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ON THE COMPOUND BINOMIAL DISTRIBUTION*
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ABSTRACT: In this paper a compound binomial distribution with geometric compounding
distribution is analyzed. We derive some of its basic properties, recursion formulas and probability mass
function. Then, the method of moments estimation for parameters of a compound binomial distribution

is applied.
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1 Introduction

In the present paper we consider a compound probability distribution, which has the form
(D N=X+Xo+...+X7.

Here the random variable Z belongs to the class of the Generalized Powers Series Distributions.
The binomial, negative binomial, logarithmic series and Poisson distributions belong to this class,
see [10]. The random variables X; are independent, identically distributed as random variable
X, which has a geometric distribution with parameter y € (0,1). In [3] is defined a compound
Generalized Powers Series Distributions, where the compounding random variable X has a shifted
geometric distribution with parameter 1 — 7, denoted by X ~ Ge (1 —7), y€[0,1).

In the insurance risk theory, some of the Generalized Powers Series Distributions are used
for the number of claims during a given time period. The random sum N is interpreted as the
aggregate claim amount in the risk model and we say that the random variable N has a compound
distribution. When Z has a Poisson distribution, then the random variable N has a Pélya-Aeppli
distribution, see [2]. When Z has a negative binomial distribution, then the random variable N has
a compound Pdlya distribution, see [4].

In the literature there are many generalizations of the classical risk model. One such gener-
alization is by compounding of the counting process, which is the homogeneous Poisson process
in the classical risk model. For example in [7] is defined Pdlya-Aeppli process. Another such
generalization is by mixing, see for example [1], [5] and [6].

The rest of this article is organized as follows. In Section 2, we consider a compound bino-
mial distribution and derive its probability mass function, some properties and recursion formulas.
In Section 3, the method of moments estimation for parameters of a compound binomial distribu-
tion is given.

2 Compound binomial distribution

In this section we consider the random sum (1), where the random variables X; are inde-
pendent, identically distributed as random variable X. In this paper, we suppose that the random
variable X has a geometric distribution with parameter y € (0,1), denoted by X ~ Ge(7y). The
probability mass function and probability generating function of the random variable X are given

by

2) qi:P(X:i):}/(l—’Y)i, i=0,1,...
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and
3) Wl(s):T7 s <7

Let the random variable Z is independent of the random variables X;, i = 1,2,... We suppose
that the random variable Z has a binomial distribution with parameters n € N and 6 € (0,1),
denoted by Z ~ Bi(n,0). Then the random variable N has a compound binomial distribution with
compounding random variable X.

The probability mass function and probability generating function of the random variable Z
are given by

) P(Z=i)= (’:)ef(l—e)"—", i=0,1,....n
and
(5) yz(s) = (1-6+6s)".

Then the probability generating function of N is given by

(6) y(s) =yn(s) = (1-0+0yi(s))",
where i (s) is the probability generating function of the compounding distribution, given by (3).

Definition 2.1. The probability distribution of the random variable N, defined by the probability
generating function (6) and compounding distribution, given by (2) and (3) is called a compound
binomial distribution with notation N ~ compBi(n, 0,7).

Remark 2.1. The mean and the variance of the compound binomial distribution are given by

£ =020,
Y
LS TSRS
For the Fisher index of dispersion we obtain
Var(N) (1-7)(2-6)
FI(N) = =14+ T,
N ="Ew) Y

i.e. the compound binomial distribution is over-dispersed.

It is known that when FI(N) < 1, the distribution is called under-dispersed. When FI(N) =
1, the distribution is equi-dispersed and when FI(N) > 1, the distribution is over-dispersed, see [8]
and [12].

From Remark 2.1 follows that the compound binomial distribution is over-dispersed related
to the Poisson distribution, which FI(N) = 1. This makes the compound binomial distribution
suitable for financial data.
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2.1 The Probability Mass Function

The probability function of the random variable N is given by expanding the probability
generating function y(s) in powers of s. Denote by f(i) = P(N =i), i =0, 1,..., the probability
mass function of the random variable N. We rewrite the probability generating function of (6) in
the form

m=0
(i) IVy(s) . -

Denote by y\"(s) = 5 fori=0,1,..., the derivatives of y/(s). From (7) we get the follow-

s
ing

m:1 (1 - Y)S)’”*" '
From [2], it is known that
(@)

©) =¥,

Theorem 2.1. The probability mass function of the compound binomial distribution, denoted by
N ~ compBi(n,80,7), is given by

f0) =(1-6+67),
(10) .
f@) == L )" On) 10y i=12,...

Proof. The initial value f(0) = (1 — 6 + 67)" follows simply from the probability generating

function y(0) = £(0). Then (10) follows from (8) and (9).
O

On Figure 1 is given a graphic of the probability mass function of the binomial distribution,
denoted by Z ~ Bi(n,0). On Figure 2 is given a graphic of the probability mass function of the
compound binomial distribution, denoted by N ~ compBi(n,0,7). A graphic of the probability
mass function of Z ~ Bi(n,0) and N ~ compBi(n,0,7) is given on Figure 3. All these graphics
are made forn =20, 0 =0.7 and Yy =0.5.

From Figure 2 we see that the tail distribution is longer than the tail distribution on Figure
1. From Figure 3, one can see that the tail of the compound binomial distribution becomes heavier
than the tail of the binomial distribution.

The following proposition gives an extension of the Panjer recursion formulas (see [9]).

Proposition 2.1. The probability mass function of the compound binomial distribution satisfies the
following recursions

i—1
A1) (1-6+07)if()=0-9)|(1—-0)(i-1)fi—1)+n0 Y qif(i—j—1)|,i=2,3,...

j=0

and f(1) = 1241 g0 £(0) with f(0) = (1— 6 +67)".
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Figure 1. The PMF of Z~Bi(20, 0.7)

0,080

0,070 +

()

01 2 3 4 5 6 7 8 910111213 141516 17 18 19 20
1

Figure 2. The PMF of N~compBi(20, 0.7, 0.5)
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Figure 3. The PMF of Z~Bi(20, 0.7) and N~compBi(20, 0.7, 0.5)

Proof. Differentiation in (6) leads to

Iy (s) no(1-7)
(12) i (1_9)(1_(1_Y)s)wywl(s)w(s),

™=

n N i 0y(s
where y(s) = ¥ f(i)s', 24 =

(i+1)f(i+1)s, and yi(s) = E‘, q;s’. The equation (12) has
i=0 i=0 Jj=0
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the form

n

(1=0)(1—(1-7)9) +07 L (i+ DA+ 1) =nb(1-7) £ ()5 T g6

= j=0
Changing the variable from i+ j=1=1i=1[— j, yields
n oo n+j

(1=0)(1 = (1=7)9)+ 0 L (4 Dfi+ 1) =n0(1—7) T gy ¥ 71— )5

Interchanging the order of summing in the double sum and equivalent transformations results in

. n+1 .
1-6+07 £ (+ f(i+1)s = (1-0)(1-7) ilif(i)s’
00 -7) | L X qifi-)+ L ¥ afli=)| s
=0 j= I=n j=1—n

The recursions (11) are obtained by equating the coefficients of s* on both sides for fixed i =
0,1,2,... For i = 0 follows that

n6(1—7y)

=167 6y

q0f(0).

Fori=1,...,n

(=04 07)(i+ fG+1)=(1—7) | (1-0)if() +n0 Y a;f(i— )|,
j=0

and hence (11).
O
In the next proposition we give an alternative recursion formulas.

Proposition 2.2. The probability mass function of the compound binomial distribution satisfies the
recursions

(1-0+6y)if(i) =(1—-y)[(i—1)(2-20+07y)+n0Y]f(i—1)
(13)

—(1=7)?(1-6)(i—-2)f(i—2),i=2,3,...

and f(1) = 241 £(0) with £(0) = (1— 6+ 67)".

Proof. Differentiation in (6) leads to

B no
N 1—9+91,U1(S)

(14) v (s vi(s)w(s),

~—

where y(s) = f f(i)s', alggs) = f (i+1)f(i+1)s', and
i=0 i=0

roy . A=7y
Vi) = i
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is the derivative of (3). So, the equation (14) has the form
(1-8)(1 = (1=7)9) +67(1 —(1-7)9) £ -+ Dfi+ )5’ =n6y(1 =7) L ()"

or equivalently

(1-6467) io(i+ D+ =(2-20+67)(1 —y)'}il if(i)s'
~(1=72(1-6)E (1= 1)fi= s/ +n03(1 ) £ )5

The recursions are obtained by equating the coefficients of s' on both sides for fixed i = 0,1,2,...
O

3 Method of moments
3.1 The Procedure

Let X1,X5,..., are independent, identically distributed random variables, which have some
distribution. Then the kth moment of the distribution is defined by

e = E(x").

For example u; = E(X) and u, = Var(X) + (E(X))>.

The procedure follows these four steps (see for example [11]):

1) If the model has m parameters, we compute m moments, L, HUs,..., M, and obtain m
equations with m unknowns.

2) Then we solve so that these m parameters as a function of the moments, i.e. every param-
eter we express by i, i =1,2,...,m.

3) After that, based on the data X = (X1, X>, ..., X,), we compute the first m sample moments,

n

v 1

4) We replace the distributional moments i, by the sample moments X",

3.2 Example - compound binomial distribution

Let us denote by u; = E(N¥), the kth moment of the random variable N. Using that

Hi = y )
1-7)(2-6
o =E(N?) = 1+u1+% ;
3
/,LSZE(N3):(:Tl)2[(n—l)(n—2)92+6(n—1)9+6}—1—31.12—2/.11,

by the method of moments for the parameters n, 6 and Y of the compound binomial distribution,
we obtain
(X)2[2XX2 + 2X2(X)2 = 2(X)* — (X2)2 = (X)* — (X)* F |ulv]

"= u(v: =+ |ulv) ’
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P—— n
and Xk=1% xk k=123
i=1

Table 1.
Observed
370410
43000
3930

300

27

3

0

NN BN —| O ~.

v

Taking the data from the Table 1 we obtain the following moment estimates for the parame-

tersn,0 and y: n =2, 6 =0.972 and ¥ = 0.937.
Concluding remarks

In this paper we have introduced a compound binomial distribution as a compound binomial

distribution with geometric compounding distribution. Also, we find the moments, the recursion
formulas and probability mass function and then the method of moments estimation for its param-
eters is applied.
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