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ABSTRACT: In this paper we investigate parameterizations of cylindrical helices generated
by unit speed plane curves. We also examine properties of their focal curves. Illustrative examples of

cylindrical helices with periodical curvature and torsion are presented.
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1 Introduction

Constructing a new curve from a given regular curve is an important task in the classical
differential geometry. In this paper we examine cylindrical helices generated by unit speed plane
curves of class C? and their focal curves. Any unit speed plane curve is uniquely determined up to
Euclidean motion of E? by its curvature function K. Every plane curve with a non-zero curvature
is fully determined up to direct similarity by another function K called a shape curvature. For
any regular parameterized curve @ = @(r) : I — E? the shape curvature function K(¢) can be

~ d 1 da
expressed by K (1) = % (m) / =
determined up to Euclidean motion of E3 by its curvature k7 > 0 and its torsion k. If k1 > 0
this curve is fully determined up to direct similarity by other functions k; and k» called a shape
curvature and a shape torsion, respectively. Any regular parameterized space curve
y = ¥(t) : I — 3 has a shape curvature and a shape torsion defined by functions

d(_1_
K (1) = dl,gi(lt(;))

dr
The geometry of curves with respect to an orientation-preserving Euclidean motion is completely
presented in [6]. For instance, one important theorem proved in this book is

. Analogously, any unit speed space curve is uniquely

and k(1) = x(t)

(1 ()

Theorem 1.1. [6, p.137](Fundamental Theorem of Plane Curves) A unit-speed curve ¢ : I — E?
whose curvature is given piecewise-continuous function K : I — R is parameterized by

2) { o(s)=([cosO(s)ds+d, [sinB(s)ds+d>),
0(s) = [K(s)ds+ 6,

where dy,d», 0y are constants of integration.

Elements of the theory of curves related to direct similarities are given in [2], [3] and [4].

K’z(l‘)

There are special space curves called cylindrical helices with the property K—(t) = const. These
1

curves are studied in [7] and [8]. There exists a well-known construction for obtaining a new space
curve from a given space curve.
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Definition 1.1. /6, p.241] A focal curve (or an evolute) of a regular C*-space curve ¥ : (a,b) — 3
with a nonzero curvature and a torsion is the curve given by

(3) Cy(t) = ¥(t) +cr(t)m () + 2 (t)ma (1),

where ny is a principal unit normal vector field of ¥, ny is a binormal unit vector field of y. The
coefficients c|(t) and ¢, (t) are smooth functions called focal curvatures of ¥, given by

@) S PR A S .10 o

Ki(r)’ |9 s (1)2ka () | | wey(t)

where k1 (t) and K, (t) are the curvature and the torsion of .

In this paper we describe a construction which is divided into three steps. First, we obtain
a cylindrical helix from a given unit speed curve in the xy-plane. Second, we determine the focal
curve of the obtained cylindrical helix. Third, we study the orthogonal projection of the focal curve
on the xy-plane. This scheme applied to plane curves with periodic signed curvature is presented.

2 Parameterizations of cylindrical helices

Let & = 0(s), s € I C R be a unit speed regular C3-curve in the Euclidean plane E? = 0¢) €,
with a vector parametric equation @(s) = (x(s),y(s),0) parameterized by an arc-length parameter
s € 1. The signed curvature of & is

(5) K=<a" Jja' >=x'(s).y"(s)—x"(s).y'(s),

where J is the complex structure of R? and "< -,- >" denotes the scalar (or dot) product of two
vectors. We define a new space curve ¥ = ¥(s), s € I C R in the Euclidean space E* = 0¢)€,€3
with a parametric representation

(6) ¥(s) = (x(s),y(s),as +b) = a(s)+ (as+ b)és, a,b = const

This curve lies on the generalized cylinder Sy with a base curve @(s) and rulings parallel to z-axis.
The curvature and the torsion of ¥ are expressed by the next lemma.

Lemma 2.1. [5, p.5640] Let Y be a space curve with a parametrization (6). Then the Euclidean
curvature K1 and the Euclidean torsion K, of Y are given by

K| o — a.K
2 = 1—}-612’

7 K1 =
() 1 1+a27

where K is the signed curvature of Q.

Observe that for the curve ¥ the condition characterizing cylindrical helixes k,/k; = const
holds. More precisely, ¥ is a cylindrical helix with a constant curvature ratio k/k] = €a, where
€ = sign(K). In what follows we will call ¥ a cylindrical helix generated by the plane curve
a. Moreover, this cylindrical helix is a geodesic curve on Sy. Analogous condition for the focal
curvatures c¢; and ¢ of ¥ can be written in the form ¢ .c{ —eav/'1+a?cy = 0. The next statement
gives a relation between focal curvatures of ¥ and the signed curvature of o.
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Theorem 2.2. Let & = a(s), s € I be a unit-speed C>-plane curve in E? with a signed curvature
K #0. Let ¥(s) be a space curve given by (6). If ¢| and c; are the focal curvatures of Y, then

1+a? l+a23.K'

(8) cl = and ¢, = — CKP

where a is the constant slope of 'y with respect to €;.

Proof. From (4) and (7) we get

1 144 L5 (s) Vita K’
ci(s) =—= and () = —— =— -
k1K | (Pt @lK]

]

Now, we give a useful relation between the shape curvature and the shape torsion of the
cylindrical helix and the shape curvature of the generating plane curve.

Corollary 2.2.1. Relations between the shape curvature K| and the shape torsion Kz of the cylin-
drical helix ¥ generated by a unit speed C3-plane curve & and the shape curvature K of & are

K =V1+a*K| and ¥ = ea.

Proof. In [2, p.285] it was shown that the shape curvature of & is K = (1/K)’. From equations (7)
and (1) we conclude that the shape curvature and the shape torsion of ¥ are given by

d (1
- &ly) 1 d(1+a2> ( )
K = — V1+ad? V14a?|K|and % = — =
T T Vivaeds K] Hlandie =

]

Corollary 2.2.2. A relation between the focal curvatures of the cylindrical helix 'y with a paramet-
ric equation (6) and the shape curvature of the base unit-speed C>-plane curve @ is

2 \/H—azk«

C1 a

9)

Proof. From (8) the ratio of the focal curvatures is

2 \/1—|—a2K/_\/1+a2<1>/_\/1—|—a2§

K

1 a K2  a a
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3  Focal curves of cylindrical helices generated by unit speed plane curves

Theorem 3.1. Let & = a(s), s € I be a unit-speed C-plane curve in E? and let K # 0 be the
signed curvature of Q. Suppose that ¥(s) is the cylindrical helix defined by (6). Then the focal
curve Cy of ¥ possesses a parametrization

(1+a2)K’T+ 1+a2N+ (as+b)ak?® — (1 +a*)K'_,

(10) Cy(S) = a(S) + e X K3 €3,

where T and N form the Frenet frame of .

Proof. First, we find the Frenet frame t, ny, ny of ¥. From equation (6) and the structure equations
of & we obtain the cross vector products

dy d*y

X2 (a'+aé)xa”"=(a'+aé;)xKJa'=K(a' xJa' +aé;xJa')=K(é3—a.a')
S S
dy d° d
C%xgg>wﬁek@yﬂa@xmqﬂag:myﬂﬁaxw:Ku+ﬁww
d d f
Their norms are d—'y X — || = |K|V1+a? and av ., H 1+ a?)|K|. From the
S ds

Frenet formulas with respect to an arbitrary parameter we get the umt principal normal vector

dy Y dy
(wXMJX _K(1+d)Ja’

ay d*y H (14+a%)|K

(11) n = —eJa’,

ds ds2

and the unit binormal vector

(12) n, — ZZ X dg, . K(é3 —a.a’) _ 8(33 _a‘a/)
V] wvize T Ve
Having in mind T = &’ and N = Ja&' and using (3), (8), (11) and (12) we obtain (10). u

Definition 3.1. The focal curve Cy of ¥ with parametrization (10) is called an associated space
curve of a unit-speed plane curve o with a nonzero signed curvature.

The curvature and the torsion of the associated space curve can be expressed in terms of the
signed curvature and the shape curvature of o.

Theorem 3.2. The curvature Ky and the torsion K, of the associated curve Cy of the unit speed
C3-plane curve & with a signed curvature K # 0 and a shape curvature K are given by

a|K| ak

(13) K| = K= _
: (1+a2)a2+(1+a2)(%)/‘ ’ (1—|—a2)<a2+(1+a2)(%)/>
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Proof. Equation (10) can be written in the form

1+a®)K.. 14+d2
( +I?) T+ ;a N+((as—|—b)+

e
(14) Cyls) = afs) — M)a.

aK

Then, its derivatives with respect to the arc-length parameter s of & are

dC, 1+a? (K -

i = —aT

= (5 (7))@

) N/ N\

T~ <a+—“;f’2 (%) )(—aK.N)+‘+T"2(§) (& —aT)

d3Cy > > (KN, s : > (K 1+a® (K\" .

a

The cross vector product and the triple scalar product are

dCy  &°Cy _ k([ 2 N[ K "\’ o,

T X e —;(a +(1+a )<E) ) (T +aés),

dCy d’Cy d’Cy acy d’c, d’c, 2 K :
s a? dy ~ds X @ ds T a ( +(1+a )(E) )

and the norms of the first derivative and the cross vector product are

(15)

(16)
dCy|| _Vi+a K\'| ldCy, d*Cy|| K| ) » (K\'\?
1 —ftx — | ="—V1+a? 1 — )
H a+(1+a )(K> H 1 X —Vlta a“+(1+a%) e
H acy  &°Cy aC; €, d°C;
ds d52 ds _ds ds® ds’
From K; = and equations (15), (16) we get (13). ]
‘ dCy Hdcy d2Cy
s

Corollary 3.2.1. The associated curve Cy of the unit speed C3-plane curve @ is a cylindrical helix.

Proof. From (13) we have

~\/
where € = sign(K),0 = sign (a2 +(1+a?) (%) ) Hence the associated curve is a cylindrical
helix. ]

Theorem 3.3. The shape curvature K\ and the shape torsion K, of the associated curve Cy of the
unit speed C3-plane curve o with a signed curvature K # 0 and a shape curvature K are given by

2y S RNM
(17) K, = Ta K+ (&) — and K= —
a a2+(1—l—a2) % Ea
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Proof. From (13) we see that the first focal curvature of Cy is equal to

@+ (1+a?) (g)/

where the shape curvature K = (1/K) of &t and (K/K)' = (3K’2 — KK"") /K* are smooth functions
depending on the arc-length parameter s of ¢. After differentiation of (18) with respect to s and
some calculations we get

1 1+d?

18 Ci=—=

)

dCi(s) l1+d*|~ > (K\' 14+a% (K"
(19) P K((l1+a%) X +a° |+ © \x
~ dC dC
From &, — 410 /H Y — K, /K and (19), (16) we obtain (17). N

Definition 3.2. The orthogonal projection of the associated curve Cy on the plane E? = Oxy is
called a generalized focal curve of the plane curve @ and denoted by PB.

From equation (14) we deduce that the generalized focal curve of & is determined by

1+a®>)K + 1+a®
%ajLJraJa.

(20) B(s) = a(s) -

4  Applications

4.1 Generalized focal curve of cycloid

Let we consider the cycloid @(t) = (c.(t +sint), c¢.(1 +cost),0), ¢ = const >0,t € R.
The arc-length parametrization of one hump of the cycloid @ is

V16c2 — 52 16¢% — 52
1) as) = (Sg# +2carcsin (41) % 0) _dc<s<4c
C C C

The natural equation of the above cycloid or the so-called Cesaro equation of that plane curve is
R? + 5% = 16¢?, where R = 1/|K|. Then, from (6) the corresponding cylindrical helix has a constant
speed parametrization

V16c2 — 52 16¢% — 52
(22) Y(s) = W C T | ocaresin (i),#,as—kb
8c 4c 8c

and from (10) the associated curve of @(s) has constant speed parametrization

71602 — §2 16 2_ 2
8c 4c 8c a

Finally, the generalized focal curve B of @(s) is also a cycloid with an arc-length parametrization

16¢2 — 52 16¢2 — §2

It is obvious that the curve B can be obtained from the curve @ via translation determined by the
vector p = (0, —4c(1+a?),0).

-62 -



A visualization and a shape characterization...

Fig. 1. Cycloid @ in red, generalized focal curve B in purple, cylindrical helix ¥ in blue, associated curve Cy of @ in
green

4.2 Generalized focal curve of closed plane curves with periodic signed
curvature

Let @ = a(s) be a unit speed plane curve with a periodic curvature K(s) = ™ _sin s, where
n
m € Z,n>1,n € Nand (m,n) = 1. Such a curve is introduced and studied in [1]. Then by (2) the

T
function 0(s) becomes 0(s) = [ K(s)ds+ 6y = 5 +coss+ s and a unit speed parametrisation
n

a(s) = /cos (E—Fcoss—f—@s)ds,/sin <E+coss+ﬂs)ds,0 .
2 n 2 n

From (6) it follows that the corresponding cylindrical helix has a constant speed parametrization
T T
¥(s) = /cos <— +coss+ @s>ds,/sin (— +coss+ ﬂs)ds,as—f—b
2 n 2 n

and from (10) the associated curve of €(s) has a parametrization

of & is

Cy(s) = (—/sin <$ —|—coss> ds —I—A(s),/cos (? +c0ss> ds—B(s),as+b+C(s)) ,

(1+a?)n (sin6(s)(m —nsins)? +n*coss.cos O(s))

here A(s) = —
where A(s) (m—nsins)3 ’
B(s) = (1—|—a2)n(n2coss.sin9(s)‘—(m—nsins)zcose(s)) and Cl(s) = (1+a) n?’coss'
(m—nsins)3 a(m—nsins)3

Then the generalized focal curve B of @(s) has a parametrization

B(s) = (—/sin <$+coss> ds+A(s),/cos <$+c0ss> ds—B(s),O).
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It is obvious that associated focal Cy can be obtained from ¥ by matrix function Tg(5) in homoge-

1 0 0 A(s)
neous coordinates (Tf(s)) — 8 (1) (1) g Eig
000 1

%

Fig. 2: Closed plane curve & for
m=1and n =5 inred and its cylin- Fig. 4: Plane curve & with a part of

drical helix ¥ in blue

Fig. 3: Focal curve of ¥ in green its generalized focal curve B in purple
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