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ABSTRACT: Let G be the compact group of all characters of the additive group of rational
numbers. We study the zero sets of hyper-Blaschke products in the big-disk A .
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1. Introduction
Let /7 be a subgroup of the additive group of real numbers R. We assume that 7~ is
equipped with the discrete topology. Denote by G the dual group of 77, that is, G is the group
of all continuous characters of /. Note that G is a compact abelian group with unit. By the

Pontryagin duality theorem, the dual group G of G is isomorphic to /" and each character on
G is of the type y,, pel, where y,(g)=g(p), g€G. The open unit big-disk A, over G

we call the set A, =[0,1)xG/{0}xG . The points of A, are denoted by r.g, 0<r <1 with the
understanding that all points of type 0.g are identified into a single point, {*} , the origin (or the
center) of big-disk A, . For any p eI, =I'n[0,00)the character y,on G is extendable up to
the closed big disk A, =[0,1]xG/{0}xG in the following way: 7,(r.g)=r".x(g) for p#0
and r#0,7,(*)=0 forany p=0 and 7,=1 on A,. Each function 7,; pe I, \{0}, projects
the closed big-disk ZG onto the closed unit disk A and the open big disk A onto the open unit

disk A in the complex plane.
The uniform closure 4, of finite linear combinations of functions y,, with complex

coefficients, i.e. of generalized polynomials, is the big-disk algebra on A.. 4, is a uniform
algebra on ZG and its elements are called generalized-analytic functions in the sense of R. Arens
and A. Singer. The maximal ideal space (spectrum) M (AG) of the big-disk algebra is the closed
unit big-disk A, ([1]).

Note that if 7 is the additive group of integers Z , then its dual, r=7 , 1s the unit circle
T =0A 1in the complex plane, the open big-disk A, = A, is the open unit disk A in the complex
plane, and the corresponding big-disk algebra, A4, = A(Z), the classical disk algebra. In this

paper we consider the case I'=Q - the additive group of rational numbers and G = @ .
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Let 7" be the group of rational numbers Q and G = @ A function f on the open unit
big-disk is said to be hyper-analytic on A, if f can be approximated uniformly on A, by

functions of type %o 7,,,, where neZ, =7 (0,0) and / is analytic on the open unit disk A.

The algebra of all bounded hyper-analytic functions on A, is denoted by H/ . This
algebra were introduced by T. Tonev ([2],[3]) Under the sup-norm on A., H; is a
commutative Banach algebra with unit. As customary, we identify the functions f e H; with
their Gelfand transforms f e]fl\g’ defined by f (¢)=(f), where @ runs in the spectrum
M(H).

In [4] S. Grigorian and T. Tonev study Blaschke inductive limit algebras A4(b), defined
as inductive limits of disk algebras A4(7) linked by a sequence b={B,}  of finite Blaschke
products. It is shown that a big - disk algebra 4. over a group G with ordered dual 7/~ = GcR

is a Blaschke inductive limit algebra if and only if 7" = Gc Q. They consider also inductive

limits H” (1 ) of classical algebras H” of bounded analytic functions on the open unit disk A,

linked by a sequence [/ = {I k}f of inner functions, and prove a version of the corona theorem

with estimates for it. The algebra H™ (I ) generalizes the algebra H_ of bounded hyper-analytic

functions on an open big — disk.
The pseudohyperbolic distance between two points ¢ and y in the spectrum M (H °°) is

defined by p, . (o.v)= sup{‘h((p)‘ he ball(H”),h(t//) = 0} , where ball(H”) stands for the
closed unit ball of H”. By Schwarz-Pick’s lemma p, . (z,w)=|z—w|/|l-Zw| for z and w in

A ([5]) .Asin H” the H - pseudohyperbolic distance in M(Hg) is given by

Py (997) =sup{[i(p)|: 1 ball(H{ ) h(w) =0},

where ¢ and y belong to M (H o ) The link between H_ - pseudohyperbolic distance in

A. and H” - pseudohyperbolic distance in A is as follows:

Pz (7”1~g1,7”2.g2) =Sup P, (/%l/m (’ﬁ-g1)a)21/m (rz-gz)) .

meZ,

This equality and other relationships between Gleason parts in M (H i ) and M (H w) are
proven in ([6])
A sequence {g,}”

1

in M (H °°) is called interpolating if for every bounded sequence
{an}:o of complex numbers there is a function f e H” such that f ((Pn)=an for all n. A

sequence {%}n in M (H w) is said to be discrete if there exists a sequence of open sets {Un}:o
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with ¢ €U, for every n, whose closures are pairwise disjoint. Every interpolating sequence is
discrete.

An interpolating sequence {z,} " in A is characterized by Carleson [5] as follows

1

iI}prHx (zj,zn) >0.

nn#j

For a sequence {zn}jo in A with Z(l - |zn|) < o, the function

B(z):H_Z”%, zeA,

is called a Blaschke product with zeros {zn};ﬁ. If {zn}:o 1s an interpolating sequence, then

B(z) is also called interpolating. Each Blaschke product B is an inner function, i.e. ‘B(e”’j )‘ =1

almost everywhere on 7.
In this paper we study the zero sets of interpolation hyper — Blaschke products, i.e. the

functions of the type b, =bo y,, , where b is a Blaschke product on A and meZ, . Also we
prove certain properties to a class of interpolating sequences in A, .
2. Zero sets of hyper-Blaschke product and interpolating sequences in A .

Given an meZ, the set H,,, = {ho;}”m the H°°} is a subalgebra of H . It is easy to

see that H,, < H|;, whenever m=kn for some keZ, . The map h— hoj,, is an isometric

algebra isomorphism between H” and H|, . By definition the set UHffm is dense in H, i.e.

the closure {H fj’m}:o coincides with H. .

For an arbitrary function f € H” and meZ, we denote the zero set of f in A with
N(f) and with N(f,) - the zero set of f, =foy, €H] in A; ie.

N(/) = {zh (N (1))
Let b be a Blaschke product on the open unit disk A and m e Z_ . The function of the
type b, =bo y,, ~we call hyper — Blaschke product on the open big disk A_. The hyper —

Blaschke product b, is an inner function in H < H; with zero set
N(b,)= {;Zf/lm (o, )}: c A, where {a)n}jo c A are all zeros of b. If b is interpolating, then b,

also called interpolating hyper — Blaschke product. Since for t € Z, we have

T (r’.g’) = (r’ )mm g (Vm)=r""g(l/m)=%,,(rg),

then N(b,, )= {rt.g’ :r.geN(b, )} :
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For each real number s, the character e is defined by es( p):ei“” for peQ. The
induced mapping s — e, is an isomorphism of the real line R into a dense subgroup of G ([1])
If rg#+* 1s in A,, this isomorphism can be extended to the upper half-plane
C,={zeC:Imz>0} as follows: J,(s+it)=e".ge . The image J (C,)contains the point
r.g and is dense in A;. This image J, is called standard embedding.

Example. Let o be a point in A\{0}, f(z)=z-a and f,=fo°},.=Zm—0,
meZ, . To study the structure of zero set N ( fm) we can use standard embedding J, of the
upper half-plane C, in the open big disk A, . If a = |a|.e"’ , where ¢ 1is an arbitrary argument of

Vm _is/m

a, then the equation %, (re)-a=0<r'""e"" =|ale” has on J, (C,) countable many

solutions:
20 =llaf" e, clal' <G
keZ

s, =(¢+2kn)m. Let g,€G and g, #e, for every seR. Then the zero set of f, in the
“upper half-plane” J, (C,)=g,J, (C,) in A, is the set Z" :{|a|m g8, 79m} cla|"xG,
0 0 0 Ok keZ,

where 6 is a fixed value of the argument of g,(1/m). Since the multiplication with gge_,, is a
homeomorphism of G on G, then Z;O/ " and Z;g " are homeomorphic. Hence every two zero sets

Z"<J,(C,)and Z," = J, (C,) of f, are homeomorphic. So for zero set of f, we obtain
N(fm) - UZ:m ’

geG

Let |a|m 8o

s —60m

be an arbitrary point of N( £, ) and we denote by W, =U_xV,_, where

U, ={r:‘r—|a|m‘<5} and V, :{geG:‘g(pj)—(goesk_gm)(pj)

<e.p;€Q.j =12},

it’s a basic neighborhood.
If p=a;,/pB, and t=p.p,.p,, then [go(l/mt)]t =g,(1/m)=¢” and there exists
leZ, suchthat g (1/mt)=e"" &> For r,=p itm=a, p..pB, .J,,...3m wehave:

2, (pj) =g, (aj /ﬂj) _ [go (1/mt)]a,'~ﬁ1-~-ﬂj4ﬁj+l<»-ﬁn-m _ I:eiG/t]rf ‘|:ei27rl/t:|rj _ O ialpym

and

iSgp; e—iﬁmp, _ eiﬁpjm ei27r/pj.meiskpj e—i&mpj _ eiskpj ei27rlpj.m

(gO'esk—Bm)(pj):gO (pj)'e :esk+2;r1m(pj)>

m

j=12...n,ie. |af"

_ 1/m
€, i = |a e, € w. mZeO .

Therefore, Z," is dense in N(f,,).
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Theorem 2.1. Let b, =bo 3, for meZ, be a hyper — Blaschke product on the open

big disk A.. Then for every ¢t €Z, there exist Blaschke products B, 6% ..,b") on the open
unit disk A such that:

(1) For every j=1+t is fulfilled a)(N(b(j))) = N(b) , where a)(z) =z'. The functions
bow and B =b"5?...p" have the same zeros in A which is a single.

(2) N(B)) N (B)) =D for j =i and N(B )=UN(b,(”{))=N(bm).

tm tm tm

(3) b has the form b, =5 5P b in A .

tm *“tm " tm

Proof: Let b be a Blaschke product with zeros {e,}” in unit disk A, @, # @, for n#k,
N(b,)= {;lelm (a)n)}oi1 cA; and teZ, . Since for rgeA, and z=3,, (r.g)eA we have

Z =[721/tm(r.g)]t = Zn(r.g), then )me(N(bm)) is the set of all points zin A, such that
z'=w, for some n. For fixed n these points are a finite number and we obtain that the
Zum(N(b,)) is a countable set.

If{z}" = Zi/m (N(bm)) we can consider, that z,,z,,...,z, are reflected with @(z)=2z" on

. t . .
O Z,,152,,9s2,,, - ON @, etc., 1.e. (zmj) =w,, for n=0,1,2,... and j=1,2,...,¢. It is also
clear that this sequence is composed of different points. Consider the following finite parts of the
sequence {z,} :
A = 2150y = Zioees Ay = 20 g0

Qi = Zy,0y = Zyygseees

0

Since Y (1-|w,[)<% and

n=1

t
- (anj) ‘<‘anj
j=12,...t. We denote by p", b .6 the Blaschke products with zero sets, respectively
{anl}l ’{anZ}l ""’{ant}l :

(1) Obviously a)(N(b(j))) =N(b), where w(z)=z'. Since each of the sequences {z }",

1

0]

n

, then i(l—‘aw‘)<oo for every

n=l1

{anj}: , j=L12,..,t, and {a)n};n are composed of different points, then the functions bow and
B=b"5"...b" have the same zeros in A, which are single. Of course B it is also a Blaschke

product with zeros {z}".
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(2) If j#i, then N(b,(,;f) ) N N(b,(,;)) = {;Zl’/‘tm (a, )}; N {;leim (a, )}:;1 =, because then

t
{aw.}:;l {a,}” =@. The quality N(B,)=\JN (b(j )) =N(b,) followed by the presentation

tm
J=1

o Lt

B=bp"p?_p" and {z,}" ={a,} "~ =x,.(N(b,)).

(3) By (1) the functions bow u B = b5 5" have the same zeros {zs}:o in A, which

n=l, j=1

is a single. Then the functions (bow)/B u B/(bow) are analytical in A and their modules does

not exceed unit. By the maximum principle for holomorphic functions we have that
(bow)/B=1 in A. Therefore, (bow)(z)=B(z) forevery ze A and we obtain:

b, (r.g) = (bo;}l/m)(r.g) = (boa))of(l/tm (r.g) bt(m) (r g) b( )(r g) b( )(r.g)
for every r.geA,.

Note that if » is an interpolating Blaschke product on A, then b(l),b(z),...,b(t) are
interpolating also. Indeed, then for each j=1,2,...,¢ the sequence {aw.}:;l is interpolating,
because {a)n}:o is an interpolating sequence and a)(a ) =w, forevery n.

A sequence {7, gk} c A, is called interpolating for H|; < H_, if for every sequence of
complex numbers {a,} <" there is a function 2 € H” such that (ke 7, )(r,.g,)=a, for all
k. It is clear that the sequence {rk gk} is interpolating for H,;, , if and only if the sequence
{ Zun (1.8, )}:c c A is interpolating for H” . It is characterized by Carleson with the inequality

mepH (Zw(rk gk) Ziin (V g,))>5>0

kik#j

Also, if a sequence is interpolating for H,) , she is interpolating and for H], D H| ,i.e.
ll’}pr (Zl/mn rk gk)’Zl/mn(r gj))25>03
T kk#j
forevery meZ. .
Let {r,.g,} be an interpolating sequence for H.;, , o, = %, (r.g;) for k€N and b be

an interpolating Blaschke product with zeros { k} Then the zero set of interpolating hyper —

Blaschke product b, =bo %, has the form N (b UN . )» where N, (b,) is the zero set

of 7, — o, (see example). The sequence {rk gk} is a small part of this set. Not every sequence

of points in N(b,,) is interpolating. But every sequence {r.g,}, < N(b,), such that r, = r; for
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k# j is interpolating for Hy;, . Indeed, then {7, (%.g, )}m

1 is a subsequence of a sequence

{a)k}jo and therefore is interpolating for H”.

Proposition 2.2. Let {rk.gk}:o be an interpolating sequence for H,,, . Then:

(1) {rk.gk}:o is a separated sequence, i.e. there exists «a >0 such that
Py (rk.gk,rj.gj)Za for j#k.
) {rk.gk}:o 1s a discrete.

(3) {r.g}, satisfies the Carleson condition in A, i.e.

ir}prHg (rk.gk,rj.gj)25>0.

kk#j

(4) Every sequence {z,} < C, such that (;Zl/n ngO)(zk)= T (1.g,) for some g, e€G
and for every k, is interpolating for H” (C+) .

Proof: (1) Since the sequence { Tun (1.8, )}:O C A is interpolating for H™, then there
exists a > 0 such that

Pz (rk'gk’rj'gj) = :SZP Py ():’wm (rk'gk)’/%l/m (rj'gj)) 2 P ()Zl/n (rk'gk)?)zl/n (rj‘gj)) 2a.

(2) {rk.gk}:o is discrete, because {;Zl/n (7.8 )}:O c A is a discrete sequence and %, 1S
continuous in A, .

(3) Followed by the inequality
Pz (rk'gk’rj‘gj) 2P, (ﬂ?w (rlwgk)ai(l/n (rj'gj>)

and that the sequence {7, (7;.g, )}:O C A is interpolating for H”.
(4) If z=x+iy e C_, then the function:

(;Zl/n oJ, )(z) =7 (e_y.goex) =e". g, (l/n).ei"/" =e"".g, (l/n)

is analytic in C, and (;Zl/nngo)((CJcA. Since {;Zl/n(rk.gk)}f c A is interpolating for

H” and (;Zl/n oJ, )(zk )= Zua (7.8, )- then {z,} " is an interpolating sequence for H*(C,).
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