJB3YSACh MIECTUACCATCPUIHON
CHUCTEMOH CUUCIICHUS.

Xopas! 3aMmeHIM cuHycamy B MHnuu. Tam Takxke BBEIU MOHSITHE

KocHHyca # cuHyc-Bep3yca (1 — coSa). TpuroHoMmeTpusi Kak Hayka
oopmmnace B Tpymax maremathkoB bimwkhero u Cpemnero Bocrtoka
(IX — XII B.). BaxxHoe 3HaueHue [Uisi Pa3BUTHSI TPUTOHOMETPHU MaJio
HOBIIIECTBO, BBenieHHOe AOy Paiixan bepyHu: oH 3aMeHWIT panyc Kpyra,
Opavics kak u B [Ironemes, B 60 dacrteit, Ha equauUIly. OOBSICHESHUE 3TOMY
oH nan B Tperbeil kuure «Kanona Mac'yaa»: «Mbl IpeanoYuTaeM JUis
YHcia JAWaMeTpa Takoe, YTOOBI OHO OBUIO W3 NIBYX YacTei, TO eCTb
€IMHUIL, YTOOBI TIOJIOBUHA JTUaMETpa, KOTOpasi Ha3bIBACTCSl KPYTHEHIITNM
CHHYCOM, a HHOT/Ia - TIOJITHBIM CHHYCOM, ObLTa euHuIei. Toraa B Hammx
JEUCTBHAX OTMAAAET HEOOXOAUMOCTb BCIIOMHHATh YMHOXEHHSI HA HEro
W JICNICHWS Ha HEro, a TakkKe MpeBpalleHHe €ro B MHUHYTHI WU
TIOHIDKEHHE B pa3psifl, Kak 3TO Bce ObUIO ObI HEOOXOIUMBIM, €CITH ObI OH
umen 60 gacteii» [4, c. 81].

Ilo HamieMy MHEHMIO, 3TH CBEICHHUS NPHUTOIATCA CTyAEHTaM
KaK JUIsl YCBOGHHsI 3JIEMEHTApHON MaTeMaThKd, Tak M JJIsl U3y4YeHUs
M03K€ METOIMKU OOYYEHHUSI MAaTEMaTHKE U UCTOPUU MaTeMaTuku. A B
LEeJIOM Takas MHTerpauust 3HaHMA OyJdeT  CcrocoOCTBOBATh
TIOBBIIICHUIO Ka4eCTBa TMOATOTOBKH OYIyNIEro YYHUTENsh MaTeMaTHKU
¥ OCO3HAHHOM HCTIOJIb30BaHHN MCTOPUYECKUX CBEJCHUI B TpoIliecce
Oyay1ieil megarornyeckoi JesITeIbHOCTH.

PaccMoTpuM TeMBI 110 37IeMEHTapHON MaTeMaThke, Ha KOTOPBIX
1eNecoo0pa3Ho peain30BaTh MEXKIPEIMETHBIE CBS3U C aireOpod u
Teopuel uucen. DTy AWCUMIUIMHY CTYACHTHI M3YYalOT paHblIe, YeM
SJIEMEHTAapHYI0 MaTeMaTuky, II03TOMYy MOXEM TOBOPHTH O
npedvioywux u 08ycmoponnux (60306Ho0615eMbIx) CBA3AX. [TOCKOIBKY
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COZIp)KaHUE TEOPEMBbl U CIOCOOBI €€ HCIIOJb30BaHUS K JCICHUIO
MHOTOYJICHOB ~ HE  MEHSIOTCS, TO  YCTAHOBICHHBIC  CBSI3U
XapaKTepU3yIlTCd  KaK  cooepicamenvHO-uHpopmayuontvle U
onepayuoHHo-0eamenIbHOCMHbIE.

PaccMoTpuM, Kak Mbl pean30Baid MEKIPEIMETHBIC CBSI3H MIPU
n3yyenun tembl «Teopema be3y. Jlenenne MHorowieHoB». Ha 3T0
NPaKTHYECKOE 3aHATHE CTYACHTHl NONYyYHiIH (KpoMe 3amad 110
OpeAbIIyIIeH TeMe) TOMaIlIHee 3aJaHKe, YTO KacaloCh ITOBTOPCHUS
OIIOPHBIX CBEJICHHUH C HOBOI TEMBI U PELICHHS 33/1a4 TAKOTO BUJIA:

1. Pa3ennTs MHOTOUJIECHBI:

a)x*+2x3 —5x+6max—1;

6) 2x° —5x3+8x%+ 1max + 3.

2. Beimonuuts geieHus aBywieHoB a + b"™ Ha a t b,
HOJIB3YSICh MOCIICACTBUSIMU TeOpeMbl besy:

a) 8x — 27 na 2x — 3;6) 3> — 8a? ma 1,5 — 2a*.

[IpoBepka TOATOTOBKM TEOPETHYECKOTO Marepuaiga Ha
NPaKTHIECKOM 3aHATHU OCYIIECTBILIACH C TIOMOIIBIO HHTEPAKTHBHON
TEXHOJNIOTHH  «3axonuyu  npeonodcenue».  IlepBble  BOIPOCHI
GopMysHpyeT mpernonaBarellb, a 3aTeM CTYICHTBI CAMU ONPEICIISIOT
BOIIPOC ~ COKypCHMKaM. [IpencTaBUM — HECKOJIBKO  BOIPOCOB,
c(OpPMYITMPOBAHHBIX CTYCHTAMHU:

1. BsIpaxxeHue, KOTOPOE HE CONEPIKUT JICJICHNSI Ha BBIPAKECHHE C
HIEPEMEHHOM, Ha3bIBACTCS ... (Yebim).
2. 3anmcaTh Ha 1ocke Gpopmyiny 6mHomMa HeroToHa:
((x+a)"=Cx™ + Clx" ta+ C2x™2a’ + -+
Cr1lxa™ 1 + Cla™).
3. Tlo teopeme be3y «ocratok npu jaeneHur MHOrowieHa P(x)
Ha MHOTOWICH X — @ PaBEH ... (BHAUEHUIO 21020 MHO2OYNeHa Npu

x = a, mo ecmv P(a))».
4. TlpuMepoM MpPOCTOrO alTOPUTMAa JIEJICHUs] MHOTOWICHA Ha
OWHOM X — @ eCTb ... ( cxema I'opnepa).

IIpoBepka BBITIONHEHHSI CTYACHTaMHU IPAKTHYECKOH 4YacTh
JIOMAIITHETO 3aJ]aHus TI0Ka3aia, 4To 3a/1a4i HE BBI3BAIN Y CTYJIECHTOB
CYIIECTBEHHBIX TPYAHOCTEH. MHOTHE CTYAEHTHI BBITIOJHWIN MEPBOE
3aJaHie HENOCPEACTBEHHBIM JICJICHUEM «B CTOJIOMK», OOBSICHUB 3TO
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TEM, YTO 3TOT METOJ UM XOPOIIO 3HAKOM CO IIKOJBL. TO ecTh B IBHOM
BUJE€ HAa 3TOM 3aHSATHM OBUIM pPEaNn30BaHbl CBSI3H HE TONBKO C
anreOpoil ¥ Teopuel Yucell, HO U CO IIKOJIBHBIM KypCOM MaTeMaTHKH.

Ha »stomM 3aHsatum ©u  ObUIM  TaKkXke  PEAIN30BAHEI
MEXKIIPEMETHBIE CBA3M METOJAMKH OOY4YCHHs MaTeMaTHKe: JJist
pelLIeHNs Ha Napy NpeAarajuch 3aa4y MOBBILIEHHON CI0XKHOCTH CO
HIKOJIbHBIX Y4€OHUKOB U OJIMMIINAJHBIE 33/1a4H.

Bo Bpems mnpakTtHyeckoro 3aHATHS 1o Teme: «Kpyroas
nepecTaHoBka.  MeTox — HeompeleNeHHbIX  Kod(UIUeHTOBY
HEoO0XonuMO 00paTuTh BHUMAaHHE CTYAEHTOB Ha TO, YTO CXEMY
pacmucanusi ApoOH Ha dJIEMEHTapHbIE TPOOH CTYACHTHl OCHOBATEILHO
n3ydanu B kypce ATU u 3HaKOMHMIIMCH B MaTeMaTUYECKOM aHaIN3e
(MHTETpHUpOBaHNE PAIMOHATBHBIX (PYHKINI), B YACTHOCTH, B yUeOHOM
nocobuu [2], mo3TOMY B LENAX aKTyalu3alMd 3HAHUA 1O JaHHON
TeMe U peanmuzauuu npeapnymmx MII3 nenecoobpazHo paccMOTpeTh
3a1a4u:

3amenumo HOObIHMESPANbHOE svipadicenue CYyMMOll
PAYUOHATLHLIX OpoOell ¢ HeONpeoeleHHbIMU KOdhduyuenmamu u
UCNONb3068A6  MemoO HeOnpeoeneHHblx KOoIPduyuenmos Haumu
HeusgecmHule Yucia:

)fx+1d 6)f(x+1)dx_)fx+x1 dx; 1)

x3 5x2+6x ' x*+4x2+4
x*—3x%2-3x-2
[—————=d

X.
x3-x2-2x

Bo Bpems mpakTH4eckoro 3aHATHA TaKke HEO00XO0ANMO
paccMOTpeTh 3agadd M3 COOPHHMKOB 3a7ad IO 3JIEMEHTapHOU
MaTeMaTMKe Ha  TNPUMEHEHHWE  MeToJa  «HEOIpeIeTIeHHbIX
k03 pumeHTOBY, HANPUMeED:

1) Haiitu 4, B, C, npu KOTOPBIX CHPaBeIINBO TOKIECTBO

x*+5 A B c .
X3-3x—2  x-2 t+ x+1 (x+1)2’

2) Haiitu A4, B, C, 4T0o0bI JUIs BCEX JOMYCTUMBIX 3HAYCHHU X

MMEJI0 MECTO PAaBEHCTBO
x%+5 A B c
X3-3x+2  x+42 (x—1)2 -1

PacknagpiBass pannoHajgbHBIE IPOOM Ha dJIEMEHTAapHBIE IPOOHU

3aJadya CBOAMTCS K PELICHUIO CHUCTEMbl YypaBHEHHWH, CHOCOOBI
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pelIeHnsT KOTOPBIX PacCMaTpUBAIMCh B Kypce JIMHEHHOW aiareOpbl
(meron T'aycca, ¢opmynsr Kpamepa, meron oOpaTHOW MaTpHIib),
MIO3TOMY CTYAEHTBI MOTYT CAaMOCTOSITEIBHO BBIOPATH CIIOCO0O PELICHUS
cucrembl. Kpome Toro, ciemyer oOpaTuTb BHHUMAaHHE, YTO METO.
CIIOJKEHHUSI SIBJISIETCS 3aKJIIOYUTENILHBIM 3TanoM Metoa ["aycca.

[Ipu pemeHny yka3aHHbBIX 3a1a4 [IPOUCXOJUT CHCTEMATH3ALMS
3HaHUH O JeJeHMH MHOrodwiIeHa Ha MHorowieH (MIIC DM u ATY),
NpeACTaBICHUE PAlMOHATBHONW APOOU B BHIE CYMMBI 3IeMEHTapPHBIX
apobeit (MIIC DM u Mam. ananu3), peuieHHs CUCTEM YpaBHEHHIA
(MIIC DM u nuneiinas aneeopa).

Meton HeompeeneHHbIX KOA(GQHUINEHTOB NPUMEHIETCS He
TOIBKO B Kypce MaTeMaTHYecKOro aHaiu3a I[pd HWHTErpaluu
palioHANBHBIX Npo0ei, a Takke B KOMIUICKCHOM aHaim3e (psn
Jlopana), muddepeHInanbHbIX YpaBHEHUSAX (YacTHBIE peEIICHUs
JIHAY).

WUtak, mnpH UCIOAB30BAHUM METOAA  «HEONPEIEIICHHBIX
KOOpGUIIMEHTOBY B  y4eOHON  aucouruimHe  «OIIeMEHTapHas
MaTeMaTHKa» OPOMCXOAUT  pean3alus npeovLOYUUX u
B0CCMAHOBUMENbHLIX ~ MEKIPEAMETHBIX — CBS3€H  dJeMEHTapHON
MaTeMaTHKH ¢ aureOpoil M Teopuel dYucen W MaTeMaTU4eCKUM
aHAITM30M W CONYyMCMBYIOWUXx  MEXKIpPEJIMETHBIX  CBs3eH ¢
KOMITJIEKCHBIM aHAJIM30M H Ju(QepeHIrnanbHbIMI YpaBHEHHAMHU. B
yueOHBIX JAWUCLMIUIMHAX TaKKe HMEIOTCS CBSI3M B  COJAEP)KaHUU
(dakTHyecKoro Martepuaia, a, CIel0BaTelbHO, HIET pedb O
peanu3aluu  cooepircamenbHoO-UHPOPMAYUOHHBIX MEHCNPEOMEMHbIX
ceasell

Onpenenenne u peanu3zanus MpeabIAYIINX,
BOCCTaHOBUTEJIbHBIX, coJiep>KaTebHO-MH(OPMAIIMOHHBIX,
MEXIPEAMETHBIX  CBs3el  «OJIeMEHTapHOM  MaTeMaTHKu» ¢
«MarematnueckuMm ~ a"Hammzom» U «ATU»  obecrneunBaer
BOCIIPOM3BE/ICHHE B IMaMATH 3HAKOMOIO MaTepHuaja M3 CMEXKHBIX
JUCIUILINH, OOOOIICHHUIO MPEABAPUTEILHO H3YYEHHOTO Y4eOHOro
MaTepuajga, NPUMEHEHHIO YK€ OTpaOOTaHHBIX MPAKTHUYECKHX
HaBBIKOB, TMOBBIIICHUIO YPOBHS YMCTBEHHOTO pa3BUTHsI CTYAEHTOB,
(OPMHPOBAHHIO WHTETPUPOBAHHOTO MBIIIJICHHUS! CTYJICHTOB, HABBIKOB
U YMEHHUU MEXKIPEIMETHOIO XapakTepa, YTO B CBOI OdYepe.b
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CHOCOOCTBYET TMOBBIMICHHIO MPO(HECCHOHATBHON KOMIIETEHTHOCTH
Oyaymux yyurtenel MaTeMaTHKH.

BbiBOaBI. Taxum obpazom, COBEPIIICHCTBOBAHUE
METOJIUYECKON CHCTEMbl TPENOoJaBaHus Y4eOHOW TUCIUILTAHBI
«OQneMeHTapHas MaTeMaTHUKa» MPU UCIOIb30BAHUN MEXIPEAMETHBIX
CBA3€M CO CMEXHBIMH YYEOHBIMH JHUCHUIUIMHAMHU  SIBISIETCS
HEOOXOOMMBIM  YCJIIOBHEM  TOBBIMIEHUS  MPOoQecCHOHATBFHOU
KOMIIETEHTHOCTH OyAyIIMX yuuTenedl wmaremMaTuku. I[locKoibKy
0e30mMO0YHOEe OCHOBATEIbHOE YCBOCGHHE YYEOHOTO Marepuana Ha
MIPEIBITYIIEM JTarme o0OyueHus Oyner CIocoOCTBOBATh
OCMBICJIGHHOMY  HM3y4Y€HHI0 HOBOIO MaTepuania U  IOBBICUT
METOANYECKYIO TOATOTOBKY OyIyIIero YYHTENs MaTeMaTHKH, TO
HEOOXOJMMO  YCHIIUTh  IICHXOJOTHYECKYI0) W  TEOPETHYECKYIO
MONTOTOBKY  YYHTENeW I  KOMIUIEKCHOTO  HCITOJIb30BaHUS
MEXKIPEIMETHBIX CBSI3EH.
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INPOEKTHBIE TEXHOJIOI'MU: COBPEMEHHBIE
TEHAEHIIUU UCIIOJIBb30OBAHUA B ITPOLECCE
W3YUEHHUSA AJITEBPBI B OCHOBHOW ILIKOJIE

CBETJAHA M. JIVKbAHOBA, CBETJIAHA H. MOBYAH

PROJECT TECHNOLOGIES: MODERN TENDENCIES OF
USE IN THE PROCESS OF STUDYING ALGEBRA IN THE
MAIN SCHOOL

SVETLANA M. LUKYANOVA, SVETLANA N. MOVCHAN.

ABSTRACT: In a scientific paper describes the feasibility of design
technology in modern education to achieve its main objectives, as the reform
of modern education provides a number of significant changes. Project
technologies of training have the educational opportunities that allow the
students to form the ability to freely adapt to unstable living conditions, affect
these conditions in order to achieve personal success and social progress.

KEYWORDS: project, project technology, the goal of education.

W3MeHeHne MNOpUHLNNA «CHAYAnd 3HAHUA, 4 3amem Uux
npumeneHue» Ha TPUHLUI «UCHOIb308aHUE 3HAHULL 8 Hpoyecce ux
noyueHus» SBIAETCS OJHOW M3 BELYIIUX TEHICHLUN COBPEMEHHOTO
o0pa3oBaTenbHOr0 Ipoliecca. A CO3JaHHe YCIOBHHA, B KOTOPBIX
KK YYCHUK MOXKET IPUMEHHTH CBOHM CIIOCOOHOCTH, peajn30BaTh
CBOl TBOPYECKUU IMOTEHI[HAN, SBISETCS aKTyalbHOH MpoOIeMoi
COBPEMEHHOTO LIKOJIBHOTO o0pa3oBaHus. MopenupoBanue
COBPEMEHHOTO YPOKa JIOJDKHO OOECIIeYMBATh ONTUMAIILHBIE YCIOBUS
(hOpMHUPOBAHUS OMNbITA MPAKTHUYESCKOTO MPUMEHEHHS MPHOOPETEHHBIX
3HAHUW W peaju3alliu Ipoliecca COTBOPUECTBA YUUTENd U YUEHUKOB,
00yCIIOBJIIGHHOW WX COBMECTHOW JESTENBHOCThI0. B CBs3M ¢ 3TUM

“ Dra cratea OCYIIECTBIISIETCS ¢ IoMoIIbIo poHma HayduHbIx mcciaenoBanmit
Y «Enuckona Koucrantuna Ipecnasckoro» — Ne PJI- 08-105/06.02.2017
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aKTyalbHOM ceivac SIBISIETCSl nompeOHOCMb 6 pedhopmuposanuu
opeanuzayuu  yuebHo20 npoyecca  U3Y4eHus. MAamemamuku B
COBPEMEHHOW 1IIIKOJE€ U MPOPECCUOHATLHOU NOO2OMOSKU OyOyuux
yuumeneu MamemMamuxy B Ne1arornieckux yHUBEPCUTETax.

OTO COOTBETCTBYIOIIUM 0O0Opa3oM TpeOdyeT W W3MEHEHHH B
LEeNsX COBpeMEHHOro oOpasoBaHus. KoHedHO, TpaIulMOHHBIX
o0pa3oBaTeNbHBIX LeNeld HUKTO HE [OODKEH OTMEHSTh — YYHWTh,
BOCIIUTHIBaTh, Pa3BUBATh TAPMOHUYHO U BCECTOPOHHE HEOOXOAUMO.
Tem He MeHee, cerofusi Oojiee BayKHOW AJIST KaXKJIOrO YeJIOBEKa BO
BpeMs OOyYeHHs Ha JIIOOOM YpOBHE JIOJDKHA CTaTh BO3MOXKHOCTH
peanu3oBaTh ceOsl, yIOBICTBOPUTH CBOU 3alpOCHl, IPUOOPECTH TaKHe
3HaHUSI U YMEHHS, KOTOpBIE OTBEYAIOT €ro LeJsM, HHTepecaM H
JKU3HCHHBIM TUTaHaM. OTO JeNlaeT 4YelloBeKa YBEpEHHBIM B cebe,
PELIUTEIbHBIM, JaJbHOBUAHBIM, YTO SIBJSIETCS. HEMAaJOBAXHBIMU MU
BOCTPEOOBAaHHBIMH XapaKTEPUCTUKAMHU JIMYHOCTH KaKAOTO UJIEeHA
COBPEMEHHOT0 00IIeCTBa.

[TosTOMy K mepeyHro Iejield COBPEeMEHHOTo 00pa3oBaHHs
HY)XKHO 700aBuTh: 1) ¢dopMUpoBaHHE CIIOCOOHOCTH YEIOBEKA
CaMOCTOSITETIbHO M HE3aBHCUMO YUHUThCA Ha MPOTSDKEHUH JKH3HU;
2) (QopmupoBaHHE CIIOCOOHOCTH CaMOCTOSITEILHO IPHHUMATh
peLeHus, MIIaHUPOBATh CBOIO JIESTEIbHOCTh, HECTH OTBETCTBEHHOCTh
3a pe3ysbTaThl ATOM JASSITENBHOCTH; 3) (OPMHPOBaHHE CIIOCOOHOCTH
OBbITh YBEPEHHBIM B ce0Oe BO BpeMsi peIlieHUs )KU3HEHHBIX TpooOiiem; 4)

¢dbopmupoBaHue yOeXIeHHOCTH B LEHHOCTH MHUPHOTO
COCYILIECTBOBaHMS; 5)  (OpMHpOBaHHE  OCBEIOMIICHHOCTH B
0COOEHHOCTSX HpEANPUHUMATEIBCKON JIESATENbHOCTH; 6)

(hOpMUPOBaHUE OCBEJAOMIICHHOCTH M CIOCOOHOCTH MPUMEHSTh
BOCTpeOOBaHHbIE 0OIIECTBOM TexHOIOrHH [3, 4].

Hcxons M3 BBINIE CKA3aHHOTO, OJHUM M3 OCHOBHBIX 3aJlaHUH
COBPEMEHHOTO  IIKOJILHOTO 00pa3oBaHUsl €CTh CBOEBPEMEHHOE
(dhopMupoBaHue y YYEHUKOB CIOoCOOHOCTH MIPUMEHSTh
MPHOOpPETEHHBIE 3HAHWS W ONEPATUBHO OPraHU30BHIBAThH MOIYYCHUE
HOBBIX 3HaHWH. OOecrmeunTs BBITIOJIHEHHE 3TOH 00pa3oBaTeILHOM
3aJa4d B YCJIOBUSIX TPAAUIIMOHHOTO OOYYCHMs JTOBOJIBHO CJIOXHO.
OgHMM W3 TEpPCHNEeKTUBHBIX TyTeH pa3BUTHS H  TEPEeCTPOHKH
COBPEMEHHOTO 00pa30BaTENILHOTO IMpoliecca SIBISETCS BHEAPEHHE
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WHHOBAIIMOHHBIX TEXHOJOTMH W METOAOB, KOTOpBIE IO3BOJISIOT
co3laThb YCIOBUS [Jisi CTAaHOBJICHUS JIMYHOCTH, TOTOBOM K
camopean3aluH.

AHanu3upyst =~ COBPEMEHHOE  pa3BUTHE  IENAaroruveckux
TEXHOJIOTHH, MOXHO BBIJCIUTh OMNpPEICICHHbIE TEHICHIMU HX
TpaHchOpMaIiH K peausM COBPEMEHHOTO OOIIeCTBa:

1) TOBOPOT OT MPEAOCTaBICHUS 3HAHWN M WX 3allOMHHAHHE K
CaMOCTOSITETIbHOMY TOMCKY M KOOTIEpalliy YCUIINH;

2) 3HaUUTENbHOE YBETMUEHHE aKTUBHOCTH YUaIHXCS;

3) 3aMeHa KOHTpOJIA 3HAaHUI, OCHOBAaHHOTO Ha TECTHPOBaHWH,
HaOJII0IeHNEM U OIICHUBAHKUEM MPOMEKYTOUHBIX PE3YIIBTATOB PaObOThHI
HaJl IPOEKTOM;

4) oOydeHue, OCHOBAaHHOE€ HAa COPEBHOBAHUH, 3aMEHSETCS
KooIlepauen, COTpyJHUIECTBOM;

5) IOBOPOT OT OBNIAJCHUS BCEMHU YYALTUMHUCS OJTHUM M TEM KE
MaTcpuajioM O0 OBJIAACHUA YUAIUMHCA PA3JIMYHBIM MAaTCPUAJTIOM;

6) TOBOPOT OT BEepOANFHOTO MBIIIICHUS K HHTETPAIUH
BU3YaJIbHOTO U BEpOAIbHOTO MBIIILICHHS.

Takum o00pa3oM, MeTOHIbl OOy4YeHHs MPUOOPETAIOT XapaKTep
OTKPBITBIX 00pa30BaTENbHBIX TEXHOJOTMH B CHIy CyOBEKTHOCTH
NO3MLMHM ydamierocss (y4eHHKa, CTYACHTa), HAalEeJIeHHOCTH Ha
IMOJIy4YCHUC WHANBUAYAJTbHBIX O6paSOBaTeJ'IBHLIX PE3YIbTATOB,
pedIeKCUBHOCTh, KOMMYHUKAaTUBHOCTb, HHTEPAKTUBHOCTh. Ba)kHBIM
ABJSIETCS. U TO, YTO «IPONHKCAHBI ATAIBl JBIKEHUS K 1IEJH, HO caMa
1eNlb, BBIOOP KOHKPETHOTO COJACPKaHHS W TPHUEMOB BHYTPH OTHX
ITAIoB 3aBHCAT OT CyOBEKTa JACATEILHOCTI.

Ocoboro BHHMaHHsS CpeOy HHX 3aciyXUBAaeT HPOEKMHAA
mexuHoio2usi 0OyueHusi, KOTOpask TIOJ BIHMSHAEM COBPEMEHHON
TEHJCHIMU TEXHOJIOTU3allui TEeJarorniyeckoil Haykd MOJdydusia
pasBUTHE U3 METOAa IPOEKTOB. OcHoBarensiMd  POEKTHOTO
0o0y4YeHHsl TMPHUHATO CUUTATh AMEPHUKAHCKOro ¢uiocoda M yu€HOro
Jx. Ipton u ero yuenuka B.Kunnatpuka. B Poccum 3apoxxieHue
METO/a MPOEKTOB CBs3bIBalOT C JestenbHocThio  C.T.IHankux,
H.K.Kpynckon, A.C.Maxkapesnka, [1. I1.bnonckoro.

Ananm3 Hay4YHO-METOINYECKOMN JIATEPATYPBI 51
MHOT'OYUCJICHHBIX HY6HHK3HHﬁ B MEPUOIUICCKUX U3JaHUusAX
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CBUETENBCTBYET O TOM, YTO BOMPOC OPraHM3ANUU OOY4YeHHS C
MIPUMEHEHUEM TPOEKTHBIX TEXHOJIOTUH paccMaTpuBaeTcs B paboTax
MHOTHX OTCUECTBCHHBIX U 3apyOCIKHBIX YUCHBIX U IE/IarOTroB.

Tak, wnanpumep, C.I'eHkan ompenemsieT IeAATOTHYCCKHC
YCIIOBHS, KOTOpBIE OOecnednBaloT 3(PQPEeKTUBHOCTh NPUMEHEHHS
WHIWBUAYaJIbHBIX ~ 00pa3oBaTENbHBIX  TPOGKTOB  C  IEIBIO
(OpMHPOBaHMSI CaMOCTOSTENBHOW TO3HABATEIbHOM AEATEIbHOCTH
yaenukoB; H. [lomuxyn, C. [leTpoBckuil akIeHTUPYIOT BHUMaHHE Ha
1eN1eco00Pa3HOCTH MPUMEHEHUS IPOCKTHBIX TEXHOJOTUH B U3YYCHUH
IIPEAMETOB  €CTECTBEHHO-MaTemMaTudeckoro 1ukna; H. I'opneesa
000CHOBBIBaCT BaKHOCTH NMPUMEHEHHUS MPOSKTHBIX TEXHOIOTHH IS
(hopMUpOBaHUS KUIHEHHBIX KOMIIETEHTHOCTEH, HWHTEPECHBIMH U
MO3HAaBaTEeNbHBIMU €CTh HccliefoBaHUs T. XOMEHKO, B KOTOPBIX
CIENaHbl BBIBOJABl OTHOCUTEIBHO POJCTBEHHOCTHM  KOHLIETILHU
JUYHOCTHO-OPUEHTUPOBAHHOTO OOYYEHHS B TIEIAarOTUKE YKPawHBI U
KOHIENIIUHA «IIPOEKTHO-OPUEHTUPOBAHHOTO» OOYy4YeHHs B IIKOJax
I'epmanun.

B ocHOBY MeTO/1a IPOEKTOB MOJIOKEHA UJIES O HAIIPABICHHOCTH
y4e0HO-TIO3HABATEIBHON JIEATENIbHOCTH YYEHHKa Ha pe3yJbTart,
KOTOPBIN JTOCTUIAETCS IIyTEM PEUIEHUS TOW WIM WHOM NPaKTHYECKH
WIH TEOPETHYECKH 3HAYUMOW JUIs yYeHWKa mpoOieMbl. BHemHwmit
pe3ynpTaT MOXHO OyneT yBUAETb, OCO3HaTh, NPHUMEHUTh Ha
MpaKkTHKe. BHYTpeHHU pe3ynabTaT — ONBIT JESTENbHOCTH — CTaHET
TEM JIOCTOSHHEM peOeHKa, YTO COEAMHHWT 3HaHWs W YMEHUS,
KOMIIETEHIIUU ¥ IIEHHOCTH, 000TaTUT TyXOBHBIA MUp ydeHHKa [2,5].

Kak  u3BeCTHO, KOMIETEHTHOCTH  y4Y€HHKa  SBJISIOTCS
OCHOBHBIMHM  Ka4e€CTBEHHBIMH  IIOKa3aTesIMH  pe3ylbTaTa  €ro
o0yuenus B mkose [1]. AHaau3 cyTH KOMIETEHTHOCTHOTO MOAX0/a U
BEIyIIUX HACH MO MPUMEHEHUIO NPOEKTHBIX TEXHOJIOTHHA BO BpEMs
o0ydeHHusl ydJaluxcsi OCHOBHOW IIKOJBI MaTeMAaTHKH, ITO3BOJISIET
ceNaTh BBIBOJ 00 UX OOIIMX OPUEHTHPAX, & UMEHHO:

- HE CTOJILKO TIepefaBaTh Y4YCHHKAM ONPE/CIICHHBIH 00beM
3HaHUH, CKOJIBKO HAYYUTHh MX MPUMEHATH OTH 3HAHHUS K PEIICHHUIO
MpaKTHYECKUX (IPUKIAAHBIX) 331a4;

- pa3BUBaTh B YUYEHUKAX KOMMYHHUKATUBHBIC HABBIKH, YMEHHUE
paboTaTh C pa3HBIMHU JIFOJILMHU, YMEHHE NMPHCIYIINBATECS K MHEHHUIO
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JIPYTHX YYaCTHUKOB Y4eOHO-BOCIHTATEIBHOI'O IPOIIECCa, YMEHHE
yOeKIaTh B JMCKYCCHH, BBINOJHSITH Pa3IMYHbIC COLMAIBHBIC POJIH,
IPEOa0JIeBaTh KOH(IIMKTEHL;

- pa3BUBaTh yMEHHE cOOHMpaTh HEOOXOAMMYIO0 WH(OPMAIHIO,
BBIJIBUT'aTh THIIOTE3bI, TOJIH30BATHCS UCCIICIOBATEIbCKUMU METOAAMH,
JIeTIaTh CAaMOAHAIIU3 | JIp.

TpamuunonHsle MeTOIbl OOY4eHHS HE ITO3BOJISIOT B IIOJHOH
Mepe  3(p(QEeKTHBHO  peIIUTh  IEAaroruueckylo  mpoosiemy
(GopMHUpOBaHHS JKM3HEHHBIX KOMICTCHIMH Y4YaIlUXCs, KOTOpas
SBIAETCS ~ OOHOM M3  TNPUOPHTETHBIX B  HAIMOHAIBHOM
oOpa3zoBaTesbHON nonuTHKE[4]. B MpOTHBOMONIOKHOCTE UM y4eOHOE
NPOCKTHPOBAHUE  HANMpPABICHO HE TOJBKO Ha  BO30YXICHHE
HNOTPEOHOCTH B Ppa3sBUTUH AHAJIUTHYECKHX, HCCIEI0BATEIBCKHX,
KOMMYHHKATHBHBIX, OPTraHU3alMOHHBIX, PE(IIEKCHBHBIX YMEHUH U
HAaBBIKOB, HO ¥ 00s3aTeibHO MpEINojaraeT WX CHCTEMHOE
IMPUMCHCHUC, LCJICHAIIPABICHHO IMPOBCPACT CTCICHb UX HAJACKHOCTHU
1 3((HEeKTUBHOCTH TPHOOPETEHHBIX yUYAIIUMHUCS 3HAHWH, YMEHUH W
HaBbIKOB. Clie/loBaTeNbHO, NPUMEHEHHE B IIKOJBHON TNpakTUKe
NPOCKTHBIX  TEXHOJNOTWH Ui  (OPMHPOBAaHHS  KJIIOUEBBIX U
CIIeHATBHO-TIPEJMETHBIX KOMIICTCHIIMH YyYalluxcs TpH OO0y4YeHHH
anredpe 1enecoodpasHo.

Tak jxe, KaK MOKa3bIBaeT MPAKTHUKA, MCIIOJIb30BAHUE YUEOHBIX
NPOEKTOB pA3IMYHBIX BHUJIOB CIIOCOOCTBYET JIOJDKHOMY YPOBHIO
peanu3aly BHYTPUIPEIMETHBIX M MEXIPEIMETHBIX CBS3eH Kypca
anreOpel. DTO B CBOKO OUEPE/lb MO3BOJISET 00ECICUYHTh IIEIO0CTHOCTh
yueOHOTOo Kypca anreOpbl ¥ IEHCTBEHHO PEIIUTh MPOOIeMy YCHIICHHS
€ro MPUKJIJHON HANPaBICHHOCTH.

[IpuMeHeHne MPOEKTHBIX TEXHOJOTHH BO BpeMsi OOydeHHs
anreOpe  ydamuxcsi OCHOBHOHM IIKOJBI TIOJIE3HO ele U U3
COOOpaKEHHMH TICUXOJOTUYECKOTO M COIMAIBHOTO CTaHOBIICHUS
HOAPOCTKA, TaK KaK MMEHHO B IOJPOCTKOBOM BO3pacTe BeIyIIas
JIeSATEIHOCTh ~ YYAI[MXCS ~ OCYIIECTBISIETCS B  IUIOCKOCTH — HX
COIMAJIBHBIX ~ B3aMMOOTHOIICHHH C JPYTUMH  JIOIBMH.  OTO,
0e3ycIIoBHO, CIIOCOOCTBYET (hOPMUPOBAHUIO CO3HAHUS MOAPOCTKA: OH
CO3HATCJIbHO BI)IGI/IpaeT TOT WA UHOU BUO ACATCIbHOCTHU, OIPEACIIACT
cBoe (PYHKIIMOHAIBHOE 33/1a4i B HEH, IPUOOpPETACT yMEHUS i HABBIKU
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COTPYTHUYECTBA, HEOOXOAWMBIE JJS JKH3HH B COBPEMEHHOM
oOrecTBe.

CrnemyeT OTMETUTb, YTO BHIOOp THIIA MPOEKTA[2,6] 3aBUCUT KaK
OT KOHKPETHON y4eOHOM TeMbI, TaK U OT BO3PACTHBIX OCOOCHHOCTEN 1
y9e0HBIX ~ BO3MOXKHOCTEH  ydYamIuxcs,  3a/J€iCTBOBaHHBIX B
BBITIOJTHEHUU MpoeKTa. Tak Aiis yyamuxcsi 7-8 KiiaccoB XapaKTepHBI
HEIOCTATOYHBIH 00bEeM 3HAHWHK 1O MaTeMaTUKE, 3aHM)KEHHas OIIEHKa
COOCTBEHHBIX BO3MOXHOCTEH, HEYMEHHE OIEepaTHBHO HCKaTh
HEoOXoauMyI0 MH(OpMaNKIo, pe3Kas KPUTHKa MOCTAaHOBKH 3a1ad U
1enen, oTka3 OT IMOMOIIY, 3aMEeTHas 3aBUCUMOCTh OT KOHCOJUAALNN
rpynmsl. JIeTu 3To BO3pacTHOW KaTEropuu OTAAOT MPEANOYTECHUE
KPaTKOCPOYHBIM TIEPCOHAIBHBIM WM CPETHEH MPOAOKUTEIEHOCTH
TPYNIOBBIM MPOEKTaM. OTH MPOEKThl HMMEIOT IPEUMYILECTBEHHO
WH(GOPMAIMOHHO-TIONCKOBEI WM TPaKTUKO-OPHEHTHPOBAHHBIN
xXapakTep.

Yuenukun 9 kiacca HWMEIOT OOJBIIMKA 00bEM 3HAHUH 10
MaTeMaTHKe, CTPEMATCS K MaKCUMaJIbHOW SKOHOMHUHU BPEMEHHU U CHII
Ha  BBINIONHEHWE TIPOEKTa, WMEIOT JOCTATOYHYIO  BOJIEBYIO
MOJTOTOBJIEHHOCTh. B CBS3M C 3TUM A1 HUX NOCWIBHOH sBiseTcs
pabora Haj JIOJITOCPOYHBIMHU HCCIIEZIOBATENbCKUMH,
MEXTIPEIMETHBIMH mpoekTamMu  (Hampumep, HUCHOJIb30BAHHE
MaTeMaTHYeCKOTO armapara JUisi pelIeHds TPUKIAIHBIX —3a1ad
($U3NYECKOr0, XHMHYECKOT0, 3KOHOMHUYECKOTO U T.JI. COCPIKAHMS).

[IpoBeneHHOE aHKETUPOBAHHE CpEAM YYHUTENeH, KOTOpbIe
WCTIONB3YIOT B CBOEH pabOTe MPOEKTHBIE TEXHOJIOTHH, TI0Ka3all0, YTO
OHM OTHAIOT TPEANOYTEHHE WMEHHO MPOBENEHUIO0 MEXIPEIMETHBIX
WIH MIPaKTUKO-OPUEHTHPOBAHHBIM MpPOEKTaM. OCHOBHBIMHU
apryMeHTaMu JUisi BEIOOpa 3THUX THUIIOB TPOEKTOB, 10 MX MHEHHIO,
€CTh, 60-NEpPBblX, OYEBHIHOCTh IEJIM MPOEKTa [UIs yYaIIuXcCs:
MOKa3aTh CBS3b MaTEMAaTHKH C MPaKTHYECKOH JesTeTbHOCTHIO
YeIIOBeKa B PA3NIMYHBIX Cdepax KU3HU OOIIeCTBA; a, GO-GMOPLIX,
Oylarojapss HaJIM4YMIO0 COOPHUKOB NPHKIAJAHBIX 33134 JJIs YYCHUKOB
pasHBIX KJACCOB, y YUYWTENS TOATOTOBKA TEXHOJOTUYECKOW KapThl
MpOoeKTa 3aHMMAaeT HE MPOJODKUTEIBHOE BPEMS, 6-Mpemblx,
MOJATOTOBKA M MPOBEACHNE NPE3ECHTALIMH PE3yJIbTaTOB ITUX MPOEKTOB
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MIPOMCXOANUT BO BHEYPOUHOE BPEMs, YTO JAaET BO3MOXKHOCTH HE CTOJIb
JKECTKO PETIaMEHTUPOBATh X0/l IIPOEKTa.

3aMeTHM, YTO BO MHOTUX CTPaHAaX MEXKIIPEIMETHBIEC NMPOEKTHI
UCTIOJIB3YIOT ~ JUISL ~ O3HAKOMJIGHMS!  YYEHHKOB C  OCHOBAaMHU
NpeAnpUHUMATENbCKON AesTenbHocTH. HanpumMep, B mikoiaax AHIIAN
KyJIbTypa IpeAlPUHUMATEIbCTBA NPUBUBACTCS €II€ C JAETCTBA.
YYeHUKH TO3HAIOT a3bl MPEeIIPUHUMATEIBCKOW AEATENBHOCTH,
paboTass Ha MUHH-TPEANPHATHAX, IIKOJIBHBIX (upmax. 80% 1mkon
AHTTIMM HMMEIOT CBOM MUHH-Tpeanpuatus, B llompme pelcTByer
okono 11 TeicAY yYEHMUECKMX KOONEpPaTWBOB, B BeHrpuu
¢byHkuuoHupyoT 170 IMKONBHBIX cOeperaTteNbHBIX Kacc. YUEHHKH
pa3pabaTeiBalOT W BBINOJHAIOT TPOCKTHI HAa YPOKAaxX, YYHUTHIBas
NOTPeOHOCTH JIIOZEH, OpPraHW30BBIBAIOT MMHBI-IPEATIPUATHS IO
NOPOM3BOACTBY M  IpOAaXe TOBAPOB U  YCIyr, IOJYy4YaroT
HETIOCPE/ICTBEHHBI OMBIT Ha MPEeNNpUsATHAX. TakuMm o0pas3om,
OCYIIIECTBIISIETCS COLMAIbHO-IKOHOMUYECKOe 00pa30BaHUE YICHHUKOB,
K KOTOPOMY COBPEMEHHBIH PBIHOK HPEABSIBISAET IOBBIIICHHBIC
tpedoBanwus [7,8].

Hcxons u3 pe3ynbTaToB MPOBEAEHHOTO HCCIEI0BAHUS, MOXKHO
YTBEP)KIaTh, YTO CIEAYET YAETATH JOKHOE BHUMAaHHE M MPOEKTaM,
KOTOpbIE HEMOCPEICTBEHHO CBS3aHBl C HM3YYEHHEM MPOTrPaMMHOIO
MaTepuaia. Takue MIPOEKTHI MTOMOT 0T PaCKpBITHIO
BHYTPUIIPEAMETHBIX CBSI3€H, UYTO IIOJIOXXUTENBHO CKAa3bIBAaeTCs Ha
YCUJICHUU AUAAKTHYECKOTO COBEPLICHCTBOBAHHS Kypca aireOpbl U
croco0cTByeT (HOPMUPOBAHUIO Y YYAIIUXCS YETKOrO JIOTMYECKOIrO
B3anMO IIOJYMHCHUS Pa3HBIX aHFe6pqueCKHX HOHSITI/II71, TEOpEM,
IPaBUJI, CIIOCOOOB peleHus 3aad.

Bo BpEMs TIOATOTOBKHM TaKOro IPOCKTa YYHUTCIIIO HYXHO
pa3paboTarth 3(PQPEKTUBHYIO MOJACIL YIPABICHUS M OpraHU3allH
yueOHO-TIO3HABATENILHON JEATEIbHOCTH YYalIMXCSA MO HM3YYEHHUIO
KOHKPETHOH TEMBI C YYETOM TOTO, YTO YUYEHHUK HE JTOJKEH HCIIOJIHATh
TOJBKO POJIb OOBEKTA YIPAaBICHUS W HAy4YCHHs, a JOJKEH OBITh
cyObekToM cooOydeHusi. HemanoBakHBIM €CTb W paclpenesieHHe
CJIO’KHOT'O Y4eOHOTO Mpolecca Ha OTAEIbHBIE 3Talbl ¢ ONTUMAIbLHBIM
ONpPENEICHUEM  B3aUMOACUCTBUM  y4MTENsl W  YYEHUKOB A
JMOCTHXKECHHUS CPOPMYJIMPOBAHHBIX Ieiei. Tak e yduTenb I0JIKEeH
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OpraHU30BaTh CHCTEMY HEMPEPBIBHOIO KOHTPOJSA JEATEIbHOCTH
YYaIUXCSl, TIOCKOJIIbBKY B  pe3yjibTaTe IMPOBEICHUS IPOEKTa
HeoOXxomuMo oOecreunTs (OPMHUPOBAaHME 3HAHWKM, YMEHUH W
MPAKTHYECKAX HABHIKOB HAa YPOBHE IUIAHOBBIX (33/IaHHBIX B
mporpamme) pe3ynbratoB. OYEeBHAHO, UYTO BBHIMOJHEHHE BEIIIIE
onpeleN€HHBIX 3afad OT y4HTens TpeOyeT 3HauMTeNbHO OoJblle
BpEeMEeHH U NPOo(ecCHOHaTbHBIX YMEHHH.

Jns  OonpImeidl  HArIATHOCTH IIOJTAITHOTO  pacHpeaeIcHHs
U3y4YEHUS KOHKPETHOM TEMbl B XOJ€ TIPOBENEHUS IIPOEKTa
1eNnecoo0pa3Ho UCIONL30BaTh TEXHOJIOTHUECKUE cxeMbl. [lpuBeném
MpUMEP TAKOH CXEMbl OTIAEIBHOr0 MOAyssl «MeToJ MHTEPBAIOB KaK
YHHUBEPCANBHBII METO]] pPEelIeHUs HEPaBEHCTB» B paMKax y4eOHOTrO
npoekta « DyHKIUSA: OT CBOMCTB K IPUMEHEHUION.
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9 kJacc

YueOHblii NpoeKT “DYHKIMH: OT CBOHCTB K IPUMEHEHHIO”

1l

Moyms Ne3
A — >| VcTaHOBOYHAsI KOHCYIbTAIIUSI

YHHBEPCAJbHBII METOJI PeIIeH s l L l L l L
HEepaBeHCTB”

O6Cy)l(HeHI/I ITnanupoBanue Cocrapienue
Pe3yIbTaToB TEXHOJIOTHYec-
€ e KOIT KapThl
MPOEKTHOU
JIeSTENbHOCTH

' PYINIMOBAA & OPMA

O3HaKOMHUTH YYEHHUKOB C TEOPETHUECKUMH
OCHOBaMH W aJITOPUTMOM NIPUMEHEHHST METO1a

MHTEPBAOB K pelreHiio Hepasencts Buja f(x) > 0 (g Yuurens
0,>0,<0)
Ypok 1
DopMHPOBATH YMEHHS YICHAKOB IPHMEHSTH MCTO
MHTEPBAJIOB K PEILEHHMIO KBA/IPAaTHBIX HEPABEHCTB <—| PyxoBoaurenu rpynn 1, 2, 3, 4,5 |

Boimonxuts 5-6
M I'pymma 1
3aKpenuTh HABBIKK IPUMEHEHHs METO/Ia 3aj[anuil y 10CKu

MHTEPBAJIOB K PELICHHUIO KBA/IpaTHBIX HEPABEHCTB

CamocrosTepHas pabota
(kpome rpymmsi 1)
BB‘paﬁOTaTB YMCHHSA YYCHHKOB MPUMECHATH METO/{
HHTEPBAJIOB K PCHICHUIO HEPABCHCTB BHIA
YDOK 2 (ax=b)" (cx £ d)"... >0 (<0, > 0, < 0) <—| PykoBoaurenu rpymm 1, 2, 3, 4,5 |

CupoeK‘mpoua’rb Y NOJArOTOBUTH JIOMAIIHEE
3ajanue; 3ananus it CP Ha ypok Ne3; cienats R )
5JIEKTPOHHYIO MPE3CHTALMIO € BBIMONTHEHHBIM <_| YKOBOJMTEIIH IPyMI 1, 25 quem,l

JOMAIHUM 3aJlaHueM

Beimonants 5-6 Tpynma 2
CdopMHPOBATH HABBIKH TIPUMEHEHHS METOA sajannii y 10CKH

HMHTEPBAJIOB K PEUICHUIO HEPABCHCTB

n m
(@x+Db)" (cx+d)"...20(<0,>0,<0) CamocTosTenbHas paboTa
(Kpome TpymiIsI 2)

T

BbipaboTaTh yMEHHS IPUMEHSATh METOJl HHTEPBAJIOB
y OK 3 K PELIEHUIO IPOOHO-PALMOHANILHBIX HEPABEHCTB <_| PykoBomurenn rpyrm 1, 2, 3, 4, 5 |

CﬂpOeKTHpOBaTb Y NOArOTOBUTH JIOMALIHEE
3afanmue; 3aaanue juis CP Ha ypok Ned; cienatsb
DNEKTPOHHYIO MPE3EHTALMIO € BBINOJHEHHBIM
JIOMAILIHUM 3a/IaHUEM.

<_| PykoBoawuTeny rpynm 3; yuutens |

Puc. 1.a — TexHoioruueckasi cxema MoOIYJIsl.
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CdopMHpOBaTh HABBIKU HCIIONb30BAHHS
METOJ]a MHTEPBAJIOB K PEIICHUIO IPOOHO-
PALMOHAIBLHBIX HEPABEHCTB.

Beimonuuts 5-6 3ananuii
T'pynna 3

CamocrosTensHas paboTa |

(kpome rpymmst 3)

BeipaboTaTh yMEHHS IPUMEHSTh METOX
HMHTEPBAJIOB IIPH PEIICHUH HEPABEHCTB C
MoJyIeM

<—|Py|<030m/rrenn rpynn 1,2,3,4,5 |

CrpoeKTHPOBATH H NIOATOTOBHTH JOMAILIHEE 3a1aHHE;
3a/[aHue IS CAMOCTOSITENbHOI paboThl Ha ypok NeS;
CcJIeNaTh 31EKTPOHHYIO IPE3EHTAIMIO s TpoBepkH 13

<_| PykoBOIMTENb TPYNIIBI 4; y4HTEND |

CdopMHupOBaTh HABBIKM IPUMEHEHHS METO1a
HHTEPBAJIOB K PEIICHUIO HEPABEHCTB C

Beimonuuts 5-6 3ananuii
T a4

MOAYJIEM

|

<_|Pyl<0130£lmenn rpynn 1,2, 3,4, 5 |

CamocrosTenpHas padoTa
(kpome rpynmsi 4)

Beipabotats yMEHUs IPUMEHSTH METOJ
HUHTEPBAJIOB K PCIICHUIO HppanuOHAIbHBIX
HEPABEHCTB.

CHPOCKTMPOBHTB M MOATOTOBUTHL JOMAIIHEE 3aJaHUEC,
3aJlaHHe CAaMOCTOATENBHOMH paboThl Ha ypok Ne7;
ClIeNaTh MEKTPOHHYIO IIPE3EHTALHIO C BBIOJTHEHHBIM
J3

4—' PykoBoautens rpynme 5; yauTenns |

CdopMHupOBaTh HABBIKH MPUMEHEHHS METO1a
MHTEPBAJIOB K PEIICHHUIO HPPALIMOHATIBHBIX
HEPaBEHCTB

BrimonHuTs 5-6 3ananmit
I'pynmna 5
=

Marematrueckoe COPEBHOBAHHE TPYIII O
PEUICHHIO HEPABEHCTB METOJIOM HHTEPBAJIOB

WroroBast camocTosITeNbHast poO0Ta (HHINBHIyaIbHAS)

N

\/

RN

Pedaexcus Bee
YYaCTHHKH
TToxBenenue HToroB paboTel B MOIyIIE NpOCKTa

Puc. 1.6 — (Ilpono.zkenne puc.l.a) TexHonornyeckasi cxema MOAYJIs.

Bvi6oovl. CyTh W HWaes TMPOEKTHOW TEXHOJIOTUH OOY4YeHHS —
OpraHMA3aIus CaMOCTOSITEIILHON IIOUCKOBOMH TBOPYECKOU
JISATEIIbHOCTA YYCHUKOB. AKTHBH3alMsg 0O0y4aemMoro B Yy4eOHOM
MPOIECCe ¥ MaKCUMAaJIbHOE MPUOJIKEHUE €r0 K KU3HU — OCHOBHBIC
ee 3amaun. Vcrmonp30BaHNe HA ypOKax aJreOpbl B OCHOBHOM IITKOJIE
METOJIla TPOEKTOB CHOCOOCTBYeT (OPMHPOBAHHIO Y  yYaIIUXCS
MO3HABATENILHOTO HHTEpEca K M3YyUYCHHUIO MAaTEMaTHUKH, pa3BUBAET
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CaMOCTOSITETIbHOCTh B MOJYYCHUH 3HAHWW, yMeHHEe padoTath B
KOMaHJIe, aHaJIM3UPOBaTh, (HOPMYIMPOBATH U MPOBEPSITH THUIOTE3H,
OTCTamBaTh CBOE MHEHHE B IUCKYCCHSIX.

VYMeHne TpUMEHSITH B TpodecCHOHaTBHOW ACATSIHEHOCTH
METO/I POEKTOB — MOKAa3aTellb BEICOKOW KBATU(QHUKALUKN YUUTEIS, €T0
MPOTPECCUBHOM METOAWKH OOY4YeHHsS] W Ppa3BUTHS  YYaI[UXCA.
Hemapom mpoekTHas TEXHOJOTHS OTHOCHTCS K TexHomorusm XXI
BEKa, KOTOpbIE NpeIycMaTpUBAIOT, MPEXKAE BCero, (GOpMUpPOBaHUE U
pa3BUTHE YMEHHE UYENOBEKa aJalTUPOBaThCS K CTPEMHUTEIBHO
MEHSIONINMCST  yCIOBHSM  KM3HH [2]. VYuuWTenb MaTeMaTHKH,
WCIOJIB3YIOIUNA METOJ TPOEKTOB, OCYIIECTBISET MaTeMaTHYECKYIO
COLIMAJIM3AINIO JTUYHOCTH yYEHHKa — YMEHHE BUJIETh U NPUMEHSTH
MaTeMaTHKy B TIOBCEAHEBHOM JKM3HU.

Opranuzamusi MPOEKTHOW NEATENBHOCTH YYalluxcs TpedyeT
HEMaJIbIX YCHJIMA OT COBPEMEHHOTO YYHTENIs MaTeMaTHKH: YMEHHE
TapMOHMYHO COYeTaTh TPAAMLMOHHBIE WU TPOEKTHHIE TEXHOJOTMU
oOydeHus: MaTeMaTuke, oO0ecreyrnBasi pa3BUTHE YICHWKA B KOHTEKCTE
KpeaTUBHOTO 00pa3oBaHMs. YUUTENb JODKEH JaTh BO3MOYKHOCTH
KOKIOMY YYEHHMKY TPOSBHUTH CaMOCTOSATEIBHOCTh B TBOPYECTBE,
muddepeHnrpoBath 00beM pabOTBhI, UCXONS W3 HWHIUBUIYAIbHBIX
BO3MOXKHOCTEH KaXJIOr0 4YJeHa IPOEKTHOW Tpymmbl, HaOIIOAaTh,
COBETOBATh, IPEIOCTABIATh HHIAUBUAYAIbHbIE KOHCYIbTAIUH.
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Topumnuk Ha HTY , Enuckon K. IpecnaBcku®
dakynTeT o MateMatika 1 uHpopmatuka, Tom XVII C, 2017, ctp. 85-103

Ob OJHOM 13 IOoAX010B ®OPMUPOBAHUA
HOHATHA IIVIOCKOTI'O TEJIA 1 ET'O IIVIOIIA I
B LIKOJIbHOM KYPCE INIAHUMETPUU

TATBSHA A. CHUT'YP

ABOUT ONE OF THE APPROACHES OF FORMING THE
CONCEPT OF A FLAT BODY AND ITS AREA IN A SCHOOL
COURSE OF PLANIMETRY

TETIANA A. SNIHUR

ABSTRACT: The article proposes one of the approaches to the
interpretation of the concept of "flat geometric body". This article also
considers methodical recommendations of the formation of the concept of
area of flat geometrical body as function on the plural of flat bodies.

KEYWORDS: geometrical figure, a flat geometric body, square of the
flat geometric body, classification of points of a figure.

Beenenne. CornacHo ['ocynapcTBeHHOro crangapra 0a3oBOro
¥ TIOJHOrO 0O0Iero cpeaHero oOpa3oBaHHA B IIKOJBHOM Kypce
IUIAHUMETPHUU BBIICJIEHBl JIB€ OCHOBHBIE COJIEpXKATENbHbIC JIMHHU:
1) reomeTprueckue (GUIYpsl W WX CBOKMCTBA; 2) reOMETPHYECCKUEC
BEJIMYUHBI, X U3MEPEHUS U BbIUUCIICHUS [4].

B kypce mMartemaTukum 5—6-X KJIACCOB M3YYalOTCSl TaKue
reoMeTpudeckue (QUTypbl Kak TOYKA, OTPE30K, Jy4, MpsiMas, Yrod,
TPEYTOJbHUK, IMPSIMOYTOJIBHUK, KBaJgpaT, OKPYKHOCTh, KPyr W HX
MIPOCTEHNIINE CBOMCTBA; U3 FT€OMETPHUUECKUX BEJIMYUH pACCMaTPUBAIOT
JUIMHY OTpe3Ka, IPpaJyCHYI0 Mepy yria, IUIOIIaAb NPSIMOYTrOJbHHKA,
0o0beM MPSAMOYTONBHOTO TMapajUleNieNuNena W  eIWHUIBl X
U3MEPEHHS.

OTa cTaThs OCYIIECTBISIETCS ¢ MoMoInbio horna HaydHsix ucciaenoBanuit
HIY «Emuckona Koncrantuna [pecnasckoro» — Ne PJI- 08-105/06.02.2017
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B kypce mnannMerpuu 7-9-X KI1acCOB OCHOBHBIMU OOBEKTAMH
M3YYEHUS Ha IUIOCKOCTH SIBIAIOTCA TOYKa, MpsMasi, OTPE30K, Jyd,
yTOJI, TPEYTOJIBHHUK, YETBIPEXYTOJIbHUK, MHOTOYTOJIbHUK,
OKPY’>KHOCTb, KPYT. YIIIyOJISIOTCSI U CHUCTEMAaTU3UPYIOTCSI CBEACHUS O
TEOMETPUUYECKUX BeIMUMHAaX. B 8 Kilacce BBOOUTCS OJHO M3 Ba)KHBIX
HNOHATHH — MOHATHE Iulomanu. BeBox dopMmyn s BBIYMCIECHUS
IIomanen IJTAHAMETPHYECKUX ¢buryp (IpsIMOYTOJIbHUKA,
napaujenorpaMmma, TpeyroJibHUKa, pom0a, Tpalelud, MNpaBHIbHBIX
MHOTOYT'OJIbHUKOB) OMHUpPAeTCcsi HAa OCHOBHBIE CBOWCTBA IUIOIIAACH
[11].

B 8 xiacce nmpu u3yyeHun TeMbl « MHOTOYyroasHUKH. [lnomanu
MHOTOYTOJIbHUKOBY» YTOUHSETCS, YTO TaKOe CBOMCTBO, KaK IJIOLIab,
CBOWCTBEHHO HE BCEM TIeoMeTpuueckuM ¢urypam. B uactHoCTH, B
IIporpaMMme IO MaTeMaTHKE yKa3aHO, YTO YYEHHK [OJDKEH yMEThb
OOBSICHUTH, YTO TAKOE TUIOCKUHA MHOTOYTOJIHUK. XOTS B Y4eOHHKAX
M0 TEeOMEeTPUU TIOHATHE IIJIOCKOIO0 MHOTOYTOJbHHKAa YETKO He
ONpPEACIAETCSL.

IombITKH JaTh orpesiesieHne MOHATHUSA TUIOCKOTO
MHOTOYTOJIbHHKA MOKHO HAITH B yUeOHUKAX MO T€OMETPUH:

e gna 8§ «kyjacca, aBtopel bees I.II, bess3 B.T.,
Bnagumuposa H. I'.: «OH (4eTBIpeXyroJIbHUK) pa3fenseT IIOCKOCTh
Ha JiBe 00JIaCTH: BHYTPEHHIOIO U BHEIIHIOW. PUrypy, COCTOSIIYIO U3
YeThIPEXyroJbHUKA W €ro BHYTpeHHeW 001acTH, TakKe Ha3bIBAIOT
4eThIpexyrojbHuKom» [1, c. 6];

e g 7-11-x kmaccos, aBtop lloropemnos A. B.: «[lmockum
MHOTOYI'OJJbHUKOM WM MHOTOYTOJIbHYIO 00JacThl0 HAa3bIBACTCS
KOHEYHas 4acTh MJIOCKOCTH, OTpaHWYeHHAs] MHOTOYTOJIbHUKOM» [12,
c. 202];

e mis 6-8-x xmaccoB, aBtop KommoropoB A.M.:
«O0bearHEeHNEe TPOCTONW 3aMKHYTOH JIOMaHOHl W ee BHYTpEeHHEH
o0JsiacTh Ha3bIBACTCSl MHOTOYTOJIBHUKOMY [9, ¢. 37].

B onaHHOW crarbe mpeularaeTcs ONpPENESICHUE IOHSITHS
IUIOCKOTO TE€OMETPUYECKOI0 Tejla, KOTOPOE MOYKHO BKIIOYHTH B
IIKOJBHBIA KypC IJIAHUMETPHU CpeJHel LIKOJBl Ha YriyOJIeHHOM
YpOBHE W3y4YeHHMS JaHHOTO Tmpeamera. Taikke paccMOTPEHO
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(dopMHpOBaHHE MOHSITHUS TUIOMAAN IUIOCKOTO F€OMETPHYECKOTO Telia
KaK ()yHKIIMU Ha MHO>KECTBE T€OMETPUYECKUX Tell.

Ilnockoe reomeTpuyeckoe Tej10

PaccmoTpuM HEKOTOpbIE IIpeaBapUTEIbHbBIE TOHATHUS, KOTOPbIE
HEOOXOIUMBI ISl ONpEACTICHUS MMOHATHSI TUIOCKOTO TEOMETPHUECKOTO
Tena.

1. Honamue 2eomempuyecKko duzypui, ompeska,
OKpYyJIcHOCIU, Kpy2a U OKpecmHocmu moyku. B IIaHuMeTpun moj
2eomempuieckol  @ueypoti, WIH TUIOCKOW (UTYpOH, WM IMPOCTO
¢Gurypoil MOHMMAIOT MPOU3BOIFHOE MHOMXECTBO (COBOKYITHOCTH) @
Touek TuiockocTH. [Ipocreiimeil reomeTpudeckoil Gurypoid sBisieTcs
Touka. M3 Touek cOCTOSAT Bce Apyrue reoMeTphueckre (UTYpHI,
HalpuMep, OTPE30K, MpsMasi, JIyd, KPYyr, TPEYTOJIbHUK, IUIOCKOCTh U
T.I.

W3 mkonpHOro Kypca IUIaHUMETPUH YYEHHKaM M3BECTHO, YTO
paccTossHuEe MEXIy IIByMs TOYKAMH MPSMON MM TJIOCKOCTH — 3TO
JUIMHA OTPE3Ka, COSAUHSAIOIIETO 3TH TOUKH.

K BaxnelmmM ¢urypam miocKOCTH, B YaCTHOCTH, OTHOCSTCS:
1) oKpyXHOCTB; 2) KpyT; 3) OTKPBITHIA KPYyr C LIEHTPOM B JaHHOI
touke O W 3amaHHbIM paaunycoMm I > 0. Tak Ha3bIBAalOT MHOXECTBO
TOYEK IUIOCKOCTH, AJISI K&KIAOH M3 KOTOPBIX paccTosHUE OT Touku O
COOTBETCTBEHHO: 1) paBHO I; 2) He mpeBbImaeT I; 3) MeHbIe 3a [I.
ITpu 3TOM MOXHO 0003HAYATD:

o S (O; r) —oKpYXHOCTb ¢ LEHTPOM B Touke O U PaJAnyCcoOM
r,

o K (O; r) — xpyr ¢ 1ienTpoM B Touke O U pagnycoM I;

o U (O;r) — omxpeimeii kpy2 ¢ TeHTpOM B Touke O H
pamuycoM I, KOTOPBIH TakKe Ha3bIBalOT OKPECTHOCThIO (Win I —
OKpecTHOCTHI0) TOUkH O (puc. 1).
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s(o;r) K(0;r) u(o;r)
Puc. 1

Ha pucynke 2 n3o0paxeHna ¢urypa F, KoTopasi COCTOUT U3 BeeX
TOYCK OKPAIIEHHOW YacTH IIOCKOCTH, Tpsmoi guauu |, Toukn C u
3aMKHYTOM JIMHUHM p, KOTOpash OrPAHUYMBAET OKPAIICHHYIO 4YacThb
TIJIOCKOCTH.

£ By M {

Puc. 2

[Tnockyto ¢urypy @ Ha3BIBAIOT 0OcpaHuyenHOl, €Clli Bce ee
TOYKHU NPUHAJICKAT HEKOTOPOMY KpYyTy KOHEYHOTO pajauyca.

Ilpumepoi:

1. ®urypsl, npeAcTaBIeHHbIE HA pHC. 1 — OrpaHHYEHBI.

2. ®urypa F (puc. 2) — He orpaHHyeHa.

2. Knaccugpukayun mouex naockocmu OmMHOCUMENbHO
oannoit guzypur. IlycTh 3a1aHO TUIOCKOCTh U HEKOTOPYIO Qurypy @
Ha Hed. Torma TOYKM TIIJIOCKOCTH OTHOCHTENBHO (urypsl @
Ha3bIBAIOT:

1) enympenneit mouxoii Queyper @, Ko20a cywecmeyem
OKpeCcmHOCMb MOl MOYKU, 6Ce MOUKU KOMOPOU NPUHAONEHCaAm
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Gueype @;

2) enewneni mouxou ¢ueyper D, Kozda cywecmgyem
OKPECMHOCMb MO MOYKU, 8 KOMOPOM Hem HU OOHOU MOYKU (uypbl
@,

3) epanuunoii moukoi pueypor @, Ko20a n0bAs OKPECMHOCHb
MO MOUKU codepaicum 8 cebe Kak mouxu gueypvl @, max u mouxu,
He npunaoaedxcawue gueype ;

4) npedenvroii moukoil gueypol @, ko20a 106U OKPeCmMHOCHb
MO MOYKU COO0epocUm 8 cede OecKOHeyHOe MHOJICECTHBO MOYeK
Queypol D,

5) usonuposannoii mouxoti gueyper @, Kozoa cywecmeyem
OKpecmHoCmb  IMOU  MOYKY, 6 KOMOPOM MOAbKO JIma MOoYKa
npunaoaexcum gueype .

Ilpumepot: Ecnu durypa @ — durypa F, koTopas m3o0paxeHa
Ha puc. 2, To:

a) BHyTpeHHEH TouKoi Qurypbl F siBisercs kakaas TOUYKa ¢
OKpAIICHHON YacTH, HAIPUMEDP, TOUKA A;

0) Kaxmas TOYKa, KOTopas He MPHHAIJICKHUT HU OKPAIICHHON
YaCTH, HU TPSMOM JIMHUM p, HU 3aMKHYTOH JIMHHM p W OTJIUYHAS OT
touku C, SIBJIsIETCS] BHELIHEH TOUKOH (urypsi F;

B) Kax/Jas TOYKa, MPHHAMJISKAIAT 3aMKHYTOW JIMHHHM WIH
npsMoit JIHKUHK, a Takke Touka C SBISIOTCS TPAHHYHBIMH TOYKAMHU
¢uryps! F;

I) Kaxaas TOYKa, MPHHANICKAINAS OKPAMICHHOW YacTH
IUIOCKOCTH, WJIM TIPSIMOW JIMHUU WIIM 3aMKHYTOH JIMHHHU, SIBISICTCS
npeaenbHOl Toukol ¢purypsl F;

Jl) SAMHCTBEHHOW M30JHMPOBAHHOM ToukoW Gurypsl F sBisercs
touka C.

U3 npuBeIeHHBIX BBIIIE ONPE/ICIICHHUH CIIEAyeT, YTo:

1) enympennss mouxa u us30IUPOSAHHAs Mouka ueypvl D
6ce20a npunadaexdcam 3mou guzype;

2) enewnss mouxa gpueypol @ He npunadnedcum e,

3) epanuunas mouxa u npedenvHas mouka gueypvl @ moeym
NPUHAOIENHCAMb, A MO2YM U He npuHadiedxcams gueype D.

Jlerko yOeauThCsl, YTO YISl MPOM3BOJILHON TOYKH IIOCKOCTH U
JUTSI 3aIaHHOM Ha Hel ¢urype @ BO3MOXKEH OJUH M TOJIKO OJUH U3
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TpeX clay4aes:

1) sma mouxa sensemcs eHympentel mouxou gueypot @;

2) ama mouka aeisemcs enewHeli moukou gueypol D;

3) ama mouka A61Aemcs epaHUuHOU Mmoukou gueypsl .

Kpome sToro nms Touku, KOTOpash HE SBISETCS BHEIIHEH,
BO3MOJKEH OJIMH M TOJIBKO OMH U3 ABYX CIy4aeB:

4) Oannas mouka A619emca epaHudHol moukou gueypsi O;

5) Oaunas mouxa A6AAEMCA U30IUPOBAHHOU MOYKOU Pueypbl
D.

OTHOCUTENNEHO TPOU3BOJILHOW TOYKH MHaHHOH ¢uryper O
BO3MOXEH OJIH U TOJIbKO OJTUH U3 IBYX CITy4YacB:

6) OaHHas MOYUKA S6ISEeMCS GHYmMpeHHel MmouKou guypvl D,

7) OanHAas MOYKA ABNAEMCs 2PAHUYHOU MoYKoU hueypel D.

MmuoxectBo G(®P) Bcex BHYTpeHHHX Toduek Quryper D
Ha3bIBAIOT eHympeHHocmblo (urypsl @, a mHOkecTBo S(D) Bcex
rpaHUYHBIX To4YeK Gurypsl ©@ Ha3bIBAIOT epanuyeti Gurypsl O.

O0bvemunenne ¢urypel @ C ee TpaHHIEH Ha3BIBAIOT

3amblkanuem NTaHHOW GUrypsl 1 o6o3HavaT D .

Ilpumepoi:
1.Ecu @=K(0; r) wm @=U(0;r), to BHYTpeHHOCTH

kaxaon u3 stux ¢uryp G(@D)=U(0; r), a 3ambikanue Kaxmoh u3
9TUX uUryp D= K(0;r).

2.Ecm @=S(0; r), 10 D=, a G(®)= 0. lns Beex
stux Quryp @ ux rpanuna S(P(=S(0; r).

3. OmKpoimole u 3amKHymbvle ¢uzypel, obaacmu u
3amkuymeote oonacmu. OTHOCUTENbHO TrpaHuil S (@) HaHHOK
¢Gurypsl @ BO3MOKEH OJIMH M TOJILKO OJIMH M3 TPEX CIy4acB:

1) S (@) < @, 10 ecThb Kakas TOUKA TpaHULBI S (D) sABIAETCA
TaKXe TOUKor Gurypsl @ u toraa Gpurypy @ Has3bIBarOT 3AMKHYMOU,

2) S (@) N @ =, To ecTh Kaxaas TOUKa rpaHuiel S (D) He
SBJIACTCA TOYKOW (urypel @, u Torma ¢urypy @ Ha3bIBalOT

OMKPBIMOL,
3)S(@P) N @ # BuSsS (D) ¢ D, 10 ecTh HEKOTOPHIE TOUKH
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rpanuibl S (D) ABnAOTCS TOYKaMu QUTYpbl @, a HEKOTOpPBIE HET, W
torna (urypa @ He SBISETCS 3aMKHYTOW, a TaKXKe HE SBISICTCS
OTKPBITOH.

Ilpumepui:
1. 3aMKHYTBIME (QUTypaMHu SIBISIOTCSA: KaXAas IUIOCKOCTh WU

nyctass Qurypa; Kaxpas (urypa, KOTopas COCTOMT W3 KOHEYHOIO
MHOXECTBA TOYCK; OOBEIMHEHHWE KOHEYHOTO YHCIAa 3aMKHYTBIX
¢uryp, B 4YacTHOCTH, OOBEIMHEHHWE KOHEYHOTO 4YHCIA MPAMBIX;
KaX[1asi OKPY>KHOCTb U KaXXJIbIi MHOTOYT'OJIbHUK; 3aMbIKaHHE KayKIOH
¢buryps.

2. OTKpBITBIMU  QUTYypaMH  SBJSIIOTCSA: KaKAas IJIOCKOCTh U
mycrtasi purypa; OTKpPBITBIN KpPYT (OKPECTHOCTHh TOYKH) OOBEIMHEHNE
KOHEYHOI'O M CUETHOIO KOJMYECTBA OTKPBITHIX (GUTYp (B YACTHOCTU
OTKPBITBIX KPYTOB); BHYTPEHHOCTH JIFO0OH (UTYpBI, B YacTHOCTH,
BHYTPEHHOCTbH JTF0O0T0 MHOTOYTOJIBHUKA.

3. Hu 3aMKHYTBIMH, HH OTKPBITBIMH (DUTYpaMH SBISIOTCS:
OOBIYHBI KpPYr, W3 KOTOPOTO H3BATO OJHY TPAHUYHYIO TOUKY;
OOBIYHBII  OTKPBITBI KPYr, K KOTOPOMY MPUCOETUHEHO OIHY
TPaHUYHYI0 TOYKY; MHOTOYTOJBHHK, M3 KOTOPOTO H3BATO OIHY
BEPLINHY.

OtkpeiTyio ¢urypy @ HazbIBalOT 001acmbio, KOTJa JIOObIE JIBe
TOYKH OTOH GUrypel MOKHO COCOUHHUTH JIOMAaHOM, KOTOpas
MOJIHOCTBIO COAEPKUTCA B 3TOM ¢urype. IIpm 3TOM, OTKpHITYIO
¢urypy @ Ha3BIBAIOT TAKKE JTUHEUHO CEAZHOU.

IlIpumepoi:

1. JIro60ii OTKPBITHIN KPYT SBISETCS 00NACTHIO, 2 O0BETMHEHUE
JIBYX OTKDBITBIX KpyroB 0e3 OOMIMX TOYeK SBISETCS OTKPHITA
¢Gurypoii, olHaKO He SBISIETCS OO0JACTBHIO, MOCKOJBKY HE SIBIISETCS
JIMHEHHO CBSI3HBIM.

2. BayrpenHocTs 11000r0  MHOTOYTOJIBHHKA  SIBJISIETCS
001acThI0.

3. Kpyr He sBisercs 00nacTbio, MOCKOJIBKY HE SIBISIETCS
OTKPBITON (UTypOH.

4. Ilnockoe zeomempuueckoe meno u €20 nepumemp.
I'eomerpuyeckyro ¢urypy @ MIOCKOCTH HA3bIBAIOT — MIOCKUM

-01 -



Churyp T.

ceomempuyecKkum meiom, €CJIn OHa SABJIACTCA 3aMbIKAaHUEM HeKOTOpOfI

o6nactn G, 10 ecte @=G=C U S(G). Ipu stom 06si3aTenbHO

BHyTpeHHOCTh @ coBmagaer ¢ G, rpanuna S (@) = S (G) u sty
IpaHUIly Ha3bIBAIOT nepumempom tena d.

Ilpumepor:

1. Kpyr sBnseTcs IUIOCKMM TEJIOM, a OKPY)XHOCTb H
OKPECTHOCTb — HE SIBJISIETCS TEJIOM.

2. Kaxplii MHOTOYTOJIBHHK SBJISAETCS TENOM, a OObEAWHEHHUE
JBYX MHOT'OYTOJIbHUKOB MOXXET OBITh TE€JIOM, & MOXKET U HE OBITh.

[Inockue reoMeTpUdecKue Tesla MOTYT OBbITh OZPAHUYEHHLIMU T
Heo2paHUYEeHHBIMU.

Ilpumep. Ha puc.3 B ciaydae a) uUMeeM OTpaHHUYEHHYIO
¢urypy F (tpanemuto ABCD), a B ciaydae 6) — HEorpaHHUCHHYIO
(mnockuii yron AOB).

B C

a) 0)
Puc. 3

[Tnockast ¢urypa (B YaCTHOCTH TeNlO0) HA3bIBACTCS GbINYKIOLL
€clIi JII00BbIE JIBE €€ TOYKH MOXKHO COCTUHHTH OTPE3KOM, KOTOPBIT
TIOJTHOCTBIO COZIEPXKHUTCS B 3TOM urype.

Ilpumep. Ha puc.4 B cinyyae a) MMeeM BBITYKJIOE IUIOCKOE
TEOMETPHUUECKOE TEJIO, a B ciIydae 0) — HEBBIMYKIIEIE.
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a) 0)
Puc. 4

5. Kpumepuii  nnockozo 2eomempuyeckoo mena. U3
OIpE/ICICHHs IUIOCKOTO T'eOMETPUYECKOro Tenla  CJelyeT, uTO
reoMeTpuueckas urypa @ sBISETCS TEIOM TOTZA M TOJBKO TOT[A,
KOorga BBITIOJIHAIOTCS YCIIOBUS:

e rpanuia ¢urypel @ coBmamaer ¢ TpaHUIeHd  ee
BHYTPEHHOCTH U COJEPKUTCA B D;

e gi00ble JIBE€ BHYTPEHHHE TOYKH (UIypsl @ MOXKHO
COE/IMHHUTH JIOMaHOH, BCE TOYKM KOTOPOW SIBISIFOTCS BHYTPEHHHMH
ToukamMu D.

Omo ymeepacoenue MOHCHO CHUmams onpeoeieHuem niocKo2o
2eoMempu1ecKo20 meid u OHO IKGUBATEHMHO NPUBEOEHHOM) BblUe.

IMomaab MJIOCKOT0 reoMeTPUYECKOro TeJia

OkpyXKaluMii HAC MHP COCTOMT W3 PA3IMYHOTO COYCTAHHUS
TUTOCKUX M 00BEMHBIX GUTyp. B Kakoii ObI cdepe He paboTall YenoBeK
(CTPOHTENBCTBO, APXUTEKTYPa, TEOJIOTHS, arpOHOMUSI, aCTPOHOMHS U
Ip.), OH JIOJDKEH 3HATh CBOMCTBA T€OMETPHYECKUX (UTYyp U Te,
YMETb HaxXOOUTb HX O6'LeMI)I, miomaan, IMMpOU3BOAUTE HU3MCPCHUS.
OTH yMEHHS ¥ HAaBBIKM HEOOXOJMMBI YEJIOBEKY M B €r0 MOBCEIHEBHOU
JIeSTeIILHOCTH.

M3mepenueM  IUIOMAAM  JIIOAM  3aHUMAKOTCS HE  OJHO
Teicsiuenerue. Eme 4-5 Thic. 1eT Ha3al BaBHJIOHSHE YMENU BBIYUCISATD
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IUIOIIA/(b MPSIMOYTOJIBHUKA M Tpamelud B KBaJpaTHBIX €AMHULAX
KBanmpar m3gaBHa CIy)XW 3TaJOHOM MpU U3MEPEHUH IUIoLIajen
Oyarofapst TAKUM CBOMM CBOMCTBAM KaK paBHBIE CTOPOHBI, paBHbBIE U
MpsIMBIE yTJIBI, CAMMETPHUYHOCTh M OOIIee COBEPIICHCTBO (HOPMBL
KBanpatsl 1€rko CTpOUTh, UMH MOKHO 3allOJHUTH YaCTH IUIOCKOCTU
(Ho Hapsmy c¢ ostum B [Ipesnem Kwutae wmepoit miomaam Obu1
npsAMOYTONIbHEK) [3, ¢. 27].

Kazanoce Obl, ecnmu ecTh €OUHMLA HW3MEPEHUS AJIHHBI, TO C
M3MEpEeHHeM IUIOoImaAeii He MOXKET ObITh HUKakux mpobieM. bepem
KBaJpaT CO CTOPOHOH, JJIMHA KOTOPOW paBHA EAWHUIIE, HAIpUMED,
CaXeHb, W TIOJyyaeM KBaJpaTHYIO Cake€Hb - BOT U €IUHHLA
M3MepeHus miouaau. Mmu ¢ BepcThsl co3iaeM KBaJpaTHYIO BEPCTY.

[lorpeObHOCTP B W3MEPEHWM IUIOMIA[IEH BO3HHUKIA H3-3a
HEOOXOIMMOCTH 3HATh UHCIOBYH) XapaKTEPUCTHKY 3€MEIbHBIX
YYaCTKOB, YTOOBI 3HATh pa3Mep JAaHU HIIM HAJIOTA.

N3BecTtHO, uyTO HaceneHue JlpeBHero Erunra B OCHOBHOM
3aHUMAJIOCh 3eMJIeIEINEeM, HO IIJI0JOPOTHON 3eMIH ObLTO OYeHb Majio
— TOJILKO B JIOJMHE peku Hui, a masibiie 1o OecKpaiHue MyCTHIHU.
Kaxnyro BecHy Hun pasnuBancs u ymoOpsi 3eMITIO TUIOAOPOTHBIM
wioM. [Ipu pasznuBe peku CMBIBAIHUCH TPAaHUIBI YYaCTKOB, MEHSIIACH
ux Twiomanu. Torma moTeprieBiue oOpamamich K (apaoHy, OH
MOCHIIANl 3eMJIEMEPOB, YTOOBI BOCCTAHOBUTH TPAHMIIBI YYaCTKOB,
BBISICHUTH, KaK HM3MEHWIACh WX IUIOMIa[h M YCTAaHOBHUTH pa3Mep
Hayora. Yke TOTJa «ETHUIITSHE Hadalu 3a{yMbIBaThCS HA/l TEM, KAKUM
e 00pa3oM clelyeT U3MEpATh MOJs, YTOOBl MOXHO OBUIO OTIaTh
Ka)XJIOMY TO, YTO eMy IpHHaIexuT» [14].

B npeBnem BaBuione Taxke MPUXOAHMIOCH BOCCTaHABIWBATH
TpaHMIIBl yYACTKOB MOCIIE pa3inBa BBl B roJ pek Turp u EBdpart.

Hamm npeaku cnaBsiHe IS M3MEPEHUs TUIOMIAAN Pa3OuBaIN
3eMeNbHbIE y4YacTKHU Ha KyCcKH B (GopMe MPAMOYTOJILHHKOB,
TPEYrOJIbHUKOB M TOYTH MpPSAMOYTONbHON Tpaneuuu. [lnomane
ydacTKa TpEyrodbHOW (OpMBI HCUHCIATACH KaK  IOJIOBHHA
NPOM3BEICHHUS] OCHOBAaHUS Ha OOKOBYIO CTOPOHY, a IUIOIIAAb y4acTKa
B BUJE TpalelMH — Kak IPOU3BEJECHHE IOJICYMMBI OCHOBAaHMH Ha
00KOBYIO CTOPOHY («x000T»). [losie HenpaBUILHON (HOPMBI ST Ha
OTJeNbHBIE y4YacTKH B (QoOpMe MNpsSMOYrOJbHUKA, Tpaleluy,
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TPEyroibHHUKa;, HW3MEPSIM IUIOMAAb KaKAOH B OTAEIBHOCTH, a
pe3ynbTaThl cKinagsiBani. B Mmonorpadgun I'panuancexon JI.H. MoxxHO
HaTH Cmoco0d W3MepeHWs TOoJisL, KoTopoe Obio B opme
HETPaBUIBHOTO YEThIPEXYTrOJIbHUKA Win HENPaBUIIBHOT'O
TpeyroybHuKa [5, c. 63-64].

i BBINOJHEHUS TakKUX BBIYMCICHUM HE CTOWJIO H3y4aTb
reOMETPHI0, MNpHIaraTh 3HAYUTEIbHBIC YCWIHMSA [UIA HU3MEPEeHHUs
3eMENIbHBIX YYaCTKOB KBaJApaTHBIMH €JMHULAMMU; 3[€Ch TOUHOCTH HE
TpeboBanoch. Jlaxke TEPMHH «IUIOIIAAb» HE HCHOJIb30BAJICA.
Hampumep, apeBHekuTaiickme 3amaun 00 UW3MEPEHHH IIOJed
3aKaHYMBAJIHNCh CTAaHAAPTHBIM BompocoM: «CrpammBaercsi, Kakoe
nosie?». CIOBO «Iojie» BBICTYNAJO B POJM TEPMHHA «IUIOIIAIbY,
MOCKOJIBKY TIOCHeqHero eme He Obuto [2, c.240]. B xkwuraiickoit
«MareMaTHKe B AE€BATH KHUTAX» MOXKHO HalTH CIEIyIOLIYIO 3aaady:
«Ecth kpyrioe mose, jmmHa kotoporo 30 Oy. Jlmamerp 10 Oy.
CnparmBaetcs, kakoe none?» [10, c. 445].

Ha Ttepputopun 5>THHYECKONM VYKpawHbl HACEJICHUE H3aBHA
3aHMMAaJOCh 3emienenueM. B 3emiienenpyeckod MpakTHKE HYXHO
ObUTO M3MepATh moiie. HapoaHble Mepbl, MOSIBUBIIMECS B Ipoliecce
T€X WIM HHBIX TIOJNEBBIX PabOT, MMENIM JOCTATOYHO YCJIOBHBIN
Xapaktep, ObUIM  CIMIIKOM  npubnusurensHeiMU.  HawnbGonee
pacrpocTpaHeHHON Obllla Mepa «IEeHb MaxaTb», WIN «JICHb 3eMIINY,
WIN «HA OJUH IUIYT», TO €CTh BEJIMYHHA MOJIsl, BCIIaXaHHAsl B TCUCHUN
THSL.

[TockosbKy MPOW3BOJUTENHHOCTh BCHAIKK 3aBUCENA OT THIA
MOYBBI, COBEPIICHCTBA OPYJHHA MaxXOThl M TATJIOBOW CHIIBI, TO U
BEJIMYMHBI ObUIM HeoOMHaKoBbl. B Kapmarax mepa «aeHp maxatby
coctaBisuia ogumH wmopr (0,57 ra) 3emim, a Ha OONBIIMHCTBE
STHUYECKOH TEpPPUTOPUH MpHOIMKanach K ogHOMy rektapy. CioBo
«MOpI» TOJILCKO-TUTOBCKOTO TPOUCXOXKACHUS, 3aUMCTBOBAHHOE M3
HEMELKOro s3plka, rae | mome (Bojoka) umeno 30 MOpros;
(hpaHKOHCKOE I0JIe UMeII0 48 MOPIOB.

Ha Ilonecne ObiToBana mepa «coxay», To ectb npumepHo 0,40
ra. Menbie pa3mepoM OblIa «yImpyra» — TPeTbsl 4aCTb MEpbI «ICHb
3eMiIm», pacnpocTtpaHeHHas Ha JleBoOepexxHol YkpauHe. «YTpyru»
ObLTH yTpeHHHe, 00eZIeHHbIE, BEYepHHE.
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Bonpmme momaay 3emim u3Mepsuiuch «mossimm» (19-25 ra),
Ha [lonecwe, Bombiau — «Bonokamm» (21 Ta), KOTOPBIC ACTWINCH HA
«apytbs» (1,2-1,5 ra). DT0 OBUIM HECKONBKO pPErIaMEHTHPOBAHBI
Mephl TOJsI, B OTIHYHE OT TeX, KOTOpPbIE OMPEAeTsUINCh TI0
NpOJIeTaHHON padoTe B TE€UEeHUE eNWHHIBI BpeMeHH. CyliecTBOBaIN
MepBbI IJIOMIAIN 110 BEIHMYHNHE CKOIIEHHOTO OIS («IeHb KOCHUTHY), TI0
KOJIMYECTBY BBICESHHOTO 3epHa — «Beko» (1/8 Ta, Ha KOTOpyIO
NPUXOAUTCS 25 J1 3epHA PXKU ATl TOCEBA).

Ha 3akapnatbe KpecThsiHE TMOJIB30BATUCH MEPOH, KOTOpast
Ha3bIBAJIACh «JIEJe («TeJeKay) — BeTMINHA CEeThCKOX03SIICTBEHHBIX
yroauid, 4TO oOecreyrBaia MPOXKUTOYHBI MHUHHMYM JJIS XO3sSUHA.
Cro/1a OTHOCWINCE: ycanb0a, mose, ayra, macrouma. HapomHsie Mepsbl
OKa3aJuch KUBYYHUMH: JJaXKe MOCIe BBEACHUS CTaHIAPTU3UPOBAHHBIX
€IMHHLI, TAaKHUX, Kak aecaruHa (1 ra), mopr (0,57 ra), ronsx (0,48 ra),
kagacTpoBeli rompn (0,57 ra), yrp (1 ra) u T.., KpecTbsiHE
UCIIOJIb30BAIM peBHUE Mephl [8].

Co BpeMeHeM [UIsl MAaXOTHBIX 3€MeJb TJIaBHYIO pOJIb Hadaia
BBITIOJIHITh YE€TBEPTh — IUIONIAJb, HA KOTOPOH BBICEBAJIM YETBEPTh
(Mepy o0bema) prxu. OnHako yxe B XVI Beke cTajno 04eBHIHBIM, YTO
YETBEPTh — OYEHb Mayasl €UHHIA IS OMHCAHUS 3eMejb, ITO3TOMY
HAYaJl HCIIOJIb30BaTh JIECATHHY. B TO BpeMs JecsSTHHA COCTaBIsiia
50x50 = 2500 caxeneit kBagpaTHbIX WK 1,166 rekTapa u cocTosia
u3 aByx derBepredd mo 0,58 ra. BoT TompkO clioBa «KBaapaTHEIIN
TOT/Ia HE CYIIECTBOBANO, M TaKWE MeEPbl HA3bIBAIH «KPYTIBIMUY,
«TPOOHBIMIY WITH «UETHIPEXTPAHHBIMI.

HecsatuHa Obuta OQUIMATBHON CUETHOW EIMHUICH, HO Ha
NpakTUKe TPUMEHsIN Ooliee YAOOHYIO €IWHHIy — YeTBEepPTb, WIN
4YeTh, PABHYIO IMOJIOBUHE JIECATUHBL. UeTBepTh (YeTh) Nemiiach Ha JIBe
OCBMHHBI, OCbMHWHAa — Ha JIB€ TOJOCHMUHBI, a MOJIOChMHHA — Ha J[Ba
yeTBeprka. UeTBepTh 1m0 K03 (UIMEHTY TP MOTJIa ASTUTHCS HA TPU
TPETHHKA, IIECTh MOJATPETHUKOB U T.NI. 1/64 dacTh deTBepTU (YETH)
Ha3bIBAJIACH MAJIbIif YETBEPUK.

Yuenukam OyayT HWHTEPECHBIMH HCTOPHYECKHE 337a4ll 00
W3MEpPEHNH TUIONIA/IM 3eMeTbHOTO yuacTka. K nmpumepy:

3aoaua. B xuure B. IlomoBa «K Taitnam wuctopum» [13]
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HammMcaHo, 4to B 1714 rony Ha npaBom Oepery Ceepckoro [loHna Ha
tepputopun IlpuBonbHoro, rae yepe3 40 neT pacnosioKuiach naras
pota monka JlenpepanoBuya, Bacumuit 1]abenpckuii mOTyIniT OKOJIO
300 gereit 3eMITH «UTS TAaeHUs XJ1eba» U ceHoKocHoM Tyku Ha 1000
KOTI, Ja ellle 1 JIeCHOH ocTpoB nocpenu Jonua. [TonpoOyiiTe oneHUTD
pasMep 3emiti, KoTopyro moiryani Bacummii 1abensckmid.

Pewenue. Yetb (ueTBepTh) cocTaBisiia 1/2 necatunsl. [lepexon
Ha 7-(pyTOBBII Ca)KEHb €Ille TOJILKO HAdaJCs, U B MIEPBYIO OYepelb OH
Kacajics KopaoOsectpoenus. Tompko B cepeaune XVIIL B. cran
IIMPOKO BHEAPSATHCS CakeHb, paBHBIA 7 dyram mimm 213,36 cm. A
3eMJIeMepHOE JIeNo ObUIO Hamboljiee KOHCEPBATUBHBIM, Ja €IIe U Ha
nepudepun Poccuiickoii umnepun. [1o3ToMy ¢ yBepEeHHOCTBIO MOKHO
CUUTaTh AeCATUHY paBHOU 1,12 ra, a yeTh, COOTBETCTBEHHO, 0,56 Ta.

Uraxk, 300 vereit maxoTHOI 3eMiu, momydeHHOH [1]abenmbckum,
cocTtaBisieT okoo 168 rekrapoB. A 1000 KOm CEHOKOCHI MOXHO
npupaBHATh K 100 necstun mo 1,12 ra, mockoisky 10 xom = 1
necstuHa. [losTromy mobaBum eme 112 ra. Bceero ke, He cumras
ocTpoBa ¢ secoM, oH momydr 280 ra 3emn win 2800000 M?, wiu 2,8
KM

B 1875 rogy 17 ctpan noanucanu MeTpUyecKyl0 KOHBEHLUIO,
0 KOTOPO#l 00S3BIBAIIMCH BBECTH B CBOMX CTPaHaX CUCTEMY Mep, UTo,
10 MHCHUIO €€ aBTOPOB, IroJujaCb «Ha BCC BpPEMCHa U I BCEX
HapoA0B». B cOOTBETCTBUY C HEW UTMHA U3MEPSIIach B METpax, Macca
— B KWJIOTpamMMax, a IUIOIaJ b 3€MENTbHBIX Y4acCTKOB — B apax. Ap
COCTaBJISUI IJIOLIA/b KBajapaTa co ctopoHoil 10 merpos, To ectb 100
KBaJIpaTHbIX METPOB - TPUBBIYHAS HaM «CoTKa». [l m3mepeHus
OONBIIMX TIIOMIA/IeH 3Ta BEIMYMHA ObLIa HEAOCTATOYHOM, TO3TOMY B
3eMJIETIOIB30BAHUN HCIIONB3YIOT €IUHHIY B CTO «COTOK» - TeKTap.
CnoBo «rektap» oOpa3oBaHo u3 cioBa «ap» (IPOUCXOAHMT OT
JATUHCKOTO «apea» - IUIOMAaAb) M MPHUCTaBKH «TEKTO», YTO
0003HaYaeT «CTO.

Tak wu3MepsIucCh IMIOHAAM 3€MEIbHBIX Yy4yacTkoB. Ho Kak
M3MEPUTH TJIOMIAb HEOONBIINX MPEIMETOB, KOTOPBIE HE SIBISAIOTCS
NpSAMOYTOJIPHUKAMHM WJIM KBaJpaTaMu, HalpuMep, IUIomanb JIMcTa
nepeBa? B Takux cimywasx MONB3YIOTCS MaJeTKOM — MPO3payvyHOU
TUTACTUHOW, Ha KOTOPYIO HaHeceHa MaciTaOHas KBaJpaTHAs CETKa.
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OTa minacTUHKa HaKJaIbIBaeTcs Ha GUTypY, IOl KOTOPOH HYKHO
u3meputhb (puc. 5). IloacunmTaB KONIMYECTBO KBAJPaTOB (TOJNHBIX WU
HETIOJTHBIX ), MOXXHO HANTH TUIOIIA s (PUTYPHL.

P b

a) 0)
Puc. 5

[ mpuOIMKeHHOro OIpeneNeHns IIoMaal IOCKUX (QUryp
HETPaBUIBLHON (OPMBI HCIIONB3YETCs TakKe MPUOOp, H300pETCHHBIN
B XIX croneTtunm yKpanHCKMM MaTreMaTukoMm byHsikoBckum B.S. —
wianuMmetp (puc. 6). DTo MexaHWYecKHid HpUOOp, KOTOPHIH Iaer
BO3MOXXHOCTh MPUOJIMKEHHO, IIyTeM 00BO/Ia KOHTYpa (DUTYpBI JII000H
(hopMBI onpeieuTh ee MmIomaab. [ImannMeTpsl OBIBAIOT JTMHEHHBIE U
HOJISIPHBIE.

Puc. 6

IlepBoie cBemeHuss o IUom@aau (GUIYPHl U CIOCOOBI €€
W3MEPEHHs YUYCHUKHU TIONYyYalOT Ha MPOIEJICBTHUECKOM ypOBHE B 4
Ki1acce. B kypce MaTeMaTuku 5-6 KJIaCCOB MX 3HAHMUS PACHIUPSIIOTCS U
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06 oxHOM 13 OAX00B (HOPMHUPOBAHMS MOHTHS IUIOCKOTO TEJA U €ro IUIOMAIH B IIKOJIEHOM
Kypce IIaHUMETPUH

0000IIAIOTCST CBEEHUSAMU O €AWHUIAX W3MEpeHHs IUIOWagd |
¢dopmynax ee pacuera. B 8 kiacce B Kypce reoMeTpud B yHalIUXcCS
dopMupyeTcs TMOHATHE IUIOMAAM (UTYPHI, a TaKKe BBIBOISTCS
dopMynbl  JUIA  BBIYMCICHUS  IUIOMANeH  HPSMOYTOJIBHHKA,
napaujenorpaMmma, TpeyroJibHUKa, pom0a, Tpamnelud, MNPaBHIbHBIX
MHOTOYTOJIbHUKOB [11].

IIpakTnka mNOKa3bIBa€T, YTO AK€ IOCIE H3Y4YCHUS OAHHOMN
TEMBI MaJO KTO U3 YYEHHKOB MOXKET OOBSACHUTD, YTO TAKOE ILIOMIAlb
reoMeTprUecKOl (UTyphl U KaKUMH CBOMCTBaMH OHa oOiamaer. DTo
YKa3pIBaeT Ha TO, YTO JOJDKEH OBITh APYrou, Oonee 3PPeKTUBHBIN
NOAX0N K  UW3ydeHHI0 Tembl «MHoroyrompHukH.  [lmomanm
MHOTOYTOJTBHUKOB.

PackppiTHe TOHATHS IUTOMIAJH IUIOCKOTO TEOMETPUYECKOTO
Tela CTOMT HadaTh C TPAKTUYECKHX YIPAKHEHHH Ha HW3MEpeHHe
IUIOIIAAX C TIOMOILIbIO MANETKH (A7 HEOONBIIMX M0 pa3Mepy
reOMETPUUYECKUX IUIOCKUX TEN), a TaKkkKe 3a/]ad Ha HaxXOXKACHUE W
CpaBHEHHS IUIOIIAIM NPUYCaIeOHOT0 yJacTKa, KBapTHPBI, CTPaHBI U
T.1. Ha ocHOBe Takux ympa)KHEHUH ydJaluecss MOTYT CAENaTb psij
Ba)XKHBIX 8b180008:

@) KadscooMy U3  PACCMOMPEHHbIX — NAOCKUX — (PU3UYECKUX
00beKmMo8 CMAasUmMcs 6 COOMBEMCMBUe NOTONCUMENbHOE HUCTO,
KOMopoe Ha3bl8aemcs e20 NIouaosio;

0) umobsl noMYYUMb IMO YUCLO, HEOOXOOUMO YCHAHOBUMb
€OUHUYY USMEPEHUS,

8) oOunaxosvle ¢huzuueckue 00veKMbl UMEIOM  pasHble
niowaou,

2) ecau nI0CKoe meno COCMOUm u3 HeCKOIbKUX Yacmel, mo e2o
nIowWadsb pasna cymme niowjadetl dmux vacmetl.

Iocne 00CYXICHUS u 00001IIeHHS pe3yIbTaTOB
PaccCMOTPEHHBIX 3a/1a4 OT (U3MUYECKUX IUIOCKHX OOBEKTOB CIIEIyeT
nepeiTn K  PacCMOTPEHUIO IUIOCKUX TEOMETPUYECKUX  Tell:
NpSMOYTOJIbHUKA,  TapajuleliorpaMMa,  TPEyrojbHUKa,  pomoa,
Tpamenuud,  Kpyra, KOTOpble, Kak  W3BECTHO,  SBISIOTCS
Mamemamudeckumu  MoOesimMu  NIOCKUX — QU3UYecKUx 0ObeKmos.
ToJBKO Temeph MOXKHO BBISICHSITH, YTO TMOHHUMATH TIOZ ILIONIAJIHIO
TUIOCKOTO T€OMETPUYECKOro Tema?
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Y4eHHKaM MOXKHO TPETIOKUTh CISAYIONISE ONpeACIICHIE:

Onpeodenenue. Ilnowadvto niockozo zeomempuueckozo mena
Ha3bl6AemMcs  NOJIOJICUMENbHAS  (DYHKYUs, Komopas — obaadaem
CnedyrouwuMy COUCMEAMU:

1) 3a0ana na mHOdICECMBE NIOCKUX 2EOMEMPULECKUX MeT;

2) 0151 RI0CKO20 K8AOPAma, CMopoHa KOMopo20 pagHa eOuHuye
OJIUHbL, 3HAYEHUe PYHKYUU PABHO eOuHUYe (eOUHUYA USMEPEHUs);

3) pasHvim naoCKUM menam cmaeum 8 coOmeemcmesue pasHvie
3HAYeHUs,

4) aooumusnas (ecau niockoe meno pazoumv HA HECKONbKO
yacmetl, N10WAOL KOMOPBIX U3BECMHA, MO €20 NA0WA0b PABHA CYMME
niaowadetl Smux yacmetl).

Takum oOpa3om, B ydammxcsi (GOpMHUPYETCs MIPEeICTaBICHUE O
TOM, YTO HIOWAO0b MIOCKO20 2e0Mempuyeckoeo mena — QYHKIHS
S5$M — R,, rne M — MHOXECTBO IUIOCKMX T€OMETPHYECKUX TEI,

R 4+ — MHOXECTBO ITOJIOXHUTENbHBIX yncen [15].

Kak wu3BecTHO, OCHOBHBIMH crocobamu 3anaHust (QyHKIMN
SABISAIOTCS  AHAIWUTHYECKWH,  rpaduueckuii,  TaOMWYHBIA  ©
onmcarenbHbli. Kak Moxxker ObITh 3amaHa BBeneHa (yHKusa? OTBer
Ha JaHHBIA BONPOC YyYaIUEeCcs MOTYT IMOJYYUTh TOJIBKO YaCTHYHO,
U3y4MB yKa3aHHYyI0 Temy u TeMmy «llepBooOpasHas u MHTErpam» B
Kypce anreOphl 1 Haval aHaIn3a.

Ecimn kmaccudummpoBath IJIOCKHE T'€OMETpHUYECKHe Tela Ha
npocmovle W Henpocmole, a 3aTeM BBIICIUTH JPYTHE KIACCHI —
MapajuIeJorpaMMBbl, TPEYTOIBHHUKH, KPYT U T.1., TO TaKy0 (DYHKIHIO
MOJKHO 33/1aTh aHanuTHdecku. K mpumepy:

(1) S=ab — nnomags npaMoyronbHuMKa, Tae G H b —

CTOPOHBI MPSIMOYTOJIbHUKA; B ClTy4ae KBajpara S = a”;
(2) 5= ah, — nnomans napamrenorpamma, rae aub —
CTOpPOHBI Hapajuienorpamma, M, M h, — BBICOTHL, IPOBEIECHHBIE K

COOTBETCTBYIOIIUM CTOPOHAM;
(3) 5 = ah — nnomans pom6a, rae @ — cropona, i — BeicoTa
pomba;
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06 oxHOM 13 OAX00B (HOPMHUPOBAHMS MOHTHS IUIOCKOTO TEJA U €ro IUIOMAIH B IIKOJIEHOM
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4 5= %[rx-i- b)h — mmomane Tpamermm, rae aub —

OCHOBaHHs Tpaneuuu, il — ee BHICOTA;

1 .

(5) S=-dyd,sing - miomags JHOOTO  BBITYKIOTO
YeTBIPEXYTOIbHKKA, T1€ dy,d, — ero AMaroHamm, @ — yroia MEeXLy
ANarOHATISIMU;

1 1 :
(6) S=cah,, S=-absiny — nnomans TpeyronbHuka,

rie @, b — CTOpoHBI TPEyroabHUKa; ¥ — YroJl, YTO JIEKUT HAIPOTHB

CTOpOHBI €; i, — BBICOTA, POBEIEHHAS 10 CTOPOHBI ;]

1 1
(7) S=zab=-ch, - nnomams npamMoyroaLHOro
TPEYroJIbHUKA,
1 1 5 180°
(8) S=pr=-nar = Jam ety - TUTOIIATb
& T

IPAaBUJILHOTO MHOTOYIOJIBHHUKA, IJI€ @ — CTOPOHA, T — KOJIMYECTBO
CTOPOH MHOTOYTOJIbHUKA, ¥ — paIiyC BIMCAHHOTO B MHOTOYTOJbHHK
Kpyra; )

(9) 5§ = mR" — mwiomans kpyra, ne B — paauyc kpyra.

O1H GOPMYIIBI M CTAHYT B JabHEHIIEM MPEIMETOM H3YUCHUSI
Ha YpOKaxX T€OMETPHH.

B kypce anreOpbl M Hayal aHalW3a YYCHHKH O3HAKOMSTCS C
elle OJHAM KJIACCOM IUIOCKHUX TeJl — KPUBOJIMHEHHBIMHU TPACIIHSIMH —
U GopMyJION JJIS HAaXOXACHUS IUIOMAAM 3THX (UTYP C TOMOIIBIO
OIPEICIICHHOT0 HHTErpaa:

(10) 5 = _r: f(x)dx — nnomans KpuBOIMHERHOM Tpanenuu.

Y4eHUKH JOJKHBI TOHATh, 4TO 0Omel (GopMysbl HET W JUIS
KOHKPETHOTO KJacca INIOCKUX TeJ OHa cBosl. PaccMoTpenue Ipyrux
TEeOMETPUUECKHX TEJN, BEPOSATHO, 1ACT Apyrue HOpMyIIbL.

BeiBoabl. IIpennoskeHHbII HaMH crioco0 BBEACHUS MOHSTHUS
IJIOCKOTO TE€OMETPUYECKOr0 Tejla M €ro IUIoW@Au mpejjiaraeM
BKJIIOYAaTh B IIKOJBHBIH YYEOHMK [0 TE€OMETPHM JUIS KJIAacCoB
aKaJEeMUYeCKOro, MPO(UIBHOTO U YTIyOJEeHHOTO YPOBHEH H3yUeHHUS.
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I[aJ'IBHefIIHPIC MEPCICKTHUBLI PAa3BUTUA HAUICTO HCCICIOBAHUA

BHUIUM B BBIBOJC (bOpMyJ'I miomagn MHOI'OYTOJIbBHMKOB Ha OCHOBE
IIPUBECACHHOI'O BBIIIC OIPEACIICHUA mIomaau IIJIOCKOI'O
T€OMETPUIECCKOI'O TEJIa U C YUYETOM BCEX €TO CBOMCTB.
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Topumnnk Ha HTY , Enuckon K. TpecnaBcku®
dakynTeT no MateMatika u uupopmaruka, Tom XVII C, 2017, ctp. 105-117

MPUKJIAJTHASI HAITIPABJJEHHOCTD KYPCA AJITEGPBI’

BAacuinii A. IIIBELl, AHHA A. HOBUKOBA

APPLIED DIRECTION OF THE ALGEBRA COURSE

VASILY A. SHVETS, ANNA A. NOVIKOVA

ABSTRACT: The article is devoted to the problem of implementation
of applied orientation in the course of basic school algebra. The analysis of
scientific works devoted to the concept of applied orientation is carried out.
The authors define the concept of "applied orientation of the course of
algebra™ and "practical orientation of the course of algebra™. A means of
implementing the applied orientation of the course of algebra is an applied
problem. The applied tasks reflect the real processes and situations of related
disciplines, life and professional activity. The need to create a system of
applied tasks is one of the topical problems of the methodology of
mathematics.

KEYWORDS: applied tasks, applied orientation of the course of
algebra, mathematical modeling, algebra course.

CoBpemeHHast 0o0IIeo0Opa3oBaTesibHasl IIKOJIA, B YCJIOBUAX
HEMPEPHIBHO Pa3BUBAIOIIETOCS MPOM3BOJICTBA M TEXHOJIOTHHM, JOIDKHA
O6eCHe‘II/IBaTL YUYCHHUKaM BUJICHBE IIPUMCHCHUA N3y4acMbIX
MaTeMaTU4YeCKUX IIOHSITUU U TECPMHUHOB B pC€albHOM MHPE U
MOBCETHEBHOM JIESITEIbHOCTH, IOHUMAHHE TOTO YTO OHH SIBJISIFOTCS HE
HUCKYCCTBCHHO BBEJEHHBIMH, a [OSBUBIIMMHUCS B pe3yjbTare
pa3BUTUA HAYUYHBIX JIOCTI/I)KCHI/Iﬁ U UX NPUMCHCHUA Ha IIPAKTHUKE.
NMenHO  modTOMYy  OOECleUeHHE  pealu3allii  NPUKIaTHON
HAMpPaBJICHHOCTH IIKOJBHOIO Kypca anreOpbl SIBISETCS OMHOU U3
OCHOBHBIX II€JIe€i IKOJILHOTO 00pa30BaHHUs.

Ota cTaThs OCYIIECTBIAETCS ¢ moMoIbio honna HaydHsix ucciaenoBanuit
IV ,,Enuckona Koncrantuna Ipecnasckoro — Ne PJI- 08-105/06.02.2017
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[Tpobaema NPUKJIaJHOM HanpaBICHHOCTH TpeOyeT
MOCTOSIHHOTO BHUMAaHHSI M KOPPEKTHPOBKH B CBS3M C TEM, YTO
HENPEepBHIBHO pacmupsiercs cdepa INesTeT-HOCTH YelOBeKa, a TaKkke
pa3BHBaeTCs MaTeMaTHKa KaK Hayka. B MeToanke MaTeMaTHKH
c(OpMHUPOBANKCH TaKWE HATPABICHUS B U3YyYCHUU STOU MPOOIIEMBI:
NPUKIAOHAS. HANPABIEHHOCMb MAMEMAMUKY 8 00ujeM NOHUMAHUYU UTU
npu usyuenuu KoHkpemrozo npeomema (I'.11. bess, I'. M. Boszusik,
M. B. Erynosa, 0. M. Konsirus, A. 1. Mpiikuc,
JI. 1. Huuyrosckas, B. B.Iluxan, A.B.IIpyc, JI. A. CokomneHko,
H. A. Tepemrun, B. B. ®upcos, B. A. lIsen); NpUKIAOHAs
HANpAasleHHoCmb — O0YYeHUs MameMamuku 6 CpeoHell  uiKofe
(T'. M. Bozusix, FO. M. Komsrun, B. B. ITukan, W. M. [lanupo);
peanuzayusi NPUKIAOHOU HANPABIEHHOCMU Yepe3 HNpUMEHeHUe 8
yuebHom npoyecce npukiaousix 3aday (I'. 8. dytka, JI. . HoBurkas,
A. B. Ilpyc, JI. A. CokoneHko).

AHanmu3 HayyHBIX HCCIIEJOBaHWH TOKa3alx, 4YTO 4YacTo
TOXIECTBEHHBIMHU CUHTAIOTCS TTOHSITHS “npurkiadnasn
HANpasieHHOCMb WKOJIbHO20 Kypca mamemamuxu” WU “npuxiaonas
HANpaeieHHoCmy  00yueHuss mamemamuky’ . DTU TIOHATUS UMEIOT
ofme W OTIWYHTENbHBIE YepThl. PaccMOTpuM HX Ha mpumepe
W3yYeHUs] HAyYHBIX paloT.

CyTb npukiaoHoOU HANPABIEHHOCMU KYpCa MamemMamuKiy
onucan B. B. ®upcos, uepe3 ocyuiecTB/IeHUE LeJeHANPABICHHOM
METOJ0JIOTUYECKOH MU COJepkKaTeJbHOH CBS3M MaTeMaTUKHU C
NPaKTHKOW, YTO TpelycMaTpuBacT BBEJCHWE B MaTeMaTHKY
cnenu(UIecKuX TMOAXO0A0B (IBPUCTUUECKUX WIIM IPaBIONOJO0HBIX
paccyXIeHui) XapakTepHBIX JUIS HCCIENIOBaHUS  MPUKIIAIHBIX
npobjeM MareMaTHYecKMMH MeTojamu. [logoOHass opueHTanus
CPEJJHEr0 MaTeMaTH4ecKOro o0pa3oBaHMsl OyIeT JOCTHTHYTA, €CIU
NpHUJaTh HM3YYCHHUI0O Kypca MaTeMaTHKW YepThl  MPHKIATHON
JesITeIbHOCTH. MeTomonoruueckas cBsizb OyzneT odecrneuuBarbes, 10
MHEHUIO aBTopa, 4epe3 (OpPMHPOBAHWE YMEHHH U HAaBBIKOB,
XapakTepHbIX g TpéX oranoB  (popManuzanusi, pelieHHe,
WHTEpIpeTalus) MPUMEHEHUSI MAaTEMATHKHN K PEUIICHUIO MPUKIATHBIX
3anad. B. B. ®upcoB BbLAENAET NPUKIAIHYIO HAIPaBIEHHOCTh Kak
OTJICNIFHYIO CMBICIIOBYIO JIMHHIO Kypca MAaTeMAaTHKH, MOX4EPKUBAs
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[pukiagHas HaNPaBIEHHOCTb Kypca anreopbl

9THM e€ MeCTO cpear (YHKIMOHATBHOM M IPYTUX CMBICTIOBBIX JIMHUH
[1].

Peanuzanuto  npuxnaowoii  nanpasenennocmu  00yYeHus.
mamemamuky d9epe3 IpUMEHEHHe €€ B CMEXHbBIX IUCIMIUIMHAX,
npodecCHOHANBHON JEATENFHOCTH, CEIBCKOM XO035iicTBe U ObITe
Bunenu FO. M. Komsirua u B. B. [lukan. ABTOpHI cienanm akIeHT Ha
TOM, YTO NPHUKJIAAHAS W NPAKTUYECKas HAaIpaBICHHOCTH OOydeHHS
MaTeMaTHKe (YHKIMOHUPYIOT BMECTE W Jalld ONpElCNICHHS 3TUM
HOHATUAM. [Ipakmuyeckas HanpasieHHoCmy 00yYeHUs. MAmemMamuKy
— 93TO HANpaBJIEHHOCTb COACP)KAaHUSI W METONOB OOY4YECHUS Ha
peleHne yrnpaKHeHWH W 3ajad, Ha (OpPMHpPOBaHHE Y YUYCHHUKOB
YMEHHI CaMOCTOSITEIILHOU NESITCIILHOCTH. Tpuxnaonas
HANpasienHocms — 00yYeHus Mamemamukuy — 3TO OpHEHTalus
co/lep:KaHUsl 1 MeTO/I0B 00yuYeHHUsl, HA IPUMEHEHHE MAaTEeMaTHKH B
TEXHUKE,  MPOPECCHOHANILHOW  NEATETBHOCTH M CMEXHBIX
JUCHIUTUINHAX.

Kypc anrebpsl OCHOBHOW IIKONBI SBISETCS  CBS3YIOIIEH
JUCHUIUIMHOW MEXIy MaTeMaThkoil 5 — 6 kiaccoB W anreOpodl u
Havanmamu aHanm3a 10 — 11 kmaccos. [IpuHHMas K CBEJCHHUIO BBIIIE
CKa3aHHOE, MepeHecéM COOTBETCTBYIOLIME OIpEleNeHus Ha Kypc
anreOppl. B Hamem TOHMMaHUM, NpUKIAOHAS HANPABIEHHOCHb
WKONbHO2O Kypca aneebpvl — 3TO TEJCHANPABICHHAS OPHEHTALUS
colepkaHusi, ILenedl W cpeactB  oOydeHus: anreOpbl  Ha:
OCYILIECTBIICHNE METOJOJIOINYECKUX U COAEPIKATENIbHBIX CBSI3EH Kypca
anreOpbl ¢ TPaKTUKOW; (OPMHPOBAHHE Yy Yy4YalluXcs, BO BpEMs
W3y4eHHsT anreOphl, MaTeMaTHYEeCKUX YMEHHH U  HaBBIKOB,
HEOOXOMUMBIX B  OBITY, TpodecCHOHANBbHOH WM  Hay4yHOH
JesaTenbHoCTU. [Ipakmuueckas HAnpaeieHHOCMb WKOAbHO20 Kypca
aneebpvl — STO HAMPABICHHOCTh INeJeH, coJepKaHUs, CPEACTB U
METO/0B 00Y4eHHs Kypcy aJireOphbl Ha PeLIeHue 3a/1a4 U yIpaKHEeHUH
3TOro Kypca.

OpHuM W3 CPEACTB peanu3aluy MPHUKIaTHOW HANPaBIEHHOCTH
BBICTYIIAIOT NPHUKIAIAHbIE 3aJaud, KOTOpPbIE BO3HHMKAIOT B PEATbHBIX
JKU3HEHHBIX CUTYyaLusx (bpITOBA, npodeccuoHanbHasl,
MEXIpEeAMETHas), BHEJIPEHHE KOTOPBIX B Y4YeOHBIM mporecc
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COIIPOBOXKAAETCA [IPUMEHEHUEM METOAA MAaTE€MaTHYECKOIO
MOJCIINPOBaHUS.

Bergenum CIIENYIOIIHe JTamnbl MaTeMaTHYECKOTO
MOJEINPOBAaHNs, KOTOpPBIE IPHUMEHSIOTCA B IIPOIECCE PpEIICHUs
MIPUKIAAHON 331a4u.

Tabnuuya 1
Omanvl mamemamuueckozo Modeﬂupommuﬂ
Oman Heamenvnocme
[IpenBaputenbHblii  aHamM3  OOBEKTA
HCCIICI0OBaHHUS

I. ®opmanu3anus | [I0CTpOCHHE  MaTeMaTHYeCKOH — MOJEIH
00BEKTa HCCIEIOBAHMS
Bri60op panroHanbHO Mozienn

Peamnzanmg MaTeMaTHYeCKOH  MOJEIHA
II. UccaenoBanue 1 &

o MaTEMAaTHYCCKUMU MCT! MU,
NOCTPOEHHOI aTeMaTHace CTOAMH,
. | UcciuenoBaHUe MOJTy4YEeHHON
MaTeMaTH4YecKoii A . ya
MaTeMaTHYeCKOH MOJIeH
MOJeIH A
AHanu3 pesynpraTa
I11. MuTepnperanus ConocrasieHne MOJYYEHHBIX
petenust pe3ybTaTOB M IEPEHOC HUX Ha OOBEKT,

KOTOPBII UCCIIEYETCS

[IpuBeném npumepsl NPUKIAAHBIX 33/1a4, KOTOPBIE MOTYT OBITh
UCIIOJIb30BaHbl Ha YpoKax anreOpbl B KadecTBE JIOTONHEHHS K
CTaHJAPTHBIM.

B npuknagnoit 3amaue Nel (mpuBen€HHON HMXKeE) cHucTeMa
JIBOMHBIX HEPAaBEHCTB BBICTYNAET MAaTEMATHYECKOW MO/IENbIO,
KOTOpasi ONMHCHIBAET XapaKTEPUCTHKH HE(PTIHOTO ISTHA M copOeHTa.
3agada MOXKET OBITH MCIIONIb30BaHA B 9 Kilacce MPH M3YYEHUH TEMBbI
“HepaBencrsa”.

3a0aua Ne . B pesynbrare yreukn HeTH C TaHKepa Ha
MOBEPXHOCTH MOpsi oOpa3oBajock HedTsHOe mnaTHO. /[ ero
YCTpPaHEHHsI SKOJIOTH PEIIMIIN UCTIONB30BaTh COPOCHTHI B BUJIE MATOB,
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KOTOPBIC BITUTHIBAIOT HEPTh B COOTHOIICHUH 1:1. M3BeCTHO, 4TO OJIMH
MaT-COpOCHT MMEET TaKue XapakTepucTuku: mupuHa oT 0,5 1o 1 M,
mimuHa ot 0,5 mo 1 M, tommmaa ot 0,5 10 1 M. BBISICHHTB, CKOJIBKO
HYXKHO TaKWX COpPOCHTOB, JUIS YyCTpaHeHHs He(TsIHOro TsITHA
mmpunot ot 500 go 600 M, nauHoit ot 600 1o 700 M, TOMIIUHONW OT
0,01 mo 0,03 m.

Ipumenanue: CopbeHT — TBEPIOE TEIO, KOTOPOE BHIOOPOTHO
MOTJIONIAET C OKPYXKAIOIICH Cpe/Ibl BEIISCTBA.

Pewenue. 1. ®opmanuzaius. 3anuiineM AaHHbBIC 110 COPOSHTY B
BUJIC CUCTeMbl ycioBui. [IycTh X — mupuHa copOeHTa, Y — JIHHA
copbeHTa, Z — ToNIHMHA COpOCHTA.
05<x<1
0,5 <y <1 — xapaKTepUCTUKH OJTHOI'O MaTa-COPOCHTA,
05<1z<1
500< x, <600
600<y, <700 — xapaKTepUCTHKU HEPTAHOIO IIATHA,
0,01<z,<0,03

Il. UccnenoBanme MareMaTWYecKOW Mojenu. Torma Jjst TOro
YTOOBI PEIIMTh 3a/a4y HYXHO HAlTH O0BEMBI HE(PTSIHOTrO MATHA U
copOeHra:

O0béM HedTsHOTO MaTHA: 3000<V,, <12600.

00bém onHoro copdenrta: 0,125<V <1.
3000V, 12600

<—<—.

1 vV 0125

I1l. MaTepnperanmst pemieHus. MHUHAMaIbHOE KOIUYECTBO
COpOCHTOB HeoOxoauMoe Ui ycTpaHeHus HedtsHoro nsarHa 3 000
MTYK, MaKCUMabHOE KomuaecTBo copoernTor 100 800 mryk.

Crnenyromas TpHKIagHas 3ajada HMMEET MEXIPEIMETHOE
COJICpP)KaHUE W MOXKET HCIONIb30BaThCsl KakK IPOIEIECBTHICCKUAN
MaTepuai K Teme “DyHKus’”.

3a0aua ANe2. TlonuBas Ta30H BO3JE€ J0Ma, MAaJbUHK
3aMHTEPECOBANICSA, C KaKOW CKOPOCTBIO BBITEKAET BOJA W3 IUIAHTA.
Hemnoro momymanm u 3ameTmi, 4To Beapo oO0bémMom 10 nHTpOB,
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HamosHseTcs 3a 8 cekyHHA. [loToM W3Mepuin ¢ MOMOIIBIO PYJIETKH
BHYTpeHHMH nuamerp muianra. On coctaBun 1,9 cMm. 3amnmcats
dopMyiy, KOTOpas CBS3BIBACT JAaHHBIE CO CKOPOCTBIO BBITCKaHUS
BOJIbI M3 IIIJTAHTA.

Pewenue. nanr umeer Gopmy munuHgpa (puc.l), mostomy
JUTMHA IUIaHra | paBHa BBICOTE IMIIMHIPA.

BBeném BcriomorarenbHbIe 0003HAYECHUS:

V — o0béM Bombl; S,., — IJIOMA]b IONEPEYHOrO CEUEHMs
IIJIaHra.

d — numamerp nutanra; t — Bpems, 3a KOTOPOE BOZA HAIIOIHSIET
Bepo 00béMOM V ; V — CKOpPOCTh BOJBI, KOTOpas BBITEKAeT W3
IIJIaHTa.

3amumem ¢GopMylly, KOTOpas BbIpakaeT BHYTPEHHHUH O0BEM

d2

manra: V=S, l=7-—-1.

OCH

Belpasum anuHy nutaHra gepes

|
AN ot SN SN DU (SN | N B
00b&M 1 nonyunm | = > (D). )
z-d
I[J'II/IHa ouyranra — 93TO IIYTh, Puc.1. Mozaens nuranra

KOTOpBIN IPEOJI0JIEBAET BOJA 3a

I
Bpems t. |=v-t, BeIpasuM CKOpPOCTH BOIBI V =1 (2), nmoxcraBUM
4.V
dopmysy (1) B (2) u moaydum vV :T (3).
7Z' . .
Tenepn MOJICTaBIISIEM UCXOJIHBIE JIaHHBIE

V =107=10-10°x%=1074°, t=8c, d=19cm=19-10"m B
¢dopmyiy (3) 1 moy4aeM CKOPOCTb BOJIBL.

) 2
o 4d0f 1 1 e
314-(19-10%)2.8 314-361.102.2 6,28-3,61 c

(OKpyTJIsieM C HEIOCTATKOM), V ~ 4,4% _
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Omeem. CKOpOCTh, C KOTOpOH BOJa BBITEKAECT W3 IIUJIAHTA,
COCTaBIISIET Vz4,4%.

B 3amaue Ne3 moxxHO YBUACTH OBITOBOE COACPIKaHUE, OHA
MOXET OBITh HCIOJIB30BaHa npu

D)

« CD I . o
u3ydueHun Tembl “ToxnecTBeHHbIE opauuii woKonao:
npeoOpa3oBaHusl paLOHATBHBIX 450 M1 MoOKa
BeIpakeHUH . OTKpPBITBIA XapakTep 70 T ugpHOro MmOKOMAA

30 r MOJIOYHOTO LIOKOJIAAa

3aga4u npeaycmarpuBacTt TO, YTO 75 MJI CHHBOK

YUCHUK JOJDKCH IIOJYYHUTH JOaHHBIC
InIE: eé peleHus, cJienaB
CaMOCTOSITETIbHBIN UX MOUCK. \_J

3a0aua Ne3. Haranus pemmina
YTOCTUTHh CBOMX IMOJAPYI TOpAYMM IIOKOJAAOM M HallJla B KYpHAJIC
HEOOXOIUMBIM COCTaB WMHIPEIUEHTOB, KOTOpPbIE HCIOJB3YIOTCS IS
ero mpurotosienus (puc. 2). COCTaBUTh CITHCOK MOKYIOK, KOTOPbHIC
HYXXHO cienath Haramie, 94ToObI MPUTOTOBUTH 6 MOPHMH HANUTKA.
Yurture, 4TO B CynepMapKeTe MOXHO KYyIUTb TOBAap B YIAKOBKE C
pasHOil E€MKOCTBIO (caemaiiTe paccYEThl YUYWUTHIBass aCOPTHMEHT
BaIllero Mara3uHa).

Pewenue. YiakoBku ToBapoB 0003HAUEHHBIX B PEIENITE MOTYT
ObITh pa3HOH EMKOCTH, B CBSI3M C 3THUM, PEIICHHE 3aJaud MOXKET
OTIMYATbCA OT OmMcaHHOro janee. COBEPIIMM COOTBETCTBYIOIINE
pacuérsl (Tabnura 2).

}/ YalHOM JIO’KKU KOPHILIBI
4 J

Puc.2. Penent

Tabnuya 2
HNurpeauent Heo0xoaumoe | Bmectumoctb Pacuérnl
KOJHYeCTBO OHOM
YIAKOBKHU
TOBapa
Monoko 6-450=2700 ln 3n
(1)
Uépnbrit 6-70=420(1) 90r 420 2
LIOKOJIAT 90 = 3
OKPYTJISIEM C
H30BITKOM.
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Heob6xonumo
5 ymakoBoK
Mono4HbIi 6-30=180(r) 90r 180
IOKOJIA T 90 2
YIIaKOBKH
CrnuBku 6-75=450(m 500 mn 500-450=50
1) MJI OCTATOK.
Heob6xomumo
B3SITh
1 ymakoBKy
Kopwuma 1 yaitHast 20r 20-12=8r
JIOKKA KOPHUIIBI OCTaTOK.
3T0 8 T, TOorja Heo0xonnmo
1 . . KYIIUTh
— YaifHOH JITAKOBKY
JOXKH — 2 T.
Ha 6-Tb
OPLMH
HE00X0IMMO
121

Ilyckaii B Mara3uHe MOXHO KyNUTb MOJIOKO B JIMTPOBOH
OyThUTKE, KOpHIly B 20 rpaMMOBOWA, YEPHBIN W MOJOYHBIN IIOKOIAI B
90 rpamMMOBBIX, a cUBKY B 500 M yrmakoBKax.

Omeem. Xo3zsiike HEOOXOJAUMO KYyMUTh 3 OYTBUIKH MOJIOKa, 5
YIIaKOBOK YEPHOr0 LIOKOJIAAa, 2 YHAKOBKH MOJIOYHOIO IIOKoJdana, 1
YIaKOBKY CIMBOK U KOPHIIBI.

Hanee paccmotpum 3amauu (Ne4-No5), B KOTOPBIX JHHEHHOE
YpaBHEHHUE HCIIONIB3YETCSI B KayecTBE MAaTEMaTHMYECKOW MOJENH K
MIPUKIAAHON 3a1aye.
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3a0aua  Ne4. [Mumesoi
KOMOWHAT pa3iuBacT MUHEPAIbHYIO
BO/y 1O OyThUIKaM EMKOCThIO 0,5 1
2 nuTpa. DKOHOMHUCTHI ITOACUHUTAIIH,
yro  mpoxykuus — dpdexTUBHEH
nponaéres, €cld  IOIYJIUTPOBBIX
OyTBIIOK OyJIEeT B TpH pa3a MEHbIIIE
YeM JBYXJUTPOBBIX, B CBS3U C ATUM
ceNany COOTBETCTBYIOLIMH 3aKa3
3arotoBok (puc. 3). M3BectHO, 49TO
Mmacca 3arOTOBKU TUIst
MOTYJIUTPOBOK OyThUIKM — 22 T, a
s aByxsuTpoBo — 48 r. [ns
BBINIOJIHEHHUS 3aKa3a 3aBOJ IO MPOU3BOJCTBY 3arOTOBOK HCIIOJIB30BAJ
1 Tonny momumepa. OmnpeneanTh CKOJIBKO BOJBI YIAIOCh PA3IUTh B
OYTBUIKH MTUILIEBOMY KOMOUHATY?

Pewenue. Ilyckaih myy =222, m, =482. Bcnomnum, 4ro

Puc.3. 3arotoBku mjst
BBIJIyBaHHUS IJIACTHKOBBIX
OYTBLIOK

Imomna=10°ke =10°2. O6o3HaumM uyepe3 X — KOJHYECTBO
JBYXJIUTPOBBIX OyThUTOK. COCTaBUM ypaBHEHHUE, KOTOPOE
. X-Mps, 6
ABJIAETCA MaTeMAaTHUECKOM MOJEINbIO 3aJaun T’Jr X-m, =10".
Mo5, 6
Pemas ero TIOJTyYHM YHCIIO: X+ ——+m,, |=10",
10°  10°-3
X= = ~180722892. OxpyrnuM NOJIy4YEeHHOE YHCIO C
22 166
3 +48

HemoctaTkoM H mosydaem 18 072 Oyteuiok mo 2 snmtpa m 6 024
OyTbuiku 1o 0,5 TUTPOB.

OnpenenuM, CKOJIBKO MHHEpPATbHONH BOJBI 3aBOJI CMOXET
paziuTh, B IIOJIYYEHHOE KOJIM4ECTBO OYTBIJIOK: 1)
2-18072=36 144 nutpoB B JBYXJIHTPOBbIE OYyTHUIKH; 2)

0,5-6 024 =3 012 nutpos B GyrsUTKH 110 0,5 TUTPOB.
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Omeem. Bceero ynanocs paznuth 39 156 nutpoB MuHepanbsHON
BOJIBL.

3aoaua Neb. Yuennku 9-A xnmacca mKoibl IPUHUMAIOT YIacTHE
B BECCHHE-JIeTHEW akmuu “UuCTBI TOpox”, KOTOpas IPOXOIUT
Kax1Iyro cyo0oty. I'maBHast 1ienb akKUM — OYHUCTHTH MAPKH TOpoja OT
mycopa. Ilociie ogHO# yOopku mapka B cpeaHeM u3siMaercs 10 20 kr
MakymaTypsl, W 10 50Kr maacTHKOBBIX OyThUIOK. Bo Bpems
MOCIETHUX JIByX YOOPOK YYEeHUKH H3BIeKiIn Ha 10 Kr MeHble
TUTACTHKOBBIX OYTBIJIOK, Ha 15 Kr MeHbIIe MakynaTypbl, HO OBUIO
JOIOJTHUTENBHO OTIpaBieHO Ha yTwinzamuio 30 Kr Oarapeek.
CKOJIBKO JICHET OTJIOKHIN YYeHUKH 9-A Kimacca B (DOH/ IIKOJIBI, €CITU
MpUEM CBIPBS IJTACTUKOBBIX OYTBHIJIOK paccuuThIBaeTcs Kak 1 kr mo 4
rpu 60 kom, Makyiarypa — 1 xr mo 2 rpH 50 xom, a Oatapeiiku — 1 rpH
3a KT.

Peuwienue. Boraucaum, CKOJIBKO CPeACTB NOJYYUIH YHEHUKH
3a mepByo Yyoopky: 20-25+50-4,6=280 2pn. [lanxee 3a
nocjegHue ABe yoopku YYeHUKH NOJTYYMJIIH
(5-25+40-4,6)=125+184=196,5 cpH wu eme 30 cpn. 3a
YTHIIN3aNMIo faTapeek.

Bceero yuennkn nomyunnu 280+196,5+ 30 =506,5 epw .

UncnoBsle BBIPAKEHHST B JTOM 3aJade — MaTeMaTHYCCKHE
MOJIeIH, C MOMOIIBI0 KOTOPBIX IMOJIy4EH OTBET HA ITOCTABICHHBIM
BOIIPOC.

Omeem. 506,5 cpH .
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3a0aua N6, B cern
MarasuHoB “CropTHBHas ceMbsi’ U
“CnoptMera” pacciponaxa.
“CrnopTuBHasT  ceMbs’  TIpOBeJa
aKL{IO: LIEHy Ha Tmapy KpOCOBOK
camswin Ha 20 %, 3aTreM HOBYIO
ney emé Ha 25 %, mocie uero
neHa cocrasmuia 1200 rpa. B
“CnoptMera” 1eHy Ha mapy
KpocoBok 1500 rpH cHU3WIN
Ha 25 %, 3arem HOBYIO IICHY Puc.4. [Tapa KpOCCOBOK U3 aKIMH
camsmwi emé Ha 40%. Kaxkoit
Opla IIeHa TOBapa B MaraswHax J0 W rociie ckuaok? Ha ckombko
MIPOIIEHTOB CHU3WIJIACh I[eHa TOBAPOB B KAXKJIOM M3 Mara3mHoOB?

Pewenue. HanomuuM, (opMyiy CIOXKHBIX TPOICHTOB: €CIIH
HaYalbHOC 3HAYCHUE YBEIMYMWIOCh HA X %0, TO HYXKHO TOMHOXHTbH

X
Ha Kkoddumment K= l+m ;  €Clli HayaJlbHOE€ 3HA4YeHHue

yMeHbIIMIOCh Ha X %0, TO HyXKHO JOMHOXHTh Ha KOI(pQHUIHEHT

k=|1--2|.
100

Paccunraem nienst s cetn “CrnoprMera”. Ilo ycmouro 1500
TpPH — HadajbHas II€HAa TOBapa, IOciie CHIDKEeHHs Ha 25% IeHa
coCTaBMIa 1500-(1-0,25) =0,75-1500=1125 (rpn), mocJie
NOBTOpHOTO cHWkeHust Ha 40% 1125-(1-0,4)=0,6-1125=675

(rpH). Lena cansunack Ha 55 %.

Paccumnraem niensr s cetn “CrioptuBHas cembs”. Ilyctp @ —
HayanbHas IieHa ToBapa, mociie cHrkenus Ha 20 % 1eHa cocraBuia
a-(1-0,2)=08-a (rpH), mocime MOBTOPHOTO CHWXEHHS Ha 25%
a-08-(1-0,25=a-0,8-0,75=a-0,6 =1200 (rpn). Havyanbuas nena

TOBapa COCTaBMiIa a = &20 =2000 (rpn). llena cansunace Ha 60 %.
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ITpoaHanu3upyeM CUCTEMY CKHMIOK U IICH B JBYX MarasvHax B
Tabaure 3.

Tabnuua 3
Cucmema cKUOOK 6 MAZA3UHAX
Hauanenas | Ckuaka | Ckuaka | O6mas | Lena
eHa Nel Ne 2 CKHUIKA | IIOCie
JIBYX
CKHUJIOK
“Cnopt 1500 rpa 25% 40% | 55% 675
Mera”
“CnoprusHas | 2000 rpa | 20% 25% 60% 1200
cemMbs’’

[IpuBenénubIe BHIIIC 3aa4l OTOOPAKAIOT peabHBIC POIICCCHI
" CUTyalluu U3 CMCKHBIX NJUCHUIIIIWH, YCJIOBEUCCKOI'O 6BITa, a TaKXKe
npohecCHOHANBHON AeaTenbHOCTH. OTMETHM, YTO TIPUKIIATHBIX 3a71a4
B IIKOJIbHBIX yYeOHHMKaX IO ajiredpe mMajio, a ecjiy OHU U €CTh, TO B
paszzaenax Juisi HOBTOPEHUSI paHEE U3YYEHHOTO MaTepuajia Uid B BUJIE
OOBIYHBIX TEKCTOBBIX 3aJ[ad, ITO3TOMY BOIIPOC O CO3JaHWH CHCTEMBI
MPUKJIATHBIX 32124, KOTOpbIe ObLTH ObI CpeACTBOM (OPMHUPOBAHHUS Y
ydamuxcs yMeHI/Iﬁ MAaTEMAaTHYCCKOro MOJCIIUPOBAaHUA, ABJIACTCA
AKTyaJbHOM MTPOOIIEMOI KOTOpas HY)KJIA€TCSI B PEIICHUH.
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Topumnuk Ha HTY , Enuckon K. IpecnaBcku®
dakynTeT no MateMatika 1 uupopmaruka, Tom XVII C, 2017, ctp. 119-135

BbPXY ,,JIPOBJIEMHUTE* 3AJJAYY B OBYYEHUETO 110
MATEMATHUKA"

MuPOCJIAB K. XPucTOB, HOPIAH U. HUKOJIOB

ON “PROBLEM” TASKS IN MATHEMATIC TRAINING

MIROSLAV K. HRISTOV, YORDAN I. NIKOLOV

ABSTRACT: Mathematics training involves tasks with non-specific
formulations of the condition - predetermined or undefined, as well as non-
precision solutions for non-existent figures or the so- formal roots of
equations. Such problematic problems should be discussed in the preparation
of the students of the specialty “Mathematics and Informatics” on the subject
“Special and Private Methodology of Mathematics Education”.

KEYWORDS: problems, mathematics, problems, private
methodology.

[a pasriename HAKOJIKO KOHKYPCH 3aJ[au U J1a 00ChIUM IPOOIeMHTE
CBBP3aHH C THX.

[IspBaTa 3amaua e 3an. 24 or HBO 3a ceamu kiac mo MaTteMaTuKa
npe3 2017r. [1]:

Ykazanue: 3anuweme nwvanomo pewienue Ha 3adaua 24,
HPUOPYICEHO C Yepmedic, KOUmo 0a 0mz080ps HA YCIA06UEmO U
Heobxo0umume 000CHOGKU.

24. TaneH e octposrbieH aABC ¢ Bucounna CH (H € AB). Bobpxy

ctpanara BC e B3era Touka P TakaBa, ue pascTosHHsATa OT HEd A0
Bpbx C u mo crpanara AB ca paBuum Ha 4cm. Ilpe3 touka P e

“ Hacrosimara cTaTHs e ¢unancupana ot ®oun ,,Hayanu uscieapanus
kbM IllymeHnckus ynusepcuret ,,Enuckon Koncrantun Ilpecnascku® no
npoekt Ne P/1-08-120/06.02.2017
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NOCTpPOCHA MpaBa, nepreHaukyisapHa Ha BC, kosto npecuya npasata
CHBToukaMu CM =8 cm.

A) Hameperte nbpmkuHata Ha ctpanata BC.

B) Hamepere nunero Ha a ABC |, ako AB = 14 cm.

B) Onpenenere otHomenunero CM : CH.

[le mpUIOXUM U KPUTEPUUTE 3a OLICHSBAHE, OT KOUTO CE BIDKIA U
PEIICHUETO HAa aBTOPHUTE.

24. KpurepHu 32 olleHsIBaHe H Dpoii TOUKH N0 BCeKH KPUTepHIi:

1. 3aueprex C 2 TOYKH
/|
/
/
/
/ .
1 H) / B
M
2. Hammpane na <<CMP =30° 2 TOYKH
3. Havmpane na <CBH =30° 2 Touxn
4. Hammupane Ha nemkHHaTa HAa BC =12 cm 1 Touka
5. Hammupane nemxkHHaTa Ha CH =6 cm 1 Touka
6. Hamupane S, =42 cm’ 1 Touka
7. Hammupane na otHomennero CM: CH=8:6=4:3 1 Touka

Ilo pemenuero TpsiOBa 1a ce Kaxke, 4Y€ HYEPTEKBT €
HEoOOCHOBAH, 3alIOTO HE € IOCOYeHO 3amo T. M He Moxe 1a €
BbTpenHa 3a aABC.

B ciyuas B) pemenmero e ¢opmanHo (MMa HIKaKBA BEpHU
CMETKH), HO TPHBI'BITHUKBT HE CHIIECTBYBa!

3a ycnoBuero TpsiOBa Aa ce kKaxe, ye B ciydas b) 3agauara e
NPOTHBOPEYMBO TpEONpesaeieHa M HaucthuHa oT T. 2, 3, 4 or
kputepuute 1 AB = 14 cm u KocuHycoBaTa TeopeMa cliezBa:

AC? =122 +14% —2.12.14.c0s30° = 340 —1684/3,

-120 -



Bopxy ,,npobieMHuTE 331auK B 00YUCHHETO 10 MaTEMaTHKa

AC?+BC? - AB® _ 288-168./3
2.AC.BC 2.AC.BC

Ot 228 —168J§ <0e=12< 7\/5 <144 <147 - BspHO, cleaBa
ye <XACB e 11, T.c. AABC € ThbIIOBI'bJIEH.

Hskoli YnHOBHUK MOKeE /12 Ka)Ke, Y€ KOCHHYycOBaTa TeOpeMa He
Ce y4H B CEJIMH KJIaC W 4e IeNiTa ¢ Ouia Jja ce MpOBEpU 3HAHUETO 3a

Ccos<ACB =

o

dopmynara S, = %.C.h

[Ipo0OneMbT ce ChCTOM B TOBA, Y€ YYCHHLUTE B CEOMH KIac
Morar Ja paboTAT ¢ JIMHUMKA U TPAHCIIOPTHUP U Aa noctposit aABC B

cinyuas B) mo AB=14cm, BC=12cm u <ABC =30°. Kak Tps6Ba
Ja ce OleHW paboTara Ha YYEHHK, KOMTO 3arybu roisiMa 4acT OT
BpPEMETO CH 3a Ja mposepsiBa ganmu aABC € ocTpOBI'BIEH B Cilydas

B)? Ourte noBeye, ye B To3M cydait <ACB e 6au3bk 10 90°?

Ilpu pasrnexxgaHeTo Ha Ta3W 3ajada y4yUM CTYACHTHTE J1a HE
JaBaT TaKWBa 3a/1a4H, a aKo Jajat MpeornpeielieHa Uik HeollpeaesicHa
JI0 €IHAKBOCT (UTypa, TO CJIEJ TOBAa 33aIBJDKUTEIHO Ja OOCHIAT C
YUEHHLIUTE HYX/1aTa OT 3HaHHUE 3a ChLIECTBYBaHETO Ha (GUTYPH.

YyeHuIMTE OT CEIMH KJIac NPU M3y4aBaHETO Ha YPaBHEHHUETO
ax+b=0 3HasT uye ;Aa ce pemr eJAHO MapaMETPUYHO YpaBHEHHE
O3HayaBa: 3a BCUYKH JOIYCTUMH CTOHHOCTH Ha MapaMeTpuTe Ja ce
HamepH (JIOKaKe) MMa WM HiIMa pelieHHe, KOJKO ca Ha Opol Te3n
pelieHus 1 Kou ca (0T KaKbB BU]).

TpsbBa no ananorus B ciydas Ha peliaBaHe HA T€OMETPUYHU
3agaun ca ce kake: OT BCHYKH BB3MOXHH (GUrypH TpsOBa Ja ce
ompenenu (IoKake) WMa JIM WJIM HsAMa TakaBa (TakWBa), KOUTO
M3IBIHBAT AAJCHUTE YCIOBUSA. B ciydas Ha mapaMeTpudHO pereHne
Jia ce u3cienBa 3a Kou QUrypH € BaJIAHO TO, MMa JIM M300I10 TaKaBa

burypu.

3amaya BTOpa. JlajeHa e mpaBWIHA TPUBIBIHA TNHpPaMHIA
MABCD 3a kosto <BMC =150°. Jla ce HamMepH KOCHHYCHT Ha
Brbia, KoiiTo okonHusar psd AM ckmousa ¢ ocnosata (ABC).
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Pemenne:Ot aABMC = a? = 2b? +2b2§:a —b\2+4/3.;

AH = a33 = b ‘zgﬁ.ﬁ (aept. 1) m cos(p:—‘er;,/g\/g.

®opmanno CcoS¢ Oeme momyudeH. [IpobmembT €, ue

nupamugata MABCD He cbmiectByBa. TpsiOBa ma ce doKaxke
TBBPICHUETO, U 3a BCSIKA MUPaMUJIA CyMaTa OT paBHUHUTE BIJIU MIPHU
BBpXa e mo-mMainka ot 360 rpamyca.

B cnyuas moxe fa ce ycraHoBH, 4e COS@ > 1.

Yepr. 1

3amaga Tpera: B mpaBuiHa 4eTHpWBIBIHA THpaMHIa « €
JIBYyCT€HEH BI'bJ NPU OCHOBaTa, a [ - IBYCTEHEH BI'bJl MEXAY JIBE

OKOJIHM cTeHH. IIpu KakBU CHOTHOIIEGHUS] HA MEXIYy OCHOBHUS PO «
¥ OKOJIHMSA pb0 b € B cuita paBeHCTBOTO COSa = +/—C0S 3 ? [4].

OTr. a) He ChIIECTBYBAT TAKWBA CHOTHOIICHHUS;

0)3aBciko a>0 u b>0;

B)ako O<a <2b;

r)?.

O6cpxaaMe mo-oIPOOHO YCIOBHUETO, MPOBEXKAaMe IHUCKYCHS
ChC CTY/ICHTH U CTUTaMe JI0 CJIEHOTO pellleHHe:

[locounnute a) CBHBBPIICHO MOBBPXHOCTHO CMATAT, 4e
—C0s <0 T.e. 4e AAJCHOTO pELICHUE € HEBB3MOXKHO. Te moyyaBar
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0 Touku. He e TpynHO J1a ce ycTaHOBH (HanmpuMep upe3 KOCHHyCcOBaTa
Teopema), ue S e ThI Breid. Heka k e amoremara, X - japyrara

BHCOYHMHA B OKOJTHATa cTeHa (aepr. 2). Torasa
2
cosa = i,sinﬁ = ﬂ , OTKBAETO COS/ =1-2sin’ Il =1—a—2.
2k 22X 2 X

a b

O6aue ak = bx T.C. —=— , u
X k

2 2 2 2
—Ccosf = a—2—1: %—1: % =cos’« . CrnenoBaTesHo
X

COSazJ—Cos f . Tlocounmnure O0) momywyaBaT 6 Touku. Te He
NOCOYBAaT NPH KAaKBU CHOTHOIICHHS MEXAY a M b mmpamumara
CBIICCTBYBA, T.€. HE MpaBAT H3cienBaHe. [locodmnure B) OTYUTAT
HEpPaBEHCTBOTO Ha TPUBI'BIHUKA 3a OKoiHata creHa (a<b+b) u
nonyuasat 8 Touku. (IIpenmnonara ce 4e Te ca yCTaHOBUJIM BEPHOCTTA
Ha PaBEeHCTBOTO MEXIy COSar u COS [ .) HepaBeHcTtBOTO O0<a<2b ¢

camMo0 HeoOX0UMO, HO HE H JIOCTATHYHO YCIIOBHUE 32 CHIIECTBYBAHETO
Ha TUpaMuaaTa.

Yepr. 2

HepaBeHCTBOTO Ha TpUBIBIHMKA, IPUIOKEHO obaue 3a

JINAarOHAJTHO CEUYEHWE Ha MUpaMHUAaTa: a\ﬁ <2b, Bogu 10 a< b\/E .
(Moxem na ce yOeawm, Hampumep, Y€ HE ChINECTBYBa IpaBHIIHA
YETHPUBIbJIHA THpaMUJa C OCHOBEH PbO 8 U oOKkoylieH pBO 5).
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ITocoummure 1) ¢ otroBop O<a< b2 (mmm camo a< b2 )
nosmyyaBaT 10 Touku, a ¢ Apyr otroBop 0 TOUKH.

CrymeHTTe CaMu OTKpWUBaT ImpolieMa: HyXzaaTta OT
u3cneqBaHe U ycraHoBsiBaHe HA 0 <a <2b BT).

YerBbpTarta 3ama4a € oT MaremMaTuieckusi TypHHp ,,AKaJeMHK
Kupuin [Tonos* B rp.1llymen u e 3a yueHunu ot 7 Kiac.

B octpobreaaus TpuwbredHHK ABC ¢ wriomomossma CL
(LeAB ), cumetpanara Ha ctpaHara AB mpecnua npasara CL B Touka
O. lla ce nokaxe, ye:

a) Toukara O e BpHIIHA 32 A ABC;

06) £ ABO = X BCO.

JuckyTupame pemieHueTo, NaJeHO KaTo Hail-O4akBaHO OT
W3BECTHA OBJTapCcKa Y4YWTENKa IO MaTeMaThKa, padoTwia JbITH
roguau B HIIMI

W3non3Bame craHmapTHH O3HaueHWS 3a briaute B a ABC -
a,f un y.lllom cumerpanara Ha orcedkaTa AB u wrimomonossiara

Ha X ACB ce mpecuuar,ro CA=CB (2 1.). Heka 6.0.0. cuurame, e
CA>CB. ToraBa f >« . OcBern ToBa OA=0OB (OeSAB) u OM=0ON,

kpaeTo OM u ON ca pasctosnusTa oT Toukara O 10 paMmeHeTe Ha
£ ACB(MeAC, NeBC). Or aOCM=z= AOCN (BTOpH mNpHU3HAK)
cienBa, ue CM=CN. Ako gomycHeM, e A=M, To OA=0OM=0ON=0B,
T.e. B=N u CA=CB, koetro e¢ HeBb3MOxHO. CienoBarenno A= M
(1t.) Amnanormuno B=N. ToraBa AAOMz= ABON (mpusnak 3a
MPaBOBI'BIHM TPUBTBIHUIIN), OTKBAeT0O AM=BN (21).

a) Jla momycHem, ye Toukata O HE € BBHINHA 332 TPUBI'BIHUK
ABC. Ot JIOKa3aHOTO o-rope clienBa, qe
CA=CM+MA=CN+NB=CB, xoeTo ¢ HeBB3MOkHO. CireqoBareirHo O
€ BpHITHA 3a TpUbI'bIHUK ABC(2T1.).

0) or a) cmexBa, ye Toukute M m N He ca €IHOBPEMEHHO
BbTpemIHN ChOTBeTHO 3a cTpaHute AC u BC. C ananormusn
pazcexIeHUs oKa3Bame, 4e ako M u N ca eITHOBPEMEHHO BBHIIHU
crotBeTHO 3a cTpanute AC m BC, me ce oxaxe, ue CA=CM-
MA=CN-NB=CB, koero e HeBb3MOxkHO (21.). ToraBa emHata oOT
nsere Touku M n N e BbTpemHa, a Jpyrara € BbHIIHA. I'bil Karo
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OA=0B, 10 <XABO=xXBAO(=x) (It.). Or pf>a cnenpa
P +X>a+X, a OT elIHaKBUTE NPAaBOBI'BJIHM TpUBI'BIHMLKM AMO nu
BNO - 4e oa+x=£MAO=xNBO (It.) OkoHuaTemHo,

ANBC=a +x+ B +x&  2x=180°-(a+f)=y < x=%<:>

£ ABO= 4 BCO (4r.).

OO0cwxaaMe U peleHneTo Ha IpeACTaBIIINS ce Hali-1o0pe
YYEHHUK OT 7 KJjac.

OT yCIIOBHETO ClIe[Ba, Y€ CHMETPAIUTE U BIIIOMOJOBSIIINTE HE
chBnazar, T.e. AC = BC. Heka k e onricanata OKpbKHOCT OKOJIO

aABCu CLNk ={C,0}, (uepr.3) £ ACO=£BCO, £ ACO =

ATC ; £ BCO= % = 1. O e cpena Ha gprata AB.

Yeprt.3 0

Cumerpanata Ha orceuykata AB pasmosnoBsBa m gprata AB.

CrnenoBatenno 1.0 e BpHImHA 32 A ABC. ([Iprata AB He chabpika
1.C). YcTa"oBsBaMe, 4€ BTOPOTO pelieHue € (HOpMalTHO MO-JIECHO, TO
HE CBhABpIKa JIOTHIECKH MParoBe.

[IpoGneMbT ce chCTOM B TOBA, Y€ CE € MPEIBUKAAI0 3ajadaTta
Jla ce pelld ChC 3HAHUATA 3a CEAMH KJIac, HO TOBa HE € Ka3aHo B
ycinoBueto! B cemMu Kitac HarpuMep YISHHUITUTE OIIe HE 3HAST Kak ce
W3MEpBaT BIIMCAHUTE BT B OKPHKHOCT.
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To3zu mpoGiemM B MHOTO 10-0011], 3aIl0TO BCE OIIE HE € SICHO C
KaKBH 3HAHMS YYEHHUIUTE OT YETBBPTH, CEIMH M JABAHAJCCETH KIIac
MOraT Ja y4JacTBAaT B HAIIMOHAIM WM MEXIYHAPOIHU CHCTE3aHMHS.
BepmaocT BRIPOCHT onupa 710 TOBA: MOYKEI Jin (TIPaBHITHO JIK €) Ha
ChbCTe3aHMA J1a M3MOJI3BAll BIPHO TBHPIEHHE, BEPHOCTTA Ha KOSTO HE
MOJKEII caM J]a YCTaHOBHUII! ABTOpPHTE Ha CTaTHATA ce yOeauxa clies
apOuTpupaHe B MHOTO CHCTE3aHHs, KOJIKO MAacoBO C€ INpHiara Ta3u
MpaKkTHKal

3amava nera. Jlagenu ca pynkmuure f,g: X >R u f(x)>0
3aX e X < R. ITox crenenno nmokasatenana ¢pyHkmus ¢ ocuoa f(X) u
crereHeH mokaszaten ((X) ce pasdupa (GyHKIMATA, MOPOAEHA OT

u3paza [ f (X)]g(x) , KOITO ce nedHupa ¢ paBeHCTBOTO
[f (X)]g(x) =9 "™ ypnero a>0um a=1.

JaneHo e ypaBuenneto X' =x* u uncnata 1, 0 u -1. Kou ot
TE3H YHUClia ca KOPSHU Ha JaJIeHOTO YpaBHEHHE?
a) 1 exopen; 0)-1 u 0 ca xopeHu; B)1,0 m -1 ca xopenmu. [5]
Pemtenue: Bepen omeosop a).
CrhrutacHO JeUHHUITUATA HA CTEIICHHO MOKa3aTe/iHaTa (DYyHKIUS

JIsiBaTa CTpaHa Ha ypaBHEHHETO nMa Buxa: a’ "% (a>0,a=1). Eto

3amo Ae(pUHUIIMOHHOTO MHOECTBO (MHOXKECTBOTO OT JIOIMYCTHMHTE
CTOWHOCTH Ha HEW3BECTHOTO X) 3a JaJeHOTO YpaBHEHHE €

D, ={xeR/x>0}. Or nocouenure 4ucna -1, 0 u 1 camo 1e D, u

camo To Moxe Jia ObJle KopeH Ha ypaBHeHHeTo. [IpoBepkaTa mokassa,
ye x=1 e KOpeH Ha ypaBHEHHUETO.

Yucnara -1 u 0 npeBpbLIaT YpaBHEHUETO BHB BSIPHO YHMCIOBO
PaBEHCTBO, HO TOBAa HE € JOCTATHYHO, 32 Jia TH NPU3HAEM 332 KOPEHH
Ha YpPaBHEHHETO B MHOXXECTBOTO Ha PEaJHHUTE YHMCIA, 3alOTO HE

MMPpUHAAJICIKAT Ha Dx .

IIpn pemaBaHe Ha TE€OMETPUYHM 337add YECTO CE JOIYCKaT
JIOTUYECKH TPEIIKM — HU3IyCKaHE Ha CIy4yal, Pa3ChXKICHUE BBPXY
MOJIBEX/IAI] YEPTEK WIM Pa3CHKACHUA, ABIDKAIIM CE HAa HEBSpHA
MpejcTaBa 3a HJIKAKBa TreoMeTpuYHa (urypa — Hampumep de
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OPTOLCHTBPHT HA TPUBIBIHUK € IPEcedyHaTa TOYKA Ha BHCOYMHHTE
Mmy!

3anmaga mecra. Ako H e oproneHTspbT Ha Tpubr'biaHHKa ABC
u AB =CH na ce namepu £ACB . [8]

,Pemenne” : Cnyckame BucounHata AA  (4epr. 4).
IIpaBobreanure Tpubrbanuuuy ABA u CHA ca ennakeu (uMmar
CHOTBETHO PaBHU XHIOTEHY3M M MO €IWH OCTbp BI'bl. Torasa
AA =CA ,oAAC e paBHOOeapeH U mpaBobI'biieH. Cle0BaTenHO 3a
ThpceHus brba umame £ACB = 45°,

Pemenne: B u3M0XKEHOTO ,,pelIeHHE” THXOMBIKOM C€
npearnosiara, ye opToLUeHThPbT H e BbTpemHa Touka 3a TpUbI'bJIHUKA
ABC, T.e. pa3rienaH € caMO €IMH OT BBb3MOXXHUTE TPU CIIydad —
OCTPOBI'bJIICH TPUBIBIHUK.

AKO NafeHusT TPUBI'BIHUK € NpaBobrbiieH (1 AB =CH ), To:

umt £BAC =90° u

A=H wm £ABC=90°u B=H, xato u B JBaTa Cclyyas
XACB=45". Tyk He e Bb3MokHO £ACB=90°u C =H nopamm
AB#0.

Axo aABC e tenosrenes 1 XABC >90° (uepr. 5), T0 B e
OPTOIEHTHPHT Ha OCTpOBI'BIHUS AACH , 3a xoiito AB=CH.
Cropes;  JI0Ka3aHOTO TBBPJCHHE 33 OCTPOBI'BJCH TPUBIBIHUK

HOJTy4aBaMe KHAC =45, Or  npaBOBIbIHHA aACC,
(CC, L AH,C, € AH) namupame XACB=45". Ciuyuasr xoraro

ABAC > 90° e HAIBJIHO aHATIOTHYEH.
Hakpas ako aABC e Throbrbies u £ACB > 90° (uepr. 6) To C

¢ OPTOLEHTBPBT Ha OCTPOBIbIHMAT aABH . Torasa £AHB =45 n
TBPCEHHSAT BI'bJ JIECHO CE MPecMsITa
XACB =360°-2.90° —45° =135°.

OxoHuarenHo mnosyyaBame, 4e ako XACB e ocTep ,TOH €
pasen Ha 45°, a aKko e THI TOIA € paBeH Ha 135°.
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A

A
Yepr.4 Yepr.5 C H

Uept.6 A B

Jpyr BakeH BBIIPOC HaNpUMep € IpeleHKaTa Jajld pa3indHu
no ¢opMa HOIyYeHH OTIOBOPH Ha JaJieHa 3a/adya ca CKBUBAJICHTHU
noMexay cu. Hampumep yuuTensiT mo mareMaTHKa Jajl 3a JJOMAaIlHa

pabora: Jla ce pemm ypasrenmero SinX(1+105°x +1052x) =sin®x.
VdeHUIUTE MOTYYHIIH TPH ,,pas3IndHI OTTOBOpPA:
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X=kr
X=kr
T T
A : B)| x=+x=+2kr ; B) x=k.= .
)Xzi%+br ) 3 ) 3

x=12£+2k7z
3

CTyneHTUTe CTUTAT [0 M3BOJA, Y€ B TOS CIIydail € HYXHO camMo
Ha eNH 00 YepTeXkK Ja ce M300pa3sT (10 BB3MOXHOCT C Pa3unYHA
I[BETOBE) BTOPUTE paMeHa Ha 000OIIeHUTEe BTN OT pemeHusTa A), b)
u B).
VYcranoesBame, 4e otroBopute A), b) m B) ca exBuBajIeHTHH
HIOMEX/Ty CH.

Hakpass me ¢opmyaupame aBe MeTOAMYECKH 3aJayM 3a
€CaMOCTOSITeTHA Pa0oTa HA CTY/IEHTUTE

Meroanuecka 3amada 1. BucounmHaTa, BrIoOmONOBAIIATA H
MeauaHata, moctpoeHu ot Bbpxa C Ha aABC, ca ChOTBETHO paBHHU

Ha 6,3x/§ u 2/13. Hamepere nuiieTo Ha TpUbIbIHUKA [3].
VYUuTensar nan ciaeaHOTO PEieHHE U TOSICHEHUS KbM HETO:

Karo ce mpunoxxu IIuraroposa Teopema 3a aAHLC u3a aAHMC
ce monyyaBa, v¢ HL=3 HM =4 wu rtoraa LM =1, uept. 7. [Jla
IOCTPOMM BTOpaTra mpeceyHa Touyka L' Ha wriomonopsmara c
OTMCaHaTa OKOJO TPHBI'BJIHUKA OKpBXKHOCT. ToraBa aCHL ~aL'ML
(MMaT TO [Ba CHOTBETHO paBHU BI'bIA), a OT MOJOOMETO Ha
TPUBI'BJIHUIIMTE CJICJBA TMPOMOPIMOHAIHOCT Ha CTPAaHUTE WM, T.€.

HL CH CL 3_6 35

—=——=—— Wl —=—— = . [lonyuasa ce, ue LL'=\/§.
ML ML" LL’ 1 ML" LL

AL CL N
Ocgen ToBa aALC ~aBLL" wu ot Tyk cnensa, ue w = BL Ho Toii

kato AL=AM-1, a BL=BM+1=AM +1, mnomydaBame, ue
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AM -1 35
5 AM+1

2
. Ot ypaBHennero AM? —1= 3(\/5) ce IoJIy4aBa,

ye AM =4.Toraa AB=8 u S,z =%=24.

UYepr. 7
B 3amauara ce wu3MON3Ba €OHO MUNUYHO OONBAHUMETHO
nocmpoenue - TOCTPOSBAHETO HA BTOpaTa npecedHa Toyka L' Ha
BIJIONOJIOBAIIATA HAa TPUBI'BJIIHUK C OIMKMCaHaTa OKOJIO TPUBI'BJIHUKA

okpbxHoct. Ot AL'=BL’ crnensa, ue toukara L'nexu Ha
cumerpanara ML' Ha AB. ToBa nmoctpoeHue Boju A0 MONTyYaBaHe Ha
HSKOJIKO JBOMKM NOJOOHM TPUBIBIHMIM. B naneHara 3amaua
OBJDKMHUTE HA BUCOYMHATA, BIVIONOJIOBSIIATA HW  MEJMaHaTa
onpezaensaT Hapenbata Ha ToukuTe H, L u M BbpxXy cTpanata AB.
BsipHo e 00aue, ue 3a BCEKHM TPUBI'BIHUK TOUKaTa L BUHArM € MEXIY
toukute H u M.

OO0O0CHOBaH JM € YepTeXbT U UMa JIH MPOOJIEMU CBBP3aHH C
peieHueTo?

3a 3ax. 2. Ha ydenunmre ot emna MI' pgamm ciemHara 3amada Ha
KOHKYPC 3a CTUIEHAMS 110 aCTPOHOMHS:

Benuku 3HaeM, e 3eMsTa € KpbIvla, Makap 4ye He €. (camo 3a
uHpopMarus: 3eMsATa MPEJCTaBIsBA POTAIMOHEH EJHIICOU —
,,TEOU", KaTo pajanyca Ha 3emMsaTa — MaJlkaTa M0JIyoC Ha EJIUIICONa €
6356863 MeTpa — Ha NOJIOCHTE U pajulyca Ha €KBaTopa — roisma
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nosyoc Ha enurncous, 6378245 merpa. Cpennust paguyc Ha 3eMsara e
6371302 metpa.)

B namara 3amgada obade, Iie mpuemeM, de MOBBPXHOCTTA Ha
3emsta mpeacTasisiBa cepa (Z) ¢ paauyc R.

CepliecTByBa €1Ha MHUCICHAa OKPBKHOCT, pPAa3loNIOKeHa Ha
BucounMHa 35786 KM HaJg TOBBPXHOCTTAa Ha 3eMATa, HaX
ekBaTopa(Taka HapedeHaTa ,,reocTanmpoHapHa opbuta‘). CHBTHHK,
KOMTO € M3BEJIeH Ha Ta3u OpOHTa U ce IBMXKU C BIIIOBAaTa CKOPOCT Ha
3eMsiTa, € C HW3paBHEHa LEHTPOOEXKHAa M TpaBUTALMOHHA CHJIA.
[IpakTHuecku, TOH ,,BUCH HAJl €JHA TOYKA HaJ €KBAaTOpa, KATO HUTO
najaa, HATO Ce OTJajieyaBa B OTKpUTHA KocMoc. ToBa e opOutara, Ha
KOATO Ca PpasnojOKCHHU BCHYKM CIBTHHIHM, I[OIPCAHA3HAYCHH 3a
pasmpbCcKBaHE Ha TENEBH3WMOHEH CHTHAlN. B Tasm 3amava, 1e
00o3HaunM TOBa pasctosiHue ¢ G.

[enrta Ha Hamara 3agaya e, Hamupailiku ce B lllymen, na
W3YHUCIIUM ,,KbJe* 10 HeOeTo TpsiOBa Ja THPCHM CITBTHHUK, KaueH Ha
reocTalioHapHa opOuTa, KOWTO ,,BUCH HaJl | pUHYHYKHS MEpPHUINaH.

Hexa nabmtonaresns, ce Hamupa Ha Touka N Ha cdepara Z.

Heka, mpe3 Ta3u touka N mpekapame paBHHHA (MIO), KOATO €
JorrpaTesHa crpsmMo cdepara Z.

Ha reocranmonapna opburta ce HamuMpa TOYkKa S W IpaBarta,
CBBp3Ballla IEHTbpa Ha cepara Z cbe S, mpecuda MIo B TOUKA S;.

Heka paBamHata (kcm) mpecuya cdepara Z mpe3 UEHTbpa U
TOUYKUTE S; U S NIeKaT B paBHUHATA (KCH).

Hexa paBHmHata (M) e  ompeneileHa OT  IIpaBa,
MEepIeHANKyIsApHa Ha (KCHM) B IEHTbpa Ha Z U Touka N, KOSTO
npecnya Mio B mpaBa NPy’ karto P; mpuHamiexu emHOBpeMEHHO Ha
paBHUHHTE (MIO0), (1) U (KCH), TO:

breast, SNS;, ce Hapuya ,,bI'bJ1 Ha MICTO, @ BI'BIBT S;NP; -
»bI'BIl 1O a3uMyT*“ M TOo4Yka N ce HaMupa Ha reorpadckure
koopauHatu Ha rp. lllymen — mpubmusurtenHo 43 rpagyca ceBepHa
mupuHa (mpaBara, cBbp3Bamia T.N ¢ IEeHTbpa Ha Z Tpecuya
paBHMHATa (KCH) IO BI'bJ OT 43 rpagyca — B 3a1a4ata — br'bi (anda))
u 27 rpagyca wu3TtoyHa JbpkuHa (PaBHuMHMTE, KOMTO ca
MEePIEHANKYIAPHU Ha (KCH), MpecrudaT ce B ICHThpa Ha Z W MUHAaBaT
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npe3 TOYKUTE ChOTBETHO S U N, ce mpecuyaT B3auMHO HOJ BI'bJI OT 27
rpaayca — B 3aja4arta broji (0eTa)), TO J1a Ce U3YUCIIH:

brena Ha MACTO W Br'BIA TO a3UMyT MPH  3aJaJICHUTE
napametrpu. [a ce npencrasst primre SNS; u S;NP; xato Qpynkumn
Ha R,G, (anda) u (6eta). [Ipn nzumcieHusTa MOKe 1a Ce M3MOJ3BAT
0003HaYEHNATA HA CHOTBETHUTE OYKBH OT IphIIKaTa a3oyka.

JlBama y4yacTHHKA JJalTU IBE PA3INIHU PEIICHHS:

Pemenue 1: Heka O e nuenTwp Ha cdepara, uepT. 8; £SNS, =6,
ZANOS = x ;S JIEXKU Ha eKBaTopa, ON=0S"=R,
S'S=G,0S =0S'+S'S =R+G. Ilpunarame KOCHHycOBara TeopeMa
3a aONS : OS? =ON?+ NS? —2.0N.NS.cos(90° +5) =

1) (R+G)" =R®+NS?+2.RNS.sins .
S
P
> p
9
N 90°-a.
N
SI
@)
UYepr. 8 UYepr. 9

OtHOBO  mpmiaramMme KocuHycoBaTa  Teopema, 3a  aNOS:
NS* =ON?+0S?—20N.0S.cosX,

@) NS?=R?+(R+G)’ —2.R.(R+G).cosx ,
3amecTBaMme B (1) 1 momydyaBame CIeTHOTO:
(R+G) =R*+R*+(R+G)’ —~2.R.(R+G).cosx+2.R.NS.sin &,

CJICAOBATCIIHO
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RjLG)cosx 1
. R+G)cosx—-R - _ _
3) sm5=( +G) __ R _ k.cosx 1,
NS NS NS
R R
R+G
KbJIeTo K = .
R
NS -
Ot (2) cnemsa, ue ?=\/1+k “2kcosx, samectsame B (3)
— sinS = k.cosx—1 ’ o cos5 - s )
J1+k? —2k.cosx
i _ -l
COSJ = K.sinx , TOraBa tgé‘:k'cos_x 12005)'( k _
J1+k? —2.k.cos x k.sin x sin x

Hexka P e cesepen momoc, 4ept. 9, £S'NP =A, SN =X, npunarame
KOCHHYCOBOTO NPaBUIIO 3a chepuaHust TpUbI'BIHUK NPS':

cos x =¢0s90°.cos(90° — ) +5in90°sin (90° — x).cos B =
(4) COSX =COSr.COS 3 .

cosa.coss —k™
\[1— cos® a..cos®
SinA _sing -

sin90°  sinx

3amecTBaMe B u3pasa 3a tgo: tgo = . CunycoBoTo

npaBuio 3a aNSP:

(5) sin A=Si_n—'3

1 OT TYK IIO0JIydaBaMe

A2 in2 in2 2 A2 2 2

sin sin® x —sin 1-cos® x —sin cos’ B —cos’ x
cosA:\/l— _2'3:\/ _ ﬂ:\/ _ ﬁ:\/ B

sin® x sinx sinx sinx
3amectBame COSX ot (4):
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Jcos? B—cos? ai.cos? B cos f.sina

(6) COSA= _ _
sin x sin x
Ot (5) u (6) monyuaBame, ue tgA = M .
SInx

OcTaBa Ja ce onpeaen Aaau aa ce npudaps mim m3paxaa 180°, Twit
kaTo tg e mepuoauuna Gpynkmms ¢ nepuox 180°.

Pemrenne 2 (uept.10):

Yept.10

R—-(R+G)cosacos

in£(SNS)) =
Sin ( ) \/G2+2R(G+R)(1_cosacosﬂ)

OTtroBopere Ha CIETHUTE BBIIPOCH:

1. [Ipenn3na 111 € hopMyITUPOBKATA HA YCIOBUETO?

2. 3a KoM KJIac € moaxXoAsiia 3a1ayaTa’?

3. BsipHO (ITBJIHO) 7K € penIeHUuEeTo?

4. HanpaBete cTepeoMeTpHUIEH YepTeX KaTo MOJIE Ha YCIIOBHETO.
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KJIACUDPUKALIAS HA PYTUPAIIIUTE
MPOTOKOJIA B BCM"

TEOJOPA T. CTOSIHOBA

CLASSIFICATION OF ROUTING PROTOCOLS IN
WIRELESS SENSOR NETWORKS

TEODORA T. STOYANOVA

ABSTRACT: Wireless Sensor Networks (WSN) consist of small
sensor nodes scattered on a relatively large area. Routing protocols are used
for network communication. They find the appropriate way to transmit the
data and maintain the routes in the network. The routing protocols in WSNs
depend on the application and the network architecture. This paper presents
the classification and comparison of routing protocols.

KEYWORDS: Wireless Sensor Network (WSN), sensor nodes, routing
protocols, applications.

1. BbBEJIEHME

besxuunara censopra mpexa (BCM) cbabpka CTOTHIM WK
XWISAW CEH30PHU BB3JIM, KOUTO UMAaT BB3MOXKHOCT J1a KOMYHHKHpPAT
Mo MEXJIy CH WIM JTUPEKTHO Ja W3IpamaTr JaHHUTE KbM 0azoBa
cranmms (BC). Bcekn ceH3zopeH Bb3en BKIOYBA CEH30pHA YacT,
oOpaboTBama dacT, IMpelaBalla 4acT, CHCTEMa 3a OTKpUBaHE Ha
MecTonoyiokeHneTo u Oarepus. OOMKHOBEHO ca pa3NpbCHATH B
CEH30pHO TMOJIe, NPEJICTaBIABAIIO O0JacCT, B KOSATO Te TpsOBa na
CIEJIAT ONpEAETICHN TapaMeTpH, KOMYHUKHPANKU MO0 MEXAY CH, 3a J1a
HOJTy4YaBaT akTyanHa nHpopmanus. [1]

Hacrostmara cratus e ¢unancupana ot ®@oHp ,,Hayunu uscnegBaHums
kbpM IlymeHnckus yHusepcurer , Enuckon Koncrantun IlpecnaBcku® mo
npoekt Ne PJ1-08-97/06.02.2017 .
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Kato ocHoBeH (akTop, KOWTO MpaBH OEIKUUHUTE CEH3OPHU
MpPEXH aTpPakTUBHH € MPEJUMCTBOTO MM Ja ChOMpaT W MIpeaaBaT
nH(opMaIUsa 3a 00JIacT, B KOSTO YOBEIIKHAT (DaKTOp € CBEACH 0
MHUHHMMYM WM HaIlbJIHO HEBB3MOKEH, IIPU TOBA 33 JOCTATHYHO JBIIBI
MIEPHUOJI OT BpEME.

Llen Ha cp3maBaHe Ha OE€3KUYHUTE CEH30PDHH MPEXHU €
BOCHHOTO MPWIOXEHHWE, HO JHEC C€ H3M0A3BaT B MHOIO
WHIyCTPUAIHU U TMOTPEOUTENICKU MPUIOKEHUs, KATO MOHUTOPHHT U
KOHTPOJI Ha MAllMHU ¥ TPBHOONPOBOAM, yNpaBlieHHE Ha Bepura 3a
JTIOCTaBKH, MPOCIEIsIBaHe Ha 1el u T.H. [2] M3non3sat ce u B 00macTH,
KaTo TpaHCIopT, 3[jpaBeola3BaHe, OKOJIHATA cpeaa U Jp.

Enna BCM ce cbcrom OT NPOTOKOIM M alrOPUTMHU ChC
CaMOOpTaHM3Mpalld BB3MOXHOCTH. Te ca HeoOXomumu 3a
KOMYHHMKaLWsl ¥ W3MpallaHe Ha JaHHU OT €AUH CEH30pPEH Bb3eN A0
Ipyr. CeliecTByBaT MHOXECTBO  PYTHpPAlId MPOTOKOJIH, HO
npoabBIDKaBa Jia ce paboTH BBPXY CH3JAaBAHETO HA HOBU U TIO-
edextuBHU. [IpoTokonmuTe 3a pyTHpaHe ca KIacH(DHUIUPAHH TIO
MHO>KECTBO pa3IMYHU HAYHHU.

IIpenuzBuxarencrea npex bCM

Nwma penuua npenusBukarenctsa npen bCM, kouto cw3naBat
OrpaHUYEHMs 32 HEHHOTO M3I0JI3BAHETO, KATO OCHOBHUTE Ca:

* YpaBieHre Ha OTpaHHYeHa eHeprus

Pasnmnuaure npunoxenns Ha BCM ce HyknasaT oT moBeue
€Heprus, HO OrPAaHMYCHHETO Ha MOIIHOCTTAa IOHSKOIra MPUYHMHSBA
0TKa3 B IIpo1ieca Ha PyHKIIMOHUpaHE.

* JIunca Ha pecypcu

MaukusT pa3Mep Ha CEH30pHHUTE BB3JIM BOIH 10 OTPaHUYEHUE
Ha pecypcu. Beekn ceHzop nMa orpaHuyeHa aMmeT, YeCTOTHA JIeHTa U
M3YUCIINTENIHA CIIOCOOHOCT.

* MamabupyemMocT 1 MOOMITHOCT

Br3nute B ceH30pHAaTa Mpexka ce IPEMECTBAaT MHOTO YECTO OT
HavajHaTa CHM MO3MIMS, Taka Y€ TOBa BOJM JO OTKa3 Ha BpPBH3KaTa,
KOMTO 3acsAra KOMyHHKaIMATa MEXY THIX.

* JluHaMUYHU MPEXOBU TOIOJIOTUU

CeHzopHHTE BB3IM Cce pasnoyiaraT ©0e3 MpeBapUTEeTHO
TUTAaHWpaHe, Taka Y€ TOTOJOTHITa Ha MpeXaTa MOXe Jla Ce MPOMEHHU
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nopagd MHOTO MPHYMHHU, KAaTO MPOMSHA Ha MO3WIHATA Ha Bb3ela,
OTKa3 Ha BB3eN Mopanu (U3MYECKH YBPEXKIAHHWS W OTpaHHYeHa
HaJIMYHa MOIIHOCT.

¢ AJanTUBHOCT

JBIwKeHHATa Ha BB3JIUTE MPUUUHIBAT OTKA3 HA KOMYHUKAIIHSL.
IIpeyctpoiictBoTo Ha Mapmpyta TpsiOBa na Obpae OBp30 U
MIPUCTIOCOOUMO.

* CpOMpaeMoCT Ha JaHHU

Cp0OupaHeTo Ha JaHHU HaMallsiBa KOJMYECTBOTO EHEPTHS, KOSTO
Ce M3IMOJ3Ba 0 BpeMe Ha MpeJaBaHeTO WM MEXAy Bb3nuTe. ToBa
yBEINYaBa )KUBOTA Ha CCH30PHUTE BH3IIH.

» KauecTBo Ha yciyrata

BCM ce wusmom3Bar 3a pa3auyHu OpuiokeHus. Hskou
MPUJIOKEHUST ca J0CTa KPUTHUYHH M C€ HYXAAAT OT HAACKIHO
o0cITy>KBaHE HaBpeMe.

» CurypHoct

CurypHara KOMYHHKAIASA MeEXIy BB3JIUTE € MHOTO Ba)KHA.
HeoOxomumo € jga OCUTypH MOBEPUTEIHOCT M ISUIOCTHOCT Ha
nanuure.[3]

2. TPYIIMPAHE HA PYTUPAIIMTE NMPOTOKOJIA B
BCM

Pytupanero e MeToj 3a u3MpamiaHe Ha JIAHHU MEXIy JBa
BB3eJIa U3IOJ3BAKK CHOTBETHH MPOTOKOJIH 3a pyTHpaHe, U30upaiku
Hali-eeKTHBHMS BT, TaKa Y€ JAHHUTE Ja JOCTUTHAT JO IICJICBUS
Bb3€]. MpEXOBUAT CJIOHW € OTrOBOPEH 3a OCBIIECTBSIBAHE Ha
JIBIKEHUETO Ha TOCTHIIBAIINTE JaHHW. EHeprusita Ha MOBEYETO OT
BB3JIUTE-U3TOYHUIIM HE MOXKE JIa OCUTYPH TOCTHUTAaHE HA JTAHHUTE JI0
MECTOHA3HAYEHUETO MOPATH TSIXHOTO JAICUYHO PA3CTOSHUE U B TaKbB
ciyyai, MeXXIUHHU CEH30pHU BB3NU npenpamar nakerure. BCM uma
HSKOU OTpPaHWYCHHS, KaTro HANpuUMep CHa0ASBaHETO C CHEPrusd,
YeCTOTHA JIGHTa W Jpyrd. Pemuiia mpOTOKOMW 3a pPyTHpPaHE ca
npoektupann 32 BCM u T1e ca (oxkycupaHu MPEeIUMHO BBPXY
norpebieHnero Ha eHeprusa. Jlu3allHBT Ha TPOTOKOIHTE €
MPHUCIIOCOOCH KbM KOHKPETHOTO NPUIOKCHME W BHJAa Ha caMara
MpeKara.
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Fytupawm
npoTokonmn & BC

itnpe,q pesUME Cnopes,
3 fyHELMHTE 'Ip:;l:s::: Ha
Cnopeg TMNa Ha
VHECTHE Ha
EnMTE
II'I POSHTHEHMW

OfMeHTHPEHM Kb
AFHHK

l XKubpugru

BIMPEHM HE
ONONOHEHHE

PeakTnenm "
Wepapxwsrn

' KnborepHn

i

@ur. 1. 'pynupane Ha pyTHpauu npotokoau B BCM

Pytupanmmre nporokonu 3a BCM ca rpynupanu Ha 0a3a pexuM Ha
(yHKIMHTE, MPEXKOBA CTPYKTYpa M THIIA Ha Y4acTHE Ha CEH30PHHTE BB3JIU.
HpOTOKOHI/ITe OT ObpBaTa rIpyna c€ ACIAT Ha AKTUBHU, PCAKTUBHU U
XHOpUIHH. B pexuM Ha ydJacThe MPOTOKOJIMTE MOTraT Ja ObJaT IUIOCKH,
NpeKu (AMPEKTHH) M KIBCTEPHO 6azupanu. IlporokosmmTe crnopex
CTPYKTypaTa Ha MpekaTa MoraT jJa ObJaT OpHUEHTHpPaHW KbM JaHHHTE,
06asupaHN Ha MECTONOJIOXKEeHHe, HepapxuyHn mwin QoS (kadecTBO Ha
yciyraTa) Oa3upaHy.

2.1. I[Ipomoxonu Ha b6aza pesicum Ha GyHKyuume

B nmpoakxmuenume tnporokonu, pyTHpamaTa TaOIUIa ce
reHeprpa OT BCEKH BB3en W HHopMamms 3a MaplpyTUTe Ha
ISUIOCTHA MpeXa Ce akTyalu3upaT NepuoandHo. TBH KaTto Tasu
uHpOpMaIs OOMKHOBEHO ce€ TMa3u B TaOIMIM Te Ce Haphyar oIle
table-driven mpotokonu. Heo6xoaumo e /1a ChIecTByBa KOHTPOJ Ha
Tpaduka, 3a Oga ce 3ama3u TabiuOara 3a pyTHUpaHe, akTyalHa H
Ha/IeKIHa MO Is1aTa Mpexa.

B peaxkmuenume mnporokonM 3a MapLIpyTH3alusi HE Ce
reHepupa pyTupamia TaOiuna ¥ OTKPUBAHETO Ha  MapHIpyT ce
M3BBPIIBA B CHOTBETCTBUE C HM3UCKBaHMATA. MaplIpyTUTE MEXKAY
BB3JIUTE CTaBaT SICHU IIPU NOMCKBAaHE. Bb3elbT-U3TOYHUK 3a/€iCcTBa
UCKaHE 3a OTKPHUBAaHE Ha MapLIpyT Ipe3 MpekaTa U yaka OTTOBOP OT
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Bb3ena-nonyyaren. IloHskora To3u mpolec OTHEMa BpEME U BOAHU JI0
3a0aBsiHe B MpekaTa. BeHBX OTKPUT, MapuIpyTa ce Mma3u J0KaTo €
HaJUYCH M TOKaTo ce m3non3Ba. Ciel onpeeeH mepuon 0e3 na onae
M3IIOJI3BAaH TOW C€ OTCTpaHsABAa W TPU CJe/ABamia HEoOXOIMMOCT ce
ThPCH HaHOBO. [IpeAMMCTBOTO Ha MPOAKTHBHUTE MapLIPyTHU3UPAIIN
MPOTOKOJIM € BPEMETO 33 M3MNOJ3BaHE HA MapupyTa. bl KaTo TOH €
HaJIMYeH MOXE J1a Ce M3IOJI3Ba BeIHAara, JOKAaTo IPHU PEaKTHBHHUTE €
HEOOXOIUMO BpEME 3a HErOoBOTO OTKPHBAHE, KOETO JOBEXIa J0
3a0aBsiHE Ha TNpeAaBaHETO Ha MBPBHUSA TaKeT. Bbhopeku TOBa
MPOAKTUBHUTE MPOTOKOIHN Ca CBBP3aHU C MOIbP)KaHE Ha TaOJIHIH,
T.e. HEOOXOIUMO € YCTpOWCTBAaTa Ja MMAT MO-TOJISIM KamamuTeT OT
namer.

TpeTus TN NPOTOKOIU, XUOPUOHUMe UMAT 3a LI Aa CIICUEISIT
OT TpeIuMCTBaTa Ha TMPEAXOJHUTE [Ba, W3IOI3BAMKN KAaKTO
peaKkTHBEH, Taka M MPOAKTHBEH NOAXOJ. XHUOPUIHUAT MOJXOJ
HaMaJlsiBa pPa3XxoAUTe 3a Mpexara. TOW IbpBO HU3UYUCISABA BCHUKH
MapuIpyTH H CJell TOBa Momo0psiBa MapIIpyTH MO0 BpeMe Ha pyTHUPAaHE.
[4]

2.2. Cnoped muna Ha yuacmue Ha 8b3aume

Bropara knacudukanus e criopes HadMHA Ha B3aWMOJICHCTBUE
Ha BBIIATE M B Ta3W KaTeropus, TPUTE BHJA TPOTOKOIH 3a
MapIIpyTH3aIus ca: HpeKku (IUPEKTHU), MAOCKU U KAHCHEPHU.
[IpexusT BUI ce OCHOBaBa Ha W3MpalllaHe Ha IsIaTa WHQOPMAIHS,
MUPEeKTHO 1o OazoBaTa craHIWs, MmokazaHo Ha ¢wur.2. [lpu miockus
THUI BB3JIUTE ITHPBOHAYAIHO HAMUPAT BAIUCH MapmpyT 1o OazoBara
CTaHIUS, CJe]] KOETO M3MpAIIaT MakeTH JI0 Hesl WU JI0 JPYTd BB3IU
4pe3 pytupane, karo Sensor Protocols for Information via Negotiation
(SPIN), Direct Diffusion (DD) u Rumour Routing. [Tpu xirbcTepHusT
TUN o0jacTTa ce pasjielisi Ha HSIKOJIKO MalKH KIbCTEPH, B KOUTO
TJIaBHUS B3N AUPEKTHO KOMYHHUKHpa ¢ 6a30BaTa CTAHLMS UM IBPBO
M3Mpallla JaHHUTE CH J0 ChCEIEH IVIABEH Bb3EN, KOWTO OT CBOSI CTpaHa
ru mperpaia KbM BC, kakTo e mokasano Ha ¢wur. 3. [5]
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TnaBen Bb3en

@)

Censopen Bb3ea

@ur. 3. Kiibcrepna apxurexrypa multi-hops u single-hop

2.3. Illpomokoau 6azupanu Ha cmpyKmypama Ha Mpexcama

Ilpomoxonume opuenmupanu KoM OAHHU 33aBUCSAT OT €THKET
WM HaWMEHOBAaHHE Ha HEOOXOIUMHUTE IaHHH M Ca OTrOBOPHU 3a
npeMaxBaHe Ha M3JIMIIHU TpenaBaHus. B Ta3u kareropus, 6a3oBara
CTaHIUA U3IIpalia 3adBKU, U3UCKBAIIX ONPEACIICHNU JaHHU OT BB3JIUTC
B MpeXaTa W aKo JaHHUTE CHOTBETCTBAT Ha 3asBKaTa, TO TE TH
u3npamar oOpaTHO KbM Hes. [IpuMepHHTE pyTHpalM IMPOTOKOJIN
Oasupanu Ha 3asBku ca Directed Diffusion (DD), COUGAR, Sensor
Protocols for Information via Negotiation (SPIN) u mp.
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Hepapxuuno 6azupanume npomoxonu V3BHPIIBAT EHEPIUITHO
e(eKTUBHO pyTHpaHe, M30UpaliKu MO-BUCOKH EHEPTHMHHH BB3NMH 32
00paboTka W m3mpamane Ha WHOpPMaNuiATa KbM 0a3oBaTa CTAHIIHS
WIH KbM MEXKIUHEH IJIaBeH Bb3el. T1e3u BHIOBE NPOTOKOIU
M3BBPLIBAT eHEPruiiHO eexTrBHA MapmpyTusanus B bCM u ca Haii-
NOOXOAIIM 3a HaMalsiBaHEe Ha pa3Mepa Ha oOIIMTe NpeAaBaHusl Ha
cbpoOuienns. Haii-omynspHuTe MpOTOKOIIN 32 MapLIPyTHU3aLHs B Ta3U
kareropus ca Low Energy Adaptive Clustering Hierarchy (LEACH),
Power-Efficient Gathering in  Sensor Information Systems
(PEGASIS), Threshold-sensitive Energy Efficient sensor Network
protocol (TEEN) u Adaptive Periodic TEEN (APTEEN).

IIpomokonume 6a3upanu Ha MecmononoyceHue, W3UCKBAT
uHpOpPMaIUsT 32 MECTOIIOJIOKEHHETO Ha CEH30pHHUTE BB3IIHU
obukaoBeHo AocThiHU OT GPS (Global Positioning System) curnamm
WIM CUJIHM PaJuo CUTHaJIHW. B Taszu kateropus, upe3 MpOTOKOIHUTE 32
pyTUpaHE ce U3UHCIIBa PA3CTOSHUETO J0 ChCEEH Bb3el OT CHJlaTa Ha
BXOASIIMS CHTHaJ. 3a Ja c€ IEeCTH CHEpPrusi B Mpexara Bb3JINTE
W3MO0J3BaT aKTUBHO WU CIIIIO CBCTOSHHE, KAaTo IPH aKTHBHO
CBCTOSIHHE BB3€NIBT € , KHB™, a B CIIAIIO ChCTOSHUE BbH3ejia II0YUBA.
Haii-nonmynspuure nporoxkonn B Ta3u Kareropusi ca Geographic
Adaptive Fidelity (GAF) u Geographic and Energy Aware Routing
(GEAR).

IlIpomoxonu 6asupanu na kauecmeomo na ycayzama (QosS),
Ipyu KOUTO PYTUPAHETO ce (poKycupa BBPXY HSIKOW M3UCKBAaHMA Ha
MPEKOBHS CIIOH, KaTO HaJEKTHOCT U JIaTeHTHOCT. CeH30pHaTa Mpexa
ce ocHOBaBa Ha (yHKIMATa 3a OajaHC M KayecTBO Ha Mpexara,
eHepruiiHa eQeKTHBHOCT W KayecTBO Ha JaHHUTe. Hali-momynsipHu
MPOTOKOJIM, KOMTO Ce BIUCBAT B Ta3u kareropusi ca SPEED (Stateless
Protocol for Real-Time Communication in Sensor Networks) wu
Sequential Assignment Routing (SAR). [4]

B Tabmuma 1 ca cpaBHEHM TOpEeCIOMEHATUTE PYTHUPALIH
MPOTOKONM 0a3vpaHyW Ha CTPYKTypara Ha MpexkaTa. SICHO ce BMkIa
NpeAUMCTBaTa U HEJOCTATHLUUTE HA MPOTOKOJHUTE MO OTHOIIEHHE Ha
MaIabupyeMoCT, Ppa3XxoA Ha €Heprus, MOOWIIHOCT, arperupaHe Ha
JaHHU, JIOKanmu3anws u 1p. [3, 9, 10, 11]

Taoauna 1. CpaBHeHue HA pyTHpalu nporokoan B BCM

- 143 -



CrosioBa T.

@ ® & =3 g ] =4
g g g 25 Ef (o 2
S 8 56 & g a 7} =2 E
R = é 5 a8 = %2 = =
g = 2 g3 g g
3 g 2 s=| g & F
2 S = & 2 5
Oasupan Ha =
GAF uecmn:sox\'eﬂnem Aodpa OrpaHMYeH | OrpaHW4eHa | He He He He He He
Oasmpan HA
SPAN on:p OrpaHHYeHAa | OrpaHW4eH | OIpaHHYeHa | He He He | He aa He
MECT! TOKEHHETO
Oasmpan Ha
GEAR \1ecron:soxcermem OrpaHMdeHa | OrpaHHYeH | OrpaHWYeHa | He He He | He He He
OpHEHTHPAaH KBM
SPIN P ’uﬂp 2 orpamueHa OTpaHMYeH | orpaHmMdeHa aa aa He He Aa Aa
Directed OpHEHTHPAH KBM
Diffusion e 5 OTpaHMYeHAa | OrpaHMYeH | OrpaHMdeHa | 7aa aa Aa | Aa aa aa
Rumor OpHEHTHPaH KBM c
Routing 2 ao6pa HHCBE orpaHmueHa | aa na He | He He He
uf JaHHUTE
OpHEHTHPaH KBM
COUGAR P :aﬂp . OTpaHMYeHa | OrpaHHdeH He aa Aa He He He He
OpHEHTHPAH KBM
ACQUIRE P ’uﬂp . OrpaHmYeHa HHCBE orpanmdeHa | za aa He | He He He
VGA HepapxudeH zodpa HHCBK He He Aa Za | =He aa Aa
e Z HMECHPAaHA
LEACH HepapxmdeH zodpa MaECHMaIeH Lo Bﬂg He aa aa He He He
% = MECHpaHa
PEGASIS Hepapxuues Aodpa MaKCHMaTIeH ¢ BK(? He He Za | me He He
- = HECHpaHa
TEEN Hepapxuuex zobpa MaKCHMATeH E: BK(? He aa aa He He He
" - HECHpaHa
APTEEN HepapxmueH Aodpa MaKCHMaTeH ¢ ];Hg He aa Aa | me He He
SAR QoS Gasmpann orpammueHa BHCOK He Aa aa He Aa aa He
SPEED QoS Sasmpann orpaHmueHa HHCBK He aa He He | ma He He

3. KIACU®UKALIUA CHOPEJ PA3MNOJOXEHUETO
HA BCM

B 3aBHCHMOCT OT yCNOBHATA Ha pa3MoJiaraHe Ha 3eMsTa, TOJ
3eMsATa WM BBB BOJATa, UMa HAKOJIKO BHJA OC3KHYHH CEH3OPHH
MPEXKH:

* Cyxo3emHu (Terrestrial): Ilpu To3u BUI CEH30pHH MpEXHU,
CTOTHIIM JIO XWJISIA CEH30PH Ca Pa3IOJIONKESHU MPOU3BOIHO B JIajicHa
obmact. Tozu Tim BCM ce wu3mon3Ba riaBHO B O0JIacTTa Ha
MOHUTOPUHTAa Ha OKOJHATa cpella M € NPEeJAU3BUKATEIICTBO 32
YCTOMYMBOCTTa Ha MpeXara MO OTHOILIEHHE Ha YIPaBICHHETO Ha
eHeprusra.

* MMomzemun (Underground): Te3u MHOTO CIiCI[HaIHUA CEH30PHH
BB3JIM Ca M3BECTHU C BHCOKATa CH LIEHAa M HEOOXOIUMaTa JIOTUCTUKA
3a MOJAPBXKKA U NPEABAPUTEIHO TUIaHUPAHO pasrpbiiane. CeHzopu
ca MOHTUPaHH B TI0YBATA 33 CEJICKOTO CTOMAHCTBO WJIM B CTEHHTE Ha
MUHA 32 HaOJr0/IeHNe Ha YCIIOBHATA B TI0YBATa. BBIIpeku TOBa, B TO3U
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THII MpeXa, MMa BB3e] Ha MOBBPXHOCTTA, KOHTO WMMa pois jaa
npenpenaBa MpUxBaHaTaTa MHPOPMAIUS OT MOJ3EMHUTE BB3JIH KbM
0a3oBara CTaHIIHA.

* IloaBoanu (Underwater): To3u turr BCM ca Bce ore roysiMo
NpEU3BUKATEIICTBO MOpaau (akra, 4Ye cpelara, B KOITO ca
PasIoI0KEHN BB3IUTE € BpakaecOHa M OOMKHOBEHO C€ H3IOJI3Ba 3a
npoydyBaHe. Te3um BB3IM ca MO-CKBIIM OT HA3eMHH CEH3O0pH,
0e3KMYHATa KOMYHHKAIMs € aKyCTHYHA, YEeCTOTHATa JICHTa ¢
OrpaHM4YeHa, 3ary0ata Ha CHIHala € TOBTapAll Ce, 3aKbCHECHHATA U
NpOOJIEMHTE ChC CHHXPOHU3ANMUATA Ca TOJIEMHU.

* Myarumenuiinn (Multimedia): To3u Tanm BCM mo3Bonsia
HaOJIoleHHe Ha CHOMTHS B peaHO BpeMe, KaTo Hampumep
N300pakeHNs], BUICOKIIUIIOBE U 3BYK. Te3u ceH30pu ca 000pyIBaHH €
kamepun U Mukpodonn. OTnaBa ce 3HaueHHWE Ha IapamMeTpH, KaTo
n00Bp Tpaduk, KOETO IpeAroiara BUCOKa KOHCYMalldsl Ha CHEPIHs,
00paboTKka M KOMIpecHs Ha JaHHH, J0OpO KadecTBO Ha YCIIyrara.
Heobxoxnmo e mpeaBapuTenHO IUIAHUpAHE 32 BHEIPSBAHE HA TE3H
CCH30PH.

* Moouanu (Mobile): B To3u Hait-HOB T BCM, BB3nUTE ca
CIIOCOOHM Ha TPENO3MLIHOHUPAaHEe U aBTOHOMHO PEOpraHu3UpaHe Ha
mpexkata. Ciex  TbpBOHAYATHOTO — BHEAPSIBAHE, BB3IUTE  CE
pa3npbCKBart, 3a aa choupar nHdopmanus. ChIlo Taka ChIIECTBYBA U
XHOpHUIHA MpeXa, KOSTO MPE/ICTaBIsBa KOMOMHAIMSA OT MOOWIIHH H
bukcupanu censopu. [5, 6]

4. KTIACUOUKALUSA CHHOPEL ITPUJIOKEHUATA

BCM ca npuBnexkiii BHUMaHUETO Ha Hay4yHaTa OOIIHOCT Hpe3
MOCIEAHUTE TOAMHM W CE€ U3BBPIIBA OrPOMHO  KOJHYECTBO
u3cieioBaTecKka paboTa 3a pelaBaHe Ha MPAKTUUECKU U TEOPETHYHU
BpIpocu. JlHec moBewero  pasmosiokeHn BCM  m3mepsar
TeMmreparypara Ha CKajJapHU (HU3MYECKH SBJCHUS, HaJsIraHe,
BIIQ)KHOCT WJIM MECTOIOJOKEHHe Ha oOextu. Karo msuto, moBedeTo
CEH30PHM MPEXKH Ca TOJIEPAaHTHH KbM 3a0aBSHUSTA U MPUIOKEHHS C
HHCKa CKOPOCT Ha YeCTOTHATA JIeHTA. [7]

HanmumeTto Ha €BTMHU CEH30pH W O€3KWYHA KOMYHHUKAIUSI
JIOTIPUHACST 32 pa3pabOTBaHETO HA IIHMPOK CIEKTHP OT MPHIIOKEHHUS

- 145 -



CrosioBa T.

KaKTO B TpayKAaHCKaTa, Taka U BbB BoeHHaTa obnact. B Tabnuua 2 ca
0000mIeHN putokeHusiTa Ha BCM.

Tabauua 2. [Mpuaoxenuss Ha BCM

Oomact [Ipenna3znauenue IIpunoxxenus
Mounurtopunr | MouutopuHr Ha | MOHMTOPUHI Ha €CTeCTBEHATa Cpela: YCIOBH
Ha OKOJIHATa | Pa3JIn4HU Ha JUBU >KUBOTHH WM pPACTEHUS B JUBU
cpena mapamMeTpu  WIM | MECTOOOWTaHUS, EKOJIOTWYHM MapaMeTpu Ha
yCIIOBUS Ha | MECTOOOUTAHHUATA, KATO BIIAKHOCT, HaJIATaHe,

OKOJIHaTa cpeaa

TeMIeparypa, U paguanus.

MOHHTOPUHT Ha KauecTBOTO HAa BB3IyXa WM
BOJATa: XUAPOXMMHUYHM II0JIeTa, KOHTPON HA
3aMBPCABAHETO HA BB3/yXa.

MOHUTOpUHI Ha OINACHOCTUTE: MeCTa C
OMOJOTMYHM WM  XMUMHYHH  OITAaCHOCTH,
HarpuMep XUMHUYECKH 3aBOJI HJIH OOWHO roe.
MonuTopuHr TIpu O€ACTBHA: OTKpHUBAaHE Ha
TOPCKH MOXapu WIM HAaBOJHEHWUS, MOCOKa U
MarHuTyJ Ha 3eMeTpeceHHe, KaTo MpefoCTaBs
OIIeHKa Ha 0e30IacCHOCTTA Ha Crpajara.

Boennn
TIPUIOKCHHS

Boenno
KOMaH/IBaHe,
KOMYHHKAIIMOHEH
KOHTPOJ it
HMHTEJIUT€HTHA
crcreMa

MOHUTOPUHT Ha OOMHOTO TOJe: HAIMYHEC U
MpOCIIeABaHEe Ha JBIDKCHHETO HAa BOWCKUA U
CYXOMBTHH  MPEBO3HM  CPEIACTBA,  KOETO
MMO3BOJISIBA HEMPEKbCHATO HAONIOAECHHE Ha
BPaKECKH CHJIH.

3ammra Ha OOEKTa: 3allUTa Ha AaTOMHHU
LEHTPAJIH, CTpaTerH4ecKu MOCTOBE,
MIETPOJIONPOBOIH u ra30MpoOBOIH,
KOMYHHKAIIMOHHH [ICHTPOBE, BOCHHH I11a00Be.
WHTeNUreHTHO  pPHKOBOJEHE: Ja HacouBa
0e3nMJIOTHH  pOOOTH3MpPAHHM  ABTOMOOWIIH,
TaHKOBE, M3TPEOUTENH, TOJBOIHHUIN, PaKeTH,
WA Topmega KbM ~ MHOIGHHTE H [
KOOPAWHHPAT TOMEXIY CH, 32 Ja MOCTUTHAT
Mo-e(peKTUBHY aTaKH WU 3aIUTH.
JlvcTaHIIMOHHO HaONIOJeHNe: AMCTaHIIMOHHO
HAONIOJICHHE Ha SAPEHH, OWOJOTHYECKH H
XUMHUYCCKHU OpPBXKHUA, OTKpHUBAaHE Ha
IIOTCHLMAJIHU TCPOPUCTUYHH aTaku, u
pasy3HaBaHe.

IIpunoxxenus
3a
3/[paBeornas-

3a na ce
HaOIr01aBaT u
MPOCIIE/IBAT

IloBeneHuecku MOHUTOPHHT: Ja ce
Ha6J'IIO,IIaBa MOBEACHUECTO HAa MallM€HTa Yy J0Ma
C 1I€J1 nOpeaynpexaaBaH€ Ha JICKApUTE 3a
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BAHCTO

MalyeHT,  KaTo
[0 TO3M Ha4YMH
3HAYUTEITHO ce
o0JiekuaBa
HEIOCTHUra Ha
MEIUIMHCKA
mepcoHan - ce
HaMajsaBaTr
pasxojauTe 3a
3[paBeona3BaHe

npeaoCTaBsgHE Ha
IIoOMO1II.
MenuuHCKO Ha6.]'IIOZ[eHI/I€Z MOHUTOPHUHI' Ha

CIICIIHa MCIUIUHCKA

KU3HCHUTE  TIOKa3aTeNH, IapaMeTpd Ha
OKOJIHATa cpela, KakTo U reorpadcku
MECTOIIOJIOKEHUS 3a JBJITOCPOYHO,

HEMHBa3MBHO ¥ aMOYJIaTOPHO MpOCIEasBaHEe
Ha OOJIHM WJIM BB3PACTHU XOpa ¢ He3abaBHU
MIPeAYIPEKACHNS 10 37paBHU PaOOTHULMN NPH
CIelIeH ciTydaid, He3abaBHM CBHOOWIEHUS [0
MOTPEOUTEININTE 32 TEXHUTE HACTOSIIH 3PAaBHA
CBCTOSIHUS M aKTyaIIM3alllH B peaiHO BpeMe Ha
MeJIUIIHCKaTa JOKyMEHTALUsI Ha
MOTPEOUTEII.

Konrpon Ha
HUHIyCTpHUai-
HUS IIpoliec

3a  HabmroneHHe
Ha

IIPON3BOJICTBEHH-
Te TpouecH U
CBCTOSIHHETO  Ha
IIPOU3BOJICTBEHO-
TO 00OpyIBaHE 3a
HaMaJsBaHE  Ha

pasxoaute 3a
NOAAPBAKKA,

yBEIMYaBaHe Ha
JKHUBOT Ha

MalllMHaTa, KakKTo
u 0e30macHOCTTa
Ha [epcoHaIa

MOHHTOPUHT ¥ KOHTPOJI Ha IPOM3BOJICTBEHUTE
Ipolecu: HaOIIOCHHE H KOHTPOI Ha MOTOYHU

JIMHUM, TPOM3BOJACTBEHU TPEINPUATHI U
MPOLECH.
MOHHTOPUHT Ha CBCTOSIHUETO: Ha

TpBHOONIPOBOIU U MAIIIMHHL.

CurypHOCT H

3a  mabOmoaeHue

WUnentudunmpane W mpociensBaHe — Ha

Haa30p Ha  Crpagd ¥ | HapyIIUTEeNM: paslojiaraHe Ha CEH30pH B
KPUTHYHA crpaja, JeTHINa, MOJJIe3H, KaKTO M JPYrd
HHCTaJAN KPUTHYHH  WHQPACTPYKTYpH, Harpumep
aTOMHHU SJIEKTPOLICHTPAIN WIH
KOMYHHUKaIlMOHHU LICHTPOBE 3a
uneHTHGUIMpaHe W TpociesBaHe  Ha
HAPYLIUTENH C LeJ Ja OCHUTYPH HaBPEMEHHH
CHIHAJIM3UPaHHMS U 3aIliTa OT aTaKH.
Jomarmau 3a ne ce ocurypu | MHTenureHTeH IOM: smart XJIaJMIHUK CBBP3aH
MpPEXH no-yao0Ha U | cbc smart Te4yKa WIM MHKPOBBIHOBA II€YKa
MHTEJIMTeHTHA MOJKE J1a C€ M3II0JI3Ba 33 U3TOTBSHE HA MEHIO,

XKU3HEHa cpena 3a
xopara

Bb3 OCHOBA Ha CHABPKAHUETO Ha XJIAAWJIHHUKA
U Ja u3npatu CHOTBECTHUTEC MNapaMEeTpu 3a
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TOTBEHE Ha smart nevkara inis
MHKpDOBBJIHOBaTa IedKa 3a  OIpe/elsHe
JKeJaHaTa TeMIlepaTypa W BpeMe 3a TOTBEHE.
Bw3MoxkHa € M peanm3anys Ha OTHAJCYCHO
HaOJII0OIeHHEe U KOHTPOJ Ha ChIbPXKAHHETO Ha
TeseBu3op, Buaeo, DVD umu CD mebpu.
OtpanedeHo  HabOroAEHHE: IpU  HEro
JUCTAaHIMOHHO Jla MOXE Ja ce oTderar
MOJe3HH JaHHM B JIOMa, KaTo BOJa, ras,
SNIEKTPUYECTBO W CJIeA TOBa JAa HW3IpaTu
MIOKa3aHMATa Ha OTJAJedeH IEHTBhp 4Upe3
0e3)KnIHa KOMYHHKAIHSI.

CrplecTByBaT peAnlia MpeAoKeHN MPOTOKOIH 32 pyTUpaHe B
BCM. PaznuyHute NPUIOKEHUS HU3UCKBAT pa3IdyHU BHUAOBE
NPOTOKONM 3a pyTHpaHe, KOWUTO HWMaT pa3iuyHU CTENeHH Ha
HagekaHoCT. [7, 8] Cropea KOHKPETHOTO TPHIIOKEHHE, TIPOTOKOIUTE
ca:

e Monutopunr Ha okonHara cpena - SPAN, GAF, COUGAR,
ACQUIR, DD

e Boenna o6nact — GAF

e 3apaBHu rpmka - GBR, SAR

e Kontpon Ha uHAycTpHanHus npouec — SAR

o Jlomamnu mpexu - GRER, APTTEN.

5. 3BAK/IIOYEHHUE

Pytupanero B BCM e akryanna o0xacT 3a u3cCiieABaHE, KOATO
uMa 3a 1ieJl 1a YABJKY XKUBOTa HAa MPEKa.

B Tasm cratus ca mpencTaBeHH NpeAU3BHKATENCTBaTa MPEr
BCM, rpynupanu ca pyTuUpamure HPOTOKOIM Ha 0asza pexuM Ha
(GyHKIIMUTE, MpEXKOBa CTPYKTYpa W THIA HA y4acTHE Ha CEH30PHHUTE
Bp31M. ChIIO Taka € TMpeicTaBeHa KiIacu(UKaluaTa Cropeq
Pa3MOJIOKEHUETO U CHIOpea NpuioxkeHusTa Ha bCM.

Beopekn,  MHOrooOpasueTo OT pyTHpAaIld MPOTOKOIU H
TIPUJIOKEHUS], BCE OIlle UMa MHOTO TPETU3BUKATEIICTBA, KOUTO TPsiOBa
Ja ObJaT pemeHd B Oe3KMYHUTE CEH30pHU Mpexd. Yact or Tix ca
CBBbp3aHU C H3cielBaHe Ha epEeKTHMBHOCTTA Ha WH(OpPMaLUOHHATA
3aIUTa B Te3H Mpexu. [12]
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