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ABSTRACT: In this report we show that any p-group which is of nipo-
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1 Introduction

In [1] James gives a description in terms of generators and rela-
tion of all p-groups of orders < p®. The groups in the list are collected
together in isoclinism families. Two groups G and H with centers Z(G)
and Z(H) and derived (i.e., comutator) subgroups G’ and H' are said to
be isoclinic (written G ~ H) if there exist isomorphisms

6 : G/Z(G)—H/Z(H),
o : G —H,

such that ¢ ([e, B]) = [o, B’] for all &, € G, where
o'Z(H)=0(aZ(G))) and B'Z(H) = 0(BZ(G)). It is easy to show that
this relation is well defined and is in fact an equivalence relation. The
pair (6,9) is called and isoclinism.

Next, recall that a group G is said to be of nilpotency class 2 if
G' < Z(G). Assume that a group G of nilpotency class 2 is an internal
product of two abelian subgroups A and B. Based on the definition of
isoclinism, we arrive to the hypothesis that G is isoclinic to a semidirect
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product of two abelian groups: G ~ F = A x B. The technical verifi-
cation of this claim however is rather long and complicated. The main
idea is to define the group F such that it removes the obstacle for an in-
ternal product to be a semidirect product and then define and isoclinism
between G and F'. We will illustrate this process in the following section
for a group G with 4 generators.

2 On isoclinism of a p-group of nipotency class 2 which is
an internal product of two abelian groups

Let G be a p-group of nilpotency class 2, let B be an abelian nor-
mal subgroup with two generators, and let the quotient group G/B be an
abelian group with two generators. We can write G as an internal (not
necessarily semidirect) product BA, where B = (B, 3, : B - By 2
L[Bi,B]=1)and A = (o, 00 : a{’al ,chaz, [ot1, z] € B) for some pos-
itive integers ay,az, by, b;.

There are two possibilities for [0, o] that we need to consider
separately in order to construct a semidirect product.

D). If [0y, 0] = 1 then o o € Z(G)NB. Denote p' =
ord(e;Z(G)) for i = 1,2. Deﬁne F to be the semidirect product F =
B x A, where A = (0,0 : 0‘1 = &éﬁ =1,[a, ;] =1) and A acts on
B in the same way as A on B. Next, define amap 6 : G/Z(G) — F /Z(F)
by 0 : Z(G) — aZ(F),BiZ(G) — B,Z(F) for i = 1,2. An easy veri-
fication shows that 6 is an isomorphism. Since G is of nilpotency class
2, we have G’ <Z(G)NB. If [B;, ;] is a generator of G’ (for some i, /),
define a map ¢ : G' — F' by ¢ : [B;, ;] — [Bi, &;]. Therefore, ¢ is an
isomorphism and &;Z(F) = 6(a;Z(G)), so G and F are isoclinic.

(IT). We will assume henceforth that [oy, ap] # 1. Denote p*
max{ord([S;, OC]]) 1 < j<2}fori=1,2. Itis not hard to see thatﬁp
Z(G)ﬂBandﬁip ¢ Z(G)NB fork < s;,i =1,2. If BBy ¢ Z(G) NB for
all positive integers X,y x < pty < p%, then Z(G)N B is generated by

r ! and B2 However, it is possible that B{'B; € Z(G) N B for some
X y x < p't,y < p*2. Choose the minimal integers x and y with this
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property, and denote x = x'pk |y = y/pk* for some x',y' : ged(¥', p) =

ged(y,p) = 1,0 < ky < 51,0 < kp < so. We can suppose that k; < k.
Then B85 = (B B Ve Al) P € Z(G)NB, and put B = B B3 PR e
have now B“’l ﬁ”sl ﬁ;y,pkrklﬂl, S0 2”2 e € Z(G)NB. There-
fore, we must have ky —k; +s51 > 5o, If kp — k1 +51 = 55 then [3{‘?2 S
( f’il B, e, Bf’sl and 7" are the two generators of Z(G)NB. If
ko —ky + 51 > 57 then ﬁf‘yl € ( féz,ﬁpkl ), i.e., stz and 7" are the two
generators of Z(G) N B.

Taking into account what we just observed and the considerations
that will follow, we can assume that Z(G) N B is generated by some
powers of the two generators f3; and 3,. We are going to consider the
following three cases:

I Z(G)NB is generated by 7" and B7°, where r| € Z .y \{0},r2 €
Z 5, \{0}.

II Z(G)NB is generated by f; and Béﬂ, where r; € Z , \ {0}
III Z(G)NB is generated by B and f,.

Case L. Let Z(G) N B be generated by B”' and B7°. Denote
¢; =b;—r; for i = 1,2. Since the commutators of G must lie in the

centre of G (recall that G is of nilpotency class 2), we can write [B;, oj] =
1 -
lu”p ﬁzv”p for some u;j € Zpei,vij € Zp. We also have [o, 0| =
@' BEP for some a € Zyer b € Ly

Denote

P = max{ord([ay,a]),ord([B1,au1]),ord([B2, 1))},
p? = max{ord([ou,0n]),ord([B1, o)), 0rd([B2, 22])}.

Hence of" € Z(G) and o ¢ Z(G) for k < pf. Let F be a group
generated by elements ¢, ﬁ,, ¥; for i = 1,2 such that a ﬁip - yf('i —
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1,[0u, ) = Y7, 1B, 0] = v,\"1,", where ¥ € Z(F). Without loss of
generality, we may assume that [0, 0p] = 74, since we can adjust the
central generators y; and 7}, so that yfyf is a power of one generator.
(For example, if a = a'p*,b = b p' and k < [, we may put ¥, = y* }/z’,plik,
so [0, 0] = yipk.)

Define a map 6 : G/Z(G) — F/Z(F) by 0 : ,Z(G) — 04Z(F)
and B;Z(G) — BiZ(F) for i = 1,2. We have |G/Z(G)| = p*+i+n+n =
|F/Z(F)|. Hence 6 is an isomorphism. Define a map ¢ : G’ — F' by
0 Bl.pri + ¥, for i = 1,2. Then ¢ is an isomorphism and ¢ ([;, «;]) =
[Bi, &j], where BiZ(F) = 6(BiZ(G)),o;Z(F) = 6(a;Z(G)), so G and F
are isoclinic. We are going to show that F' is a semidirect product of
abelian groups.

We need to simplify the rules of the commutators by suitable re-
placements of the generators. These replacements can be associated
with simultaneous transformations on the rows and columns of the fol-
lowing two matrices:

up u vip v
U= (M w2 and V= (V11 Vi2)
Uy U V21 V22
Henceforth we are going to apply two types of replacements of
the generators that can be illustrated by matrix transformations.

o7 Replace the generator E2 with another generator f3; = BZ Bf for some
integer x. We have [B,a;] = 7, g % " In terms of matri-
ces, this replacement corresponds to the simultaneous addition of
the first rows of U and V, multiplied by x, to the second rows.

This we can illustrate with the following diagram:
U= (W W2 ndan ui u12 ’
upp U Uzl +Xxu1 U2 +Xu1

v v ry+xr 1% v
V— 11 V12 \ rn+txn 11 12 ‘
V21 V22 Va1 +Xxvi1 v +xvye
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% Replace the generator 052 with another generator &) = @, 0 for some

integer y. We have [f;, o] = YRRV n terms of matri-
ces, this replacement corresponds to the simultaneous addition
of the first columns of U and V, multiplied by y, to the second
columns. This we can illustrate with the following diagram:

Uil U2\ ctya [ urr uiz +yur
U= ftva, Yy
Uy U Uy U +yusy

vo (V1 Viz) efa (Ve Vi +yvi .
Va1 V22 Va1 Voo +yuni
Next, choose the entry of V that has the smallest power of p as a
divisor. If necessary, we interchange the generators ([31 < Br, 0y < ),
so that we may assume that this entry is vi;. Then there exist integers

x,y such that vijx = —vp; (mod p®?) and vi;y = —vi2 (mod p?). We
can apply transformations .7 and % to get

yo (Vi oviz) e (v 0

Va1 V2 /) ety \ O v
and U is transformed into a matrix with entries that we will denote again
as u;;. We are going to consider the possibilities for the values of uj;

and urt.
Sub-case I.1. Let u1, # 0 and ord(,"*) > ord(y{). Then (") =
;¢ for some z € Z . We can replace oy with af = a5, so [, 0p] =
[al,az] [Bl,az} Yy ¢ =1 ThentF is a semidirect product: F =
B>4A where A = (o], @ : ocl = &22 =1,[o, 0] = 1) and
— (B1, B 1o pl: =y = = BBl = 1).
Sub-case 1.2. Let uz1 #0and ord(y;*') > ord(7{). Then (y}*')* =
¥{ for some z € Zyei. We can replace o with o) = axf35, so [y, o] =
[a, 0] (B2, 00]F = ¥y;“ = 1. Then F is a semidirect product: F =
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BxA, where A = (@), ) : oc1 —océtz—l 61, 04] = 1) and
B=

BiBovra: B =B =r" =¥ = 1B, B =1).
Sub-case 1.3. Let uip # 0,u21 #0 ord(y"“) <ord(y) and

ord(7}"?) < ord(y{). Then ¥/"* = (¥)* and y*' = ({)" for some w,z €
Ly . Define B = Bia a;* and B} = ﬁzaﬁv We have now [B], ] =
[B;, 1] =1and [[31’,[32] y“m It is not hard to see that F is a semidirect
product: F = BX A, WhereA <ﬁ1,(x2 [3 = ~p2 =1,[B,a]=1)
andB=(Br.an.n. 1B =af =7 =¥ =1 [Brau] =1).

Sub-case 1.4. Let Upp = Uy = 0. Then F is a semidirect product
F=BxA, whereA <ﬁ1,a2 BI' =& =1,[B1,0] = 1) and B =
Brar,n By = =y = Vp2—1 [32,061]—1>

Case II. Let Z(G) N B be generated by P and B2 Denote ¢, =
by — ry. We can write [, o] = ﬁluzfﬁzvz’p for some up; € Z p, ,vj €
Zper. We also have [y, 0p] = ﬁfﬁé”ﬂ for some a € Z p;,b € Zper.

Denote

p" = max{ord([ou, o)), ord([B, 0u])},
p? = max{ord([ay,x]),ord([B2, 22])}

Hence o e Z(G) and Ocpk ¢ Z(G) for k < p'i. Let F be a group gen-
erated by elements ¢, ¥;,i = 1,2 and ﬁz such that a” ' 5’ - y{’bl =

yf =1,[a1, %] = %, Bz,aj Y79, where ¥ € Z(F). Without
loss of generality, we may again assume that [, 0] = 4.

Define a map 6 : G/Z(G) — F/Z(F) by 0 : ,Z(G) — 04Z(F)
and BoZ(G) — BZ(F) for i = 1,2. We have |G/Z(G)| = ph+otr =
|F/Z(F)|. Hence 6 is an isomorphism. Define a map ¢ : G’ — F' by
¢ : B1— 71,8 — 1. Then ¢ is an isomorphism and ¢ ([B2,a;]) =
(B2, ], where BoZ(F) = 0(BZ(G)),0;Z(F) = 6(a;Z(G)), so G and
F are isoclinic. We are going to show that F is isoclinic to a semidirect
product of abelian groups.
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Define the matrices

U:<0 O> and V:(O 0).
Ul U V21 V22

Next, choose the entry of V that has the smallest power of p as a divisor.
If necessary, we interchange the generators (& <+ O;), so that we may
assume that this entry is vo>. Then there exists an integers x such that
voox = —vp1 (mod p©?). We can apply transformation % to get

( 0 0 ) <0 0 )
V= — )
Vo1 Var ) citxes \O v

and U is transformed into a matrix with entries that we will denote again
as u;; (of course, we again have u1; = u1 = 0). We are going to consider
the possibilities for the values of uy;.

Sub-case IL.1. Let uy; # 0 and ord(y}*') > ord(}ﬂ) Then (y7,*')* =

¢ for some z € Z,1. We can replace &, with o) = Otzﬁz, so [ay, Otz]
[OC] o] [[32, o)t = y“}/l =1. ThenF is a semidirect product: F = B
A, where A = (o, 00 0‘1 = oc2 =1,[oq,0]=1) and B = (ﬁz,yl,yz :
B =y = =)

Sub-case IL.2. Let us; # 0 and ord(y}*'") < ord({). Then y}*' =
(v')" for some w € Z p, . Define 8, = BZ&EV- We have now [B),04] = 1.
It is not hard to see that F is a semidirect product F =B x A, where

<B2,061 /p2 Np] =1 [ﬁzval] = l> andB <062,71,72 : &5’2 =

yf — =)

Sub-sub-case I1.3. Let up; = 0. Then F is a semidirect product:
F=BxA, where A= (a1, : & —Egrz =1,[B, 4] =1) and B =

<&2,'}’1,'}’2:(X2 YP ,)/1"2 _1>
CaseIlIL Let Z(G )ﬂB be generated by B; and f3,. Then [B;, oj] =

1 foralli,j:1<i,j<2, and [0y, 0] = BBY for some a € Ly sb €
Z,p, - As we noted before, B ﬁzb can be written as a power of one gener-
ator of B, i.e., we can assume that [, 0p] = B for some a € Z ;. Then
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G is an internal product BA, where A is an abelian group generated by
oy, B, and B is a normal abelian subgroup of G generated by o, 3.
Now we can apply our argument from the beginning of this section to
conclude that G is isoclinic to a semidirect product.
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