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ABSTRACT: In this paper we consider the dynamical behavior of solu-
tions near explicit self-similar solutions for a strong dispersive nonlinear wave
equation. First we construct explicit self-similar solutions, then we investigate
dynamical behavior of the solutions near to the self-similar solutions.
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1 Introduction

In this paper we consider the following strong dispersive nonlin-
ear wave equation
(1.1)

Ur — azutxx + 2kux + 3””}( + }’(M - azuxx)xxx = a2 (Zuxuxx + uuxxx)7

Equation (1.1) is a version of the following well-known generalization
of the Dullin-Gottwald-Holm equation [1]

(1.2) U — Oty + 201y + Sttty + Vihyrr = a2(2uxuxx + Uty ),

Equation (1.2) is derived in [1] as a model for shallow water waves. The
Cauchy problem for the equation Dullin-Gottwald-Holm in both peri-
odic and non periodic case was studied in [4, 5, 6]. For (1.2) the prob-
lem of the asymptotic stability of self-similar solution was considered
in [3]. The authors construct explicit self-similar solutions and consider
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the dynamical behavior of the solutions near to the self-similar solu-
tions. Moreover the asymptotic stability also was considered. Our aim
in this paper to construct self-similar solutions of equation (1.1) and to
consider dynamical behavior of the solutions arround of these solutions.
Paper is organizated as follows. In section 2 we construct the
explicit form the self-similar solutions. In section 3 we investigate dy-
namical behavior of the solutions near to the self-similar solutions.

2 The explicit self-similar solutions

In this section, we construct self-similar solutions for equation
2 2 2
U — O Uppy + 2kt + Sunty + Y (U — Aty ) o = A7 Lyl + Uy )

(t,x) e RT x R.
Let the parameter T be a positive constant. We introduce the similarity
coordinates

(2.1 T=—log(T —1t), p=

T—t

then we denote by

t

u(t,x) = ¢ (—log(T —1), Tx_) :

direct computation gives that

iy (1) = € (9c+ PBp), (1) = €76,

xe(1,X) = € Ppp, e = € (Prpp +20pp + PPppp ),

Upr (2, X) = e3f¢ppp, U (1,X) = eSTq)ppppp.

Thus Eq. (1.1) is transformed into an one dimensional quasilinear
equation

O+ (p+2k+30)0p — O‘zezr(q)rpp +20pp +POppp)
(2.2)

+Ye (9 — e Bpp)ppp = 7€ (20p Ppp + 9 Pppp)-
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The steady equation of quasilinear Eq. (2.2) is

(2.3) (p+2k+309)9, =0,

which is an ODE. Direct computation shows that it admits a non-trivial
solution

1
(2.4) ¢(p) =—3(p+2k).

Consequently, the Eq. (1.1) admits an explicit self-similar solution

(2.5) u(t,x) = —% (Tx_t +2k> .

3 Dynamical behavior

Consider the perturbation of the form

(3.1 u(t,x) =v(t,x)+u(t,x),
where 7(f,x) = —1 (7% +2k) is the explicit self-similar solution given
in (1.1).

We substitute (3.1) into (1.1), then a dissipative quasilinear equa-
tion with singular time coefficient is obtained as
2
Vi — 0 Viy — YOV e + (}/—i— L (A + 2k)> Vi

(3.2) 20 . L,

T3 Ve T T T T
= 02 (2V Ve + W) — 3y, VY(t,x) € (0,T) x R,

with the initial data v(0,x) = vo(x) = ug(x) + 3 (3 +2k) .
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In the similarity coordinates (2.1), Eq. (3.2) can be rewritten as
follows

Ve — OczeZTvap — %ezrvpp + %7 (Y—i— %(k - p)) Vopp
(3.3)

2n/,,4T — 2,27
— 0 Ye Vppppp — V+H3vvp = e T (2vpvpp +Vppp)-

We introduce the transformation v(7,pg) = e~ "v(7,p), withpy:=e~*p,
to reduce Eq. (3.3) into

_ ” o o s 202 _
Ve = & Vepopy — 3 VPopo te YV — & Vpopq ) popopo + 3 (k= P)Voopopo
2 = - - 2rs —_—

+07PoVpypopy 1 (3V = P0)Vpy = &7 (2VpyVpopg +V Vpupopo )-
Note the operator 1 — 0t>dp, p, has a fundamental solution p(x) = 7-e

,‘m‘
ol

We can denote the operator (1 — a2dp,p,)2 by A, then A=2 =
p(po)xV for all v € .2,

Let w(t, po) = ¥(T,00) — &*Vp,p, (T, P0), then it holds ¥(7, pp) =
p*w, where pp € R and x denotes the convolution. Furthemore, Eq.
(3.3) can be rewritten as a dissipative non-local equation

we+ %W —e" (M) Wpo + Yeipropopo - %(p*w)
G e (2EP) (pew)p, + 3 (pw) (0w,

=2(p*xw)py(pxw—w) + (p*w)((p*W)p, —Wp, ),
with the initial data

w(0,P0) :=wo(po) = vo(Po) — &*Vpp, (0, P0)
3.5)
= up(x) — o?uy(x) + 3 (% +2k)
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and the boundary condition
(3.6) lim w(t,p0) =0, lim wp(7,p0) =0.
lpo|—+o0 lpo|—=+e

Here we use (pxw)pyp, = A 2(pxw—w).

The term (1 — %) w is a dissipative term in Eq. (3.4). This term
can make us to get a good priori estimate on the solution for Eq. (3.4).
We recall a commutator estimate established in [2].

Lemma 3.1. [2] Let s > 0. Then it holds
G A upvle < C([[0wlli- A Wil + | A%u]l 2 [v]e-)
where positive constant C depending on s.

We now derive a priori estimate of the solution for Eq. (3.4). Let
s > 0. Applying A* to both sides of (3.4), it holds
(3.8)
(Aw)r + 3AW—e A {Zk“ £ Wpo} +7e" " AWy popo

—EA(prew) e A [ZESTR () [ 4300 () (pewpy

= 2N [(pxw)py (pxw = w)] +A* [(pxw) ((P*W)p, —Wpy)] -

Lemma 3.2. Let s > 4. Then any solution w of Eq. (3.4) satisfies

1w sy < Ce™" || wo llms(m

where C is a positive constant, depending on s.
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Proof. Taking the IL?-inner product with equation (3.8) by A*w,
we get

— 2k+e”
eIl 3wl — e i A [ 2557wy, | dpo
+re " [p AWA [Wpgpypoldpo — 5 [o AW (pxw)dpo

+e T [r ASwA? M(p*w) dpo
(3.9) R [ 3 Po]

+3 [g AWA* ((p5w)(p*w)p, ) dpo
=2 [pAWA [(P*W)po (prw— W)} dpo

+f]RASWAS [(p*w) ((p*w)po _Wpo)] de

Next we estimate each of terms in (3.9) . On the hand, we use
integration by parts to derive

Jr A wA? [mwm} dpo = Jr [Z"Zﬂwﬁm} A¥wdpy
(3 10) — _%er fR ASWASde() o % fR 2k+3eTP0 (ASW)[ZDode

= —3e" (w3,
and
1
(3.11) /RASWA‘Y [WPOPOPO] dpy = —3 /R(Aswpo)f)odpo =0,
and

(3.12) %fRASwAS(p*w)dpo = %HWH%HS,I,
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and
AW [ (), Ly

GBI = Ze7 fu A twA ™ wdpo + § fie 572 (A w3 dpo
= e"[[wllf,

and

- 3 fie AWA® ((p>w) (p*w)ay) dPo = —3 o wpy (A~ 'w)2d o

< 3 I woo =l w a5 1w [

On the other hand, by (3.7), Holder inequality and H*'~' c L
with s > 4, we derive

2| [ AWA? ((P*W)po(P*W—W)) dpo |

2| JalA% (prw—w))(pw)pAowidpy |
2| [r(pxrw—=w)A*(pxw)p,A’wdpy |

(3.15) <C(Il(prw—w)py [l A (pxw)py 2
+ A (prw—w) 2]l (Pxw)py =) I w [l

+2([ prw—w L= + | (prw=w)pq =) w3

<Cllw
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and

U]R AwA ((p*w)((p*w)Po - WPO)) de‘

= U]R [Asa (p*w)] ((p*W)Po - WPO)A‘YWdPOI

+ |fR(p*W)AS((p*W)pO - WPO)ASde0’
(3.16) < C([[(prw)pollL= | A ((pxw)py —wpy)lI12

+ A (pxw)llz | (P*w)py —wpg ll=) I w [l
+2 || prw [l w1
< Clwll,

where C is a positive constant, depending on s.
Thus using (3.11)-(3.16), it follows from (3.9) that

d, 2 2 _dy 0 2 4 2 3
2o WlEs + Il < —lwlid +lIwlle + 5 1wl < Cllw Iz,

which is a Bernoulli-type differential inequality, it is equivalent to
d, _
= Wil + [l <,
which given that

Iz < Ce™¥wolle-
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