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IMPROVED LOCAL CONVERGENCE ANALYSIS OF THE INVERSE
WEIERSTRASS METHOD FOR SIMULTANEOUS APPROXIMATION
OF POLYNOMIAL ZEROS*
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ABSTRACT: In this work we establish new local convergence result with a-priori and a-
posteriori error estimates for the Inverse Weierstrass iterative method for simultaneous approximations
of polynomial zeros. Our approach enlarges the convergence radius and improves the known local
convergence results.
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1 Introduction
Let P(z) be a monic polynomial

(1) P(z):ao-l—alz-i-...-i-an,lz”_l-l-z",

of degree n > 2, with simple real or complex zeros o, p,...,0,, and let zgo) ,zgo), . ,z,(f)) b
distinct reasonable close approximations of these zeros.

In this study we consider a simultaneous iterative method defined by

) zWﬂ:d}@®>:GHJQ@>,k:QLLUW

[S]

where G : C" — C" is a vector valued function with components

2

Z; .
@ z2=1(21,.-y2n),i=1,...,n,

3 Gi=Gi(z) = —1—
3) i = Gi(z) W

and the Weierstrass’ correction W; : 9 C C* — C is defined by

P(z)

(4) WD) = [ o

=1,...,n)

where ¥ is the set of all vectors in C" with distinct components. Then we can define the operator
W:2cCC"—= C'"by W(z) = (Wi(2),...,Wa(z)).

The method (2)-(3) was firstly introduced in [1], and some recent results were obtained in
[2, 3, 4, 5]. The obtained results in these works are modifications of local convergence results of
classical Weierstrass iterative method presented in [6, 7, 8, 9, 10, 11, 12].

Throughout this paper, we will use the p-norm defined by

(5) Ixllp = (Z \)@'!”)
i=1

*Paper written with financial support of Shumen University under Grant RD 08-145/2018.
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for some 1 < p < oo and we will follow the usual convention that a summation over the empty set

of indices equals 0, while a product over the same set equals 1. We use the function d : C"* — R
defined by

(6) d(x) = min{8(x), y(x)},
where
(7 0(x) = minizj|x; —x;| and y(x) = minj|x;| (j=1,...,n).

Further, for a number p such that 1 < p < o we denote by g the conjugate exponent of p, i.e. g is

defined by means of

1 1
—4+—-—=1and 1 <g<oo.
P q

We study the local convergence of the Inverse Weierstrass method (2)-(3) with respect to the func-
tion of initial conditions E : " — % defined as follows

® B ="l

In our previous work (see [4])we have proved the following convergence result.

Theorem 1.1. Let P € €[z] be a monic polynomial of degree n > 2, where oo = {a € €" : o #
0and o; # aj fori,j=1,...,n} is the root vector of P, and let 1 < p <o, d =d(o) = min{9, v},
where 0 = minj.;|0; — o] and 'y = min;|0y| for i,j =1,...,n (i # j). Suppose 20 e € is an
initial guess satisfying

0) _ T
Z o 0n-1—1
(9) E(z") = a(a) <R(n,p)=—— T
20(0n T —1)+(n—1)"7
where
B4+ 20 |
(10) 9:319 24+vb*—4b+20 andsztli.

2(b+1)

Then the following statements hold true.

(i) CONVERGENCE. The Inverse Weierstrass iteration (2)-(3) is well defined and converges quadrat-
ically to the root-vector o of P.

(ii) A POSTERIORI ERROR ESTIMATE. For all k > 0 we have the estimate

(11) |24 —all, < A7 1% ~ ],
(iii) A PRIORI ERROR ESTIMATE. For all k > 1 we have the estimate
(12) 129~ all, <2270~ e,
where A = E(z\")) /R(n, p).

The main purpose of this work is to improve this theorem and obtain new local convergence
result with larger radius of convergence.
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2  Main Results

First, we introduce some auxiliary results. We will state following three known lemmas that
we will use without proofs (the proofs may be found, e.g. in [12]).

Lemma 2.1. Letu € €" and 1 < p < oo, Then

(13) |u,~\—|—]uj\§2$|]u”p forany i,j=1,2,...,n.
Lemma 2.2, Letu € " and 1 < p < oo, Then
. leellp \ "
(14) <E(1+|u,~|)—1> < (HW) —1
Lemma 2.3. Letne A ,t>0and 0 < @ < 1. Then
(15) (I+o)" —1<@((1+1)"—1).
Now, we will prove the following two lemmas.

Lemma24. Let0 <t < 1/21/‘1, n> 2 and

t
(n—1)V/p(1—2Var)

(16) o) =1+

Suppose that

(17) o) ! <211,
then it follows

(18) — ()" <2.

Proof. It is easy to prove that

(19) f=—7— 1
2 <2f1<"+1)—1>+(n—1) ’

is the unique root of the equation
(])(t)n+1 _ 21/q

in the interval (0, 1/2'/9). Taking into account that the function ¢ (¢)"*! is continuous and strictly
increasing on the interval I = [0,7], we deduce that (17) is equivalent to

r<t.

From this and (19) it follows that

14+1 (27 + 1)@ — 1)+ (n—1)"YP _ 32w -2
< 1 < .

(20) > 1
1—t¢ L b o
(24 —1)(24+) —1) 4 (n—1)"1/p 20t
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From (17) it follows that

n—1
21) ¢(r)" ! < 24070
The last two relations (20) and (21) it follows that

1
141 32m4 —2  n-l_ n— n
(22) 1—+t o(r)"! < 25 T Zoden = 3067 225 = 9(n).
. o

The function 6(n) is is continuous and strictly increasing for n > 2 and

(23) lim 6(n) = 2.

n—>oo

Now from (22) and (23) follows the statement (18). The lemma is proved.

H—a

The next lemma is due to our previous work [4] in the case when ) H is replaced by
p
=%~ ]l
dla) *

Lemma 2.5. Let P € €[z] be a monic polynomial of degree n > 2, where @ = {a € €" : o; #
0and o; # a;j fori,j=1,...,n} is the root-vector of P, 1 < p < oo, Let for any k > 0

*) — o 1
_ =z lp _ 1

(24) Ey=E(zW) d 24
q

Y

where d = d(a) is defined by (6).Then the iteration 70 is well defined and it has distinct compo-
nents. Besides,

(25) 15 — el < or|zH) — el
and

(26) E@% ) < oE(zW),
where

L (1+ Ey )"_1 ~1
1-E; (n—1)V/r(1-214E)

K E, n—1"
e A= =)

Proof. Using the triangle inequality, Lemma 2.1 and (24), we get for i # j

(27) O = G(Ek) =

k k k k
= 2 eyl 1 - ol =1~ o
Z(k)fai ZE»k)—OCj
(28) = (1= o=y || 0—0 0 —

1k 1
> 1—25%) d(a) = (1—-21E)d >0,
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which means that z*) has distinct components, i.e. the iteration is well defined. Now we will prove
the following estimates

(29) Y g < ol — ] for i=1,2,....n

]

For easy of later comparisons, we will use the following equivalent form of (3)

(k)
(30) Zl(k+1) :Zﬁk) ( (z(k)) ,i=1,2,....n,
which implies
Lo
W:(z(k) J#’ k) _ k)
S“”—ai:zﬁ“—ai—% = (5 —a) [1- ——
I+=m I+7®
and consequently
O W
(k+1) (k) r »l <-'g * z(fk) |
(z —o) = (g —) < :
1 W,(Z( ))
T=®
Zl
Therefore
(1) 4 — i =4 —
where ®
! WizM)
e | 7 </f TTm
l
Zl
Now, we can bound the amplification factor Agk) as follows
(k) 0
D —ay 7 =0 no % =
]HH&, 6 |[Wa g
J 4 i
G2 A" P e P
1 | ! n it e A
® JFl (k) 0
i % "j
We next establish the following inequalities
k k
(33) 571> Joal = |5 — oa] = d — 9~ all, > (1~ E)d > 0.
It follows from (28) and the definition of E (z(¥)) that
(k) &) _ . ®) _ .
S — O Z; a Z: o
(34) | =1+ —m| S o
Z =z 7 —Z; (1-2¢E)d(x)
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From (32), the last two inequalities (34) and (33), and Lemma 2.2, we obtain

n—1 n—1
(1+—15k 1 ) —1+%(1+—1Ek 1 )
(35) A(k) < (n—1)P (1-29Ey) k (n—1)P (1-29Ey)

— E e n—1
| —k>
=5 ( (i—1)7 (129 E)

and consequently

n—1
1 E
4 ) 1
AW < o ( (n—1)7 (1-29E,)

i = E - n—1
1— B (14 L )
o ( (n-1)7 (1-295)

Finally, from the last expression and (31) we obtain (29). Taking the p-norm in (29), we deduce
the inequality in (25). We get the second inequality in (26) taking the p-norm and by dividing both
sides of inequality (29) by d(a).

Now we are ready to state the main result of this paper which improves the previous results
introduced in [4].

= Of.

Theorem 2.6. Let P € €[z] be a monic polynomial of degree n > 2, where oo = {a € €" : o #
0 and o # o fori,j=1,...,n} is the root vector of P, and let 1 < p < oo. Suppose 20 e is
an initial guess satisfying

(O) — 2q(n+1) — ]
)y _ 127 —allp _
(36) E(z") (@) <R(n,p)

1

1
2427 — 1)+ (n—1)"7

Then the following statements hold true.

(i) CONVERGENCE. The Inverse Weierstrass iteration (2)-(3) is well defined and converges quadrat-
ically to the root-vector o of P.

(ii) A POSTERIORI ERROR ESTIMATE. For all k > 0 we have the estimate

(37 [ —all, < 2% —all.
(iii) A PRIORI ERROR ESTIMATE. For all k > 1 we have the estimate
(38) 1 —ally <27 ~ ],
where 2. = E(z\9) /R(n, p).

Proof. (i) From the Lemma 2.4 it follows that R = R(n, p) is the unique solution of the
equation ¢ (¢)"*! = 2!/ in the interval (0,1/2'/9), where ¢(¢) is defined by (16). First, we will
prove that for any k > O the iteration 7z in (2)-(3) is well defined and

E(z®) <RrAY.

We shall use mathematical induction to prove the statement. First, we confirm that the base case
_1
k =0 is true due to definition of A. Using the assumption n > 2 and that (n— 1) » > 0 for any
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1 < p < oo, it can be shown that R < 1/2!/4. Then the initial assumption E(z(?)) < R implies
E (z(o)) <1/ 2!/4. From this and Lemma 2.5 we deduce that the iteration z(¥) is well defined.
Now, we will prove that
o(Ep) <A.

From (27) it follows that o (E)) can be written in the following equivalent form

1 E " tE
(" migy) R

n—17
— J— Ek
1—-E,—E; <1 + (n_l)l/p(l_zl/qu)>

(39) o(Ex) =

which implies

n—1
AR
((1 toTeE) - 1) +AR

R n—1
1= R=R (14 (i)

G(Eo) <

R
(n—1)Y/P(1-21/4R)

n—1
R
A ((1 + (n—l)‘/p(1—21/"lR)> o 1) +AR

From Lemma 2.3, where ¢ = A and t = we deduce

(40) o(Ep) < . ——— <Ao(R),
1=R=R (14 (i)
where 1
R "
<(1 o) 1) R
o(R) =

R n—1 -
1= R=R (14 (ot

It is easy to show that the assumption 6(R) < 1 is equivalent to the assumption defined by (18),
where t = R. Therefore, from (40) using Lemma 2.3 and the definition of R we deduce that
o(Ey) <A.

Suppose that for any k£ > 0 is fulfilled
(41) E(z%) <RrA?
and we will prove that

From (39) and the assumption by induction we obtain

n—1
A2R 2k

n—1
R
1= R=R (14 )

(42) o(Ey) <

<2%6(R) < 2%,

Therefore, from (42), the assumption (41) and the estimate (26) it follows that
E(%)) < gE(zP) < A¥RAY =22'R.
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Using the inequality R < 1/2'/4 it follows that E(z*t1)) < 1/21/4, which implies by Lemma 2.5
that the iteration z*™1) is well defined.
(i1) From (42) and Lemma 2.5 estimate (25) it is trivial to prove that

k+1 2K (k
125 — e, <2729 — el
(111) From the assertion (i1) and the sum of geometric progression, we obtain

A ®D ]|, < APTAET D) ]|, <

[0 —all, <
< 2277 2710 —a, = 2210 — g,

which implies (38). The theorem is proved.
In the case of use the maximum vector norm, i.e. if p = o, we obtain the following corollary
of Theorem 2.6.

Theorem 2.7. Let P € €[z| be a monic polynomial of degree n > 2, where oo = {a € €" : o #
0 and o; # aj fori,j = 1,...,n} is the root vector of P, and let p = oo. Suppose 20 e ¢ isan
initial guess satisfying

43) E(z") = I @l _ 277 -1
d(a) 22— 1

Then the Inverse Weierstrass iteration (2)-(3) is well defined, converges quadratically to the root-
vector o, of P and the error estimates (37) and (38) are hold true.

3 Conclusion

In this work we investigate convergence analysis of the Inverse Weierstrass iterative method
for simultaneous approximation of polynomial zeros. Our goal was to obtain new local conver-
gence analysis results and to improve the existing ones. We establish a new convergence theorem
with larger radius of convergence.
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