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1. Introduction 
Let Γ  be a subgroup of the additive group of real numbers \ . We assume that Γ  is 

equipped with the discrete topology. Denote by G  the dual group of Γ , that is, G  is the group 
of all continuous characters of Γ . Note that G  is a compact abelian group with unit. By the 
Pontryagin duality theorem, the dual group lG  of G  is isomorphic to Γ and each character on 
G  is of the type pχ , Γ∈p , where ( ) ( )p g g pχ = , g G∈ . The open unit big-disk G∆  over G  

we call the set [ ) { }0,1 / 0G G∆ = × ×G . The points of G∆  are denoted by .r g , 0 1r≤ <  with the 

understanding that all points of type 0.g  are identified into a single point, { }∗ , the origin (or the 

center) of big-disk G∆ . For any [ )0,p ГΓ +∈ = ∩ ∞ the character pχ on G  is extendable up to 

the closed big disk [ ] { }0,1 / 0G G G∆ = × ×  in the following way: ( . ) . ( )p
p r g r gχ χ=�  for 0p ≠  

and 0r ≠ , ( ) 0pχ ∗ =�  for any 0p ≠  and 0 1χ ≡�  on G∆ . Each function pχ� ; { }\ 0p Г+∈ , projects 

the closed big-disk G∆  onto the closed unit disk ∆  and the open big disk G∆ onto the open unit 
disk ∆  in the complex plane. 

The uniform closure GA  of finite linear combinations of functions pχ� , with complex 

coefficients, i.e. of generalized polynomials, is the big-disk algebra on G∆ . GA  is a uniform 
algebra on G∆  and its elements are called generalized-analytic functions in the sense of R. Arens 
and A. Singer. The maximal ideal space (spectrum) ( )GM A  of the big-disk algebra is the closed 

unit big-disk G∆ [ ]( )1 . 

Note that if Γ  is the additive group of integers ] , then its dual, l lГ = ] , is the unit circle 
T = ∂∆  in the complex plane, the open big-disk G T∆ = ∆  is the open unit disk ∆  in the complex 

plane, and the corresponding big-disk algebra, ( )TA A= ∆ , the classical disk algebra. In this 

paper we consider the case Г =_  - the additive group of rational numbers and lG =_ . 
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Let Г  be the group of rational numbers _  and lG =_ . A function f  on the open unit 
big-disk is said to be hyper-analytic on G∆  if f  can be approximated uniformly on G∆  by 
functions of type 1/ nh χ�D , where ( )0,n +∈ = ∩ ∞] ]  and h  is analytic on the open unit disk ∆ . 

The algebra of all bounded hyper-analytic functions on G∆  is denoted by GH ∞ . This 

algebra were introduced by T. Tonev [ ] [ ]( )2 , 3 . Under the sup-norm on G∆ , GH ∞  is a 

commutative Banach algebra with unit. As customary, we identify the functions Gf H ∞∈  with 

their Gelfand transforms mˆ
Gf H ∞∈  defined by ( ) ( )f̂ fϕ ϕ= , where ϕ  runs in the spectrum 

( )GM H ∞ . 

In [ ]4  S. Grigorian and T. Tonev study Blaschke inductive limit algebras ( )A b , defined 

as inductive limits of disk algebras ( )A T  linked by a sequence { }1kb B ∞=  of finite Blaschke 

products. It is shown that a big - disk algebra GA  over a group G  with ordered dual lGΓ = ⊂ \  

is a Blaschke inductive limit algebra if and only if lGΓ = ⊂_ . They consider also inductive 
limits ( )H I∞  of classical algebras H ∞  of bounded analytic functions on the open unit disk ∆ , 

linked by a sequence { }1kI I ∞=  of inner functions, and prove a version of the corona theorem 

with estimates for it. The algebra ( )H I∞  generalizes the algebra GH ∞  of bounded hyper-analytic 
functions on an open big – disk. 

The pseudohyperbolic distance between two points ϕ  and ψ  in the spectrum ( )M H ∞  is 

defined by ( ) ( ) ( ) ( ){ }, sup : ball , 0
H

h h H hρ ϕ ψ ϕ ψ∞
∞= ∈ = , where ( )ball H ∞  stands for the 

closed unit ball of H ∞ . By Schwarz-Pick’s lemma ( ), / 1
H

z w z w zwρ ∞ = − −  for z  and w  in 

∆ [ ]( )5 . As in H ∞  the GH ∞  - pseudohyperbolic distance in ( )GM H ∞  is given by 

( ) ( ) ( ) ( ){ }, sup : ball , 0
G

GH
h h H hρ ϕ ψ ϕ ψ∞

∞= ∈ = , 

where ϕ  and ψ  belong to ( )GM H ∞ . The link between GH ∞  - pseudohyperbolic distance in 

G∆  and H ∞  - pseudohyperbolic distance in ∆  is as follows: 

( ) ( ) ( )( )1 1 2 2 1/ 1 1 1/ 2 2. , . sup . , .
G

m mH H
m

r g r g r g r gρ ρ χ χ∞ ∞

+∈
=

]
� � . 

This equality and other relationships between Gleason parts in ( )GM H ∞  and ( )M H ∞  are 

proven in [ ]( )6 . 

A sequence { }1nϕ
∞  in ( )M H ∞  is called interpolating if for every bounded sequence 

{ }1na ∞  of complex numbers there is a function f H ∞∈  such that ( )n nf aϕ =  for all n . A 

sequence { }n n
ϕ  in ( )M H ∞  is said to be discrete if there exists a sequence of open sets { }1nU ∞  
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with n nUϕ ∈  for every n , whose closures are pairwise disjoint. Every interpolating sequence is 
discrete. 

An interpolating sequence { }1nz ∞  in ∆  is characterized by Carleson [ ]5  as follows 

( )
:

inf , 0j nHj
n n j

z zρ ∞

≠

>∏ . 

For a sequence { }1nz ∞  in ∆  with ( )1 n
n

z− < ∞∑ , the function 

( )
1

n n

n n n

z z zB z
z z z
− −

=
−∏ , z∈∆ , 

is called a Blaschke product with zeros { }1nz ∞ . If { }1nz ∞  is an interpolating sequence, then 

( )B z  is also called interpolating. Each Blaschke product B  is an inner function, i.e. ( ) 1iB e θ =  

almost everywhere on T . 
In this paper we study the zero sets of interpolation hyper – Blaschke products, i.e. the 

functions of the type 1/m mb b χ= �D , where b  is a Blaschke product on ∆  and m +∈] . Also we 
prove certain properties to a class of interpolating sequences in G∆ .  

2. Zero sets of hyper-Blaschke product and interpolating sequences in G∆  

Given an m +∈]  the set { }1/ 1/ :m mH h h Hχ∞ ∞= ∈�D  is a subalgebra of GH ∞ . It is easy to 

see that 1/ 1/n mH H∞ ∞⊂  whenever m kn=  for some k +∈] . The map 1/ mh h χ→ �D  is an isometric 
algebra isomorphism between H ∞  and 1/ mH ∞ . By definition the set 1/ m

m

H ∞∪  is dense in GH ∞ , i.e. 

the closure { }1/ 1mH
∞∞  coincides with GH ∞ . 

For an arbitrary function f H ∞∈  and m +∈]  we denote the zero set of f  in ∆  with 

( )N f  and with ( )mN f  - the zero set of 1/ 1/m m mf f Hχ ∞= ∈�D  in G∆  i.e. 

( ) ( )( ){ }1
1/m mN f N fχ−= � . 

Let b  be a Blaschke product on the open unit disk ∆  and m +∈] . The function of the 
type 1/m mb b χ= �D  we call hyper – Blaschke product on the open big disk G∆ . The hyper – 
Blaschke product mb  is an inner function in 1/ m GH H∞ ∞⊂  with zero set 

( ) ( ){ }1
1/ 1m m n Gn

N b χ ω
∞−

=
= ⊂ ∆� , where { }1nω

∞ ⊂ ∆  are all zeros of b . If b  is interpolating, then mb  

also called interpolating hyper – Blaschke product. Since for t +∈]  we have 

( ) ( ) ( ) ( ) ( )1/ 1/
1/ 1/. . 1/ . 1/ .

tmt t t t m
tm mr g r g tm r g m r gχ χ= = =� � , 

then ( ) ( ){ }. : .t t
tm mN b r g r g N b= ∈ . 
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For each real number s , the character se  is defined by ( ) isp
se p e=  for p∈_ . The 

induced mapping ss e→  is an isomorphism of the real line \  into a dense subgroup of G  [ ]( )1 . 

If .r g ≠ ∗  is in G∆ , this isomorphism can be extended to the upper half-plane 

{ }: Im 0z z+ = ∈ >^ ^  as follows: ( ) .t
g sJ s it e ge−+ = . The image ( )gJ +^ contains the point 

.r g  and is dense in G∆ . This image gJ  is called standard embedding. 

Example. Let α  be a point in { }\ 0∆ , ( )f z z α= −  and 1/ 1/m m mf f χ χ α= = −� �D , 

m +∈] . To study the structure of zero set ( )mN f  we can use standard embedding gJ  of the 

upper half-plane +^  in the open big disk G∆ . If . ie ϕα α= , where ϕ  is an arbitrary argument of 

α , then the equation ( ) 1/ /
1/ . 0 . .m is m i

m sr e r e e ϕχ α α− = ⇔ =�  has on ( )
0eJ +^  countable many 

solutions: 

{ }0

1/ .
k

m mm
e s

k
Z e Gα α

∈
= ⊂ ×

]
, 

( )2ks k mϕ π= + . Let 0g G∈  and 0 sg e≠  for every s∈\ . Then the zero set of mf  in the 

“upper half-plane” ( ) ( )
0 00.g eJ g J+ +=^ ^  in G∆  is the set { }0

1/
0.

k

m mm
g s m

k
Z g e Gθα α−

∈
= ⊂ ×

]
, 

where θ  is a fixed value of the argument of ( )0 1/g m . Since the multiplication with 0 mg e θ−  is a 

homeomorphism of G  on G , then 
0

1/ m
eZ  and 

0

1/ m
gZ  are homeomorphic. Hence every two zero sets 

( )
1 1

1/ m
g gZ J +⊂ ^  and ( )

2 2

1/ m
g gZ J +⊂ ^  of mf  are homeomorphic. So for zero set of mf  we obtain 

( ) 1/ m
m g

g G

N f Z
∈

=∪ . 

Let 0.
k

m
s mg e θα −  be an arbitrary point of ( )mN f  and we denote by W U Vε ε ε= × , where 

{ }: mU r rε α ε= − <   and  ( ) ( )( ){ }0: , , 1,2,...,
kj s m j jV g G g p g e p p j nε θ ε− += ∈ − < ∈ =_ , 

it’s a basic neighborhood.  
If /j j jp α β=  and 1 2. ... nt β β β= , then ( ) ( )0 01/ 1/

t ig mt g m e θ= =⎡ ⎤⎣ ⎦  and there exists 

l +∈]  such that ( ) / 2 /
0 1/ .i t i l tg mt e eθ π= . For 1 1 1. . ... . ... .j j j j j nr p tm mα β β β β− += =  we have: 

( ) ( ) ( ) 1 1 1. . .
0 0 0/ 1/ j j j n m

j j jg p g g mt
α β β β β

α β − += = =⎡ ⎤⎣ ⎦
… … . 2 ./ 2 /. .j j j j

r r i p m i lp mi t i l te e e eθ πθ π⎡ ⎤ ⎡ ⎤ =⎣ ⎦ ⎣ ⎦  

and        

( )( ) ( )0 0. . .k j j

k

is p i mp
s m j jg e p g p e e θ

θ
−

− = = ( )2 . 2 .
2. . .j j k j j k j j

k

i p m i lp m is p i mp is p i lp m
s lm je e e e e e e pθ π θ π

π
−

+= = , 

1,2,...,j n= , i.e. 
0

1/
2. .

k k l

m m m
s lm s ee e W Zπ εα α

++ = ∈ ∩ .  

Therefore, 
0

1/ m
eZ  is dense in ( )mN f . 
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Theorem 2.1. Let 1/m mb b χ= �D  for m +∈]  be a hyper – Blaschke product on the open 

big disk G∆ . Then for every t +∈]  there exist  Blaschke products ( ) ( ) ( )1 2, ,..., tb b b  on the open 
unit disk ∆  such that: 

(1) For every 1j t= ÷  is fulfilled ( )( )( ) ( )jN b N bω = , where ( ) tz zω = . The functions 

b ωD  and ( ) ( ) ( )1 2 .... tB b b b=  have the same zeros in ∆  which is a single. 

(2) ( )( ) ( )( )j i
tm tmN b N b∩ =∅  for j i≠  and ( ) ( )( ) ( )

1

t
j

tm tm m
j

N B N b N b
=

= =∪ . 

(3) mb  has the form ( ) ( ) ( )1 2. ... t
m tm tm tmb b b b=  in G∆ . 

Proof: Let b  be a Blaschke product with zeros { }1nω
∞  in unit disk ∆ , n kω ω≠  for n k≠ , 

( ) ( ){ }1
1/ 1m m n Gn

N b χ ω
∞−

=
= ⊂ ∆�  and t +∈] . Since for . Gr g∈∆  and ( )1/ .tmz r gχ= ∈∆�  we have 

( ) ( )1/ 1/. .
tt

tm mz r g r gχ χ= =⎡ ⎤⎣ ⎦� � , then ( )( )1/ tm mN bχ�  is the set of all points z in ∆ , such that 
t

nz ω=  for some n . For fixed n  these points are a finite number and we obtain that the 

( )( )1/ tm mN bχ�  is a countable set. 

If { } ( )( )1/1s tm mz N bχ∞ = �  we can consider, that 1 2, ,..., tz z z  are reflected with ( ) tz zω =  on 

1ω ; 1 2, ,...,t t t tz z z+ + +  - on 2ω  etc., i.е. ( ) 1

t

nt j nz ω+ +=  for 0,1,2,...n =  and 1,2,...,j t= . It is also 
clear that this sequence is composed of different points. Consider the following finite parts of the 
sequence { }1sz ∞ : 

( )11 1 21 1 1 1 1, ,..., ,...t n n ta z a z a z+ − += = =  

 ( )12 2 22 2 2 1 2, ,..., ,...t n n ta z a z a z+ − += = =  
 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 

( )1 2 1, ,..., ,...t t t t t nt n t ta z a z a z+ − += = =  

Since ( )
1

1 n
n

ω
∞

=

− < ∞∑  and ( )t

n nj nja aω = < , then ( )
1

1 nj
n

a
∞

=

− < ∞∑  for every 

1,2,...,j t= . We denote by ( ) ( ) ( )1 2, ,..., tb b b  the Blaschke products with zero sets, respectively 

{ } { } { }1 21 1 1
, ,...,n n nta a a∞ ∞ ∞ . 

(1) Obviously ( )( )( ) ( )jN b N bω = , where ( ) tz zω = . Since each of the sequences { }1sz ∞ , 

{ }
1nj n

a
∞

=
, 1,2,...,j t= , and { }1nω

∞  are composed of different points, then the functions b ωD  and 
( ) ( ) ( )1 2 .... tB b b b=  have the same zeros in ∆ , which are single. Of course B  it is also a Blaschke 

product with zeros { }1sz ∞ . 
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(2) If j i≠ , then ( )( ) ( )( ) ( ){ } ( ){ }1 1
1/ 1/ 11

j i
tm tm tm nj tm ni nn

N b N b a aχ χ
∞ ∞− −

==
∩ = ∩ =∅� � , because then 

{ } { } 11nj ni nn
a a

∞ ∞

==
∩ =∅ . The quality ( ) ( )( ) ( )

1

t
j

tm tm m
j

N B N b N b
=

= =∪  followed by the presentation 

( ) ( ) ( )1 2 .... tB b b b=  and { } { } ( )( ),

1/1 1, 1

t

s nj tm mn j
z a N bχ

∞∞

= =
= = . 

(3) By (1) the functions b ωD  и ( ) ( ) ( )1 2 .... tB b b b=  have the same zeros { }1sz ∞  in ∆ , which 

is a single. Then the functions ( ) /b BωD  и ( )/B b ωD  are analytical in ∆  and their modules does 
not exceed unit. By the maximum principle for holomorphic functions we have that 
( ) / 1b Bω ≡D  in ∆ . Therefore, ( )( ) ( )b z B zω =D  for every z∈∆  and we obtain: 

( ) ( )( ) ( ) ( ) ( ) ( ) ( ) ( ) ( ) ( )1 2
1/ 1/. . . . . . ... .t

m m tm tm tm tmb r g b r g b r g b r g b r g b r gχ ω χ= = =� �D D D  

for every . Gr g∈∆ . 

Note that if b  is an interpolating Blaschke product on ∆ , then ( ) ( ) ( )1 2, ,..., tb b b  are 

interpolating also. Indeed, then for each 1,2,...,j t=  the sequence { }
1nj n

a
∞

=
 is interpolating, 

because { }1nω
∞  is an interpolating sequence and ( )nj naω ω=   for every n . 

A sequence { }1
.k k Gr g ∞ ⊂ ∆  is called interpolating for 1/ n GH H∞ ∞⊂ , if for every sequence of 

complex numbers { }1ka l∞ ∞⊂  there is a function h H ∞∈  such that ( )( )1/ .n k k kh r g aχ =�D  for all 

k . It is clear that the sequence { }1
.k kr g ∞ is interpolating for 1/ nH ∞ , if and only if the sequence 

( ){ }1/ 1
.n k kr gχ

∞
⊂ ∆�  is interpolating for H ∞ . It is characterized by Carleson with the inequality 

( ) ( )( )1/ 1/
:

inf . , . 0n k k n j jHj
k k j

r g r gρ χ χ δ∞

≠

≥ >∏ � � . 

Also, if a sequence is interpolating for 1/ nH ∞ , she is interpolating and for 1/ 1/mn nH H∞ ∞⊃ , i.e. 

( ) ( )( )1/ 1/
:

inf . , . 0mn k k mn j jHj k k j

r g r gρ χ χ δ∞

≠

≥ >∏ � � , 

for every m +∈] . 

Let { }1
.k kr g ∞  be an interpolating sequence for 1/ mH ∞ , ( )1/ .k m k kr gω χ= �  for k∈`  and b  be 

an interpolating Blaschke product with zeros { }1kω
∞ . Then the zero set of interpolating hyper – 

Blaschke product 1/m mb b χ= �D  has the form ( ) ( )
1

m k m
k

N b N b
∞

=

=∪ , where ( )k mN b  is the zero set 

of 1/ m kχ ω−�  (see example). The sequence { }1
.k kr g ∞  is a small part of this set. Not every sequence 

of points in ( )mN b  is interpolating. But every sequence { } ( )1
.k k mr g N b∞ ⊂ , such that k jr r≠  for 



ММААТТТТЕЕХХ  22001144  
ТТоомм  11  

РРААЗЗДДЕЕЛЛ    ММААТТЕЕММААТТИИККАА  

 

- 65 - 

k j≠  is interpolating for 1/ mH ∞ . Indeed, then ( ){ }1/ 1
.m k kr gχ

∞�  is a subsequence of a sequence 

{ }1kω
∞  and therefore is interpolating for H ∞ . 

Proposition 2.2. Let { }1
.k kr g ∞  be an interpolating sequence for 1/ nH ∞ . Then: 

(1) { }1
.k kr g ∞  is a separated sequence, i.e. there exists 0α >  such that 

( ). , .
G

k k j jH
r g r gρ α∞ ≥  for j k≠ . 

(2) { }1
.k kr g ∞ is a discrete. 

(3) { }1
.k kr g ∞  satisfies the Carleson condition in G∆ , i.e. 

( )
:

inf . , . 0
G

k k j jHj
k k j

r g r gρ δ∞

≠

≥ >∏ . 

(4) Every sequence { }1kz ∞
+⊂ ^  such that ( )( ) ( )

01/ 1/ .n g k n k kJ z r gχ χ=� �D  for some 0g G∈  

and for every k , is interpolating for ( )H ∞
+^ . 

Proof: (1) Since the sequence ( ){ }1/ 1
.n k kr gχ

∞
⊂ ∆�  is interpolating for H ∞ , then there 

exists 0α > such that 

( ) ( ) ( )( )1/ 1/. , . sup . , .
G

k k j j m k k m j jH H
m

r g r g r g r gρ ρ χ χ∞ ∞

+∈
= ≥

]
� � ( ) ( )( )1/ 1/. , .n k k n j jH

r g r gρ χ χ α∞ ≥� � . 

(2) { }1
.k kr g ∞  is discrete, because ( ){ }1/ 1

.n k kr gχ
∞
⊂ ∆�  is a discrete sequence and 1/ nχ�  is 

continuous in G∆ . 
(3) Followed by the inequality 

( ) ( ) ( )( )1/ 1/. , . . , .
G

k k j j n k k n j jH H
r g r g r g r gρ ρ χ χ∞ ∞≥ � �  

and that the sequence ( ){ }1/ 1
.n k kr gχ

∞
⊂ ∆�  is interpolating for H ∞ . 

(4)  If z x iy += + ∈^ , then the function: 

( )( ) ( ) ( ) ( )/ / /
1/ 1/ 0 0 0. . 1/ . . 1/

o

y y n ix n iz n
n g n xJ z e g e e g n e e g nχ χ − −= = =� �D  

is analytic in +^  and ( )( )1/ on gJχ + ⊂ ∆� D ^ . Since ( ){ }1/ 1
.n k kr gχ

∞
⊂ ∆�  is interpolating for 

H ∞ and ( )( ) ( )
01/ 1/ .n g k n k kJ z r gχ χ=� �D , then { }1kz ∞  is an interpolating sequence for ( )H ∞

+^ . 
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