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1 Introduction

A fundamental result in fixed point theory is the Banach Contraction Principle in Banach
spaces or in complete metric spaces. Fixed point theory is an important tool for solving equations
Tx = x for mappings T defined on subsets of metric or normed spaces. It is widely applied to
nonlinear integral equations and differential equations.

The concept of coupled fixed point theorem is introduced in [3]. Later on Bhaskar and
Lakshmikantham [1] introduced the notions of a mixed monotone mapping, studied the problems
of uniqueness of a coupled fixed point in partially ordered metric spaces and applied their theorems
to problems of the existence of solution for a periodic boundary value problem. Harjani, L6pez and
Sadarangani obtained in [S] some coupled fixed point theorems for a mixed monotone operator in
a complete metric space endowed with a partial order by using altering distance functions. They
applied their results to the study of the existence and uniqueness of a nonlinear integral equation.
Recent results about the application of coupled fixed point theorems for solving integral equations
are obtained in [9].

Other kind of a generalization of the Banach Contraction Principle is the notion of cyclic
maps [13]. Because a non-self mapping 7 : A — B does not necessarily have a fixed point, one
often attempts to find an element x which is in some sense closest to Tx. Best proximity point
theorems are relevant in this perspective. The notion of best proximity point is introduced in
[2]. This definition is more general than the notion of cyclic maps [13], in sense that if the sets
intersect then every best proximity point is a fixed point. A sufficient condition for the existence
and uniqueness of the best proximity points in uniformly convex Banach spaces is given in [2].

First results in the approximation of the sequence of successive iterations, which converges
to the best proximity point for cyclic contractions is obtained in [26] and for coupled best proximity
points in [6].

Besides the idea of defining a norm and considering a Banach space, another direction of
generalization of the Banach Contraction Principle is based on considering an abstractly given
functional defined on a linear space, which controls the growth of the members of the space. This
functional is usually called modular and it defines a modular space. The theory of modular spaces
was initiated by Nakano [21] in connection with the theory of ordered spaces, which was further
generalized by Musielak and Orlicz [20]. Modular function spaces are subclass of the modular
spaces. The study of the geometry of modular function spaces was initiated by Kozlowski [16,
14, 15]. Fixed point results in modular function spaces were obtained first by Khamsi, Kozlowski
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and Reich [11]. Further development of the theory of fixed points in modular function spaces can
be found in the exhaustive references of the survey article [17] and in the book [10]. Kozlowski
has contributed a lot towards the study of modular function spaces both on his own and with his
collaborators. First results about best proximity points in modular function spaces are obtained in
[7, 25].

A genarization of the idea of coupled fixed points and coupled best proximity points in
modular function spaces was done in [8]. We have tried to generalize the idea of coupled fixed
points and coupled best proximity points in modular function spaces for Kannan contraction maps.

2  Preliminaries

Following [17, 10] we will recall some basic notions and facts about modular function
spaces.

Let Q be a nonempty set and X be a nontrivial o—algebra of subsets of Q. Let &2 be a §-ring
of subsets of Q, such that ENA € & forany E € & and A € X. let us assume that there exists
an increasing sequence of sets K, € & such that Q = UK,. By & we denote the linear space
of all simple functions with supports from &?. By .Z., we will denote the space of all extended
measurable functions, i.e. all functions f :  — [—oo, o0| such that there exists a sequence {g,} C &,
lgn| <|f] and g,(®) — f(w) for all ® € Q. By 14 we denote the characteristic function of the set
A.

Definition 1. Let p : .. — [0,0] be a nontrivial convex and even function. We say that p is a
regular convex function pseudomodular if:
(i) p(0)=0;
(ii) p is monotone, i.e., |f(®)| < |g(w)| for all ® € Q implies p(f) < p(g), where f,g € Me,
(iii) p is orthogonaly subadditive, i.e., p(flaug) < p(fla) + p(f1p), where A,B € ¥ such that
ANB#0, f € Mo
(iv) p has the Fatou property, i.e.,
f € M
(v) p is order continuous in &, i.e., g, € & and |g,(®)| J 0 implies p(g,) | 0.

Similarly as in the case of measure spaces, we say that a set A € ¥ is p—nullif p(gl4) =0 for
every g € &. We say that a property holds p—almost everywhere if the exceptional set is p—null.
As usual we identify any pair of measurable sets whose symmetric difference is p—null as well as
any pair of measurable functions differing only on a p—null set. With this in mind we define

ful@)| 1 |f(@)] for all @ € Q implies p(f,)  p(f), where

M(Q,0,7,p) ={f € Me;

f(@)] <eop —ae},

where each f € .#(Q,0,7,p) is actually an equivalence class of functions equal p a.e. rather
than an individual function. Where no confusion exists we will write .# instead of .Z (Q,0,Z,p).

Definition 2. Let p be a regular convex function pseudomodular.

(1) We say that p(0) is a regular convex function semimodular if p(of) = 0 for every o« > 0
implies f =0 p—a.e.;

(2) We say that p is a regular convex function modular if p(f) = 0 implies f =0 p—a.e.
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The class of all nonzero regular convex function modular defined on Q will be denoted by
R.

Let us denote p(f,E) = p(flg) for f € #, E € L. Tt is easy to prove that p(f,E) is a
function pseudomodular in the sense of Definition 2.1.1 in [16] (more precisely, it is a function
pseudomodular with the Fatou property). Therefore, we can use all results of the standard theory
of modular function spaces as per the framework defined by Kozlowski [16, 14, 15], see also
Musielk [20] for the basics of the general modular theory.

Definition 3. Let p be a convex function modular.

(a) A modular function space is the vector space Ly(Q,X), or briefly Ly, defined by
Lo={fe#:p(Af) = 0as A —0};

(b) The following formula defines a norm in Ly (frequently called Luxemburg norm):

||f]|p:inf{a>0:p(§) gl}.

For the rest of the article if we state someting about a norm we will mean Luxemburg norm
| - |lp, which is generated by the modular p.

In this way, Lebesgue, Orlicz, Musielak—Orlicz, Lorentz, Orlicz—Lorentz are examples of
modular function spaces.

In the following theorem, we recall some of the basic properties of modular function spaces.

Theorem 4. Let p € fR.

(1) (Lp,||fllp) is a complete and the norm || - ||p is a monotone w.r.t the natural order in A .

(2) | fullp = Oiff p(afn) — O for every a > 0.
(3) If p(af,) — O for an o, then there exists a subsequence {g,} of {fn} such that g, — 0 p—a.e.
(4) If {fn} converges uniformly to f on a set E € &, then p(a(f,— f),E) — 0 for every o. > 0.

(5) Let f,, — f p—a.e. There exists a nondecreasing sequence of sets Hy € & such that Hy 1 Q
and f, converges uniformly to [ on every Hy (Egoroff Theorem).

(6) p(f) < liminfp(f,) whenever f, — f p—a.e. (Note that this property is equivalent to the
Fatou property).

(7) Define Lg {feLy:p(f,)isorder continuous} and E, ={f € Ly : A f € Lg forevery AL >0}
we have

(a) Lp D LY D Ep;
(b) E, has the Lebesgue property, i.e. p(otf,Dy) — 0 for a >0, f € Ep and Dy | 0;
(c) Ep is the closure of & (in the sense of || - || p).

The next definition gives generalizations of the classical notions for normed spaces in the
context of modular function spaces.
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Definition 5. Let L, € R.
(a) We say that { f,} is a p—convergent to f and we write f,, — f(p) if and only if p(fn — f) — O;

(b) A sequence {f,}_| C Lp is called p—Cauchy if for any € > 0 there exists N € N, such that for
any m > n > N there holds the inequality p(fm — fn) < €

(c) The modular function space L, is called p—complete if any p—Cauchy sequence is p—convergent.

(d) A set B C L, is called p—closed if for any sequence of f, € B, the convergence f, — f(p)
implies that f belongs to B;

(e) Aset B C Ly is called p—bounded if its p—diameter 8y (B) = sup{p(f —g): f,8§ € B} <oo;

(f) A set B C Ly is called p—a.e. closed if for any {f,} in C which p—a.e. converges to some f,
then we must have f € C;

(g) Let A,B C Lp. We define the p—distance between the sets A and B by

dp(A,B) =inf{p(f—g): f€A,g€B}
and dp(f,B) =inf{p(f —g) : ¢ € B} if A consists of a single element f,

(h) We say that a function modular p has the Ap—property if sup, .y p(2fn,Dx) — 0, whenever
Dy | 0 and sup,,c p(fn, D) — 0.

(i) ([10], p.116) A function modular p € *R is called uniformly continuous if for any L > 0 and
€ > 0 there exists 8 = 0(L, &) > 0 such that if p(x) < L and p(y) < 0 there holds the inequality

p(x+y)—px)| <e
Theorem 6. Let p € R. Then Ly is p—complete.
Theorem 7. Let p € R. The following conditions are equivalent
(a) p has Ay;
(b) Lg is a linear subspace of Lp;
(c) Ly = Lg =E,;
(d) If p(fn) = 0, then p(2fn) = 0;

(e) If p(oufn) — O for an o0 > 0, then || fu||p — O, i.e., the modular convergence is equivalent to
the norm convergence.

Let us mention that the p—convergence do not imply p—Cauchy, since p— does not satisfy
the triangle inequality. If p has Ap—property then p—convergence imply p—Cauchy.

Generalization of convexity properties for Banach spaces are investigated for modular func-
tion spaces in [12]. As demonstrated in [17] one concept of uniform convexity for Banach spaces
generates several different types of uniform convexity in modular function spaces. This is due
primarily to the fact that in general the modular function is not homogeneous.
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Definition 8. Let p € Rand i € {1,2}. Let r > 0, € > 0. Define
Di(r,e) ={(f.8): f,8 €Lp,p(f) <r.p(8) <r,p (g) > er}.
Let 8:(r,€) = inf{l ~1p (%) - (f,g) € Di(r, e)} > 0ifD;(r,€) £ 0 and 8(r,€) = 1 if Di(r,€) =
0.
(i) We say that p satisfies (UCi) if for any r > 0, € > 0 there holds the inequality &;(r,s) > 0.

(ii) We say that p satisfies (UUCI) if for every s > 0, € > 0 there exists M;(s,€) > 0, depending
on s and € such that
0i(r,s) > ni(s,€) > 0 forr>s.

If p is (UC1) we obtain that the inequality

0 p(32) <rti-sie)

holds for every p(x),p(y) < rand p (x—y) > re.

Proposition 9. The following conditions characterize relationship between the notions, that are
defined in Definition 8

(1) (UUCi) implies (UCi) fori € 1,2;

(2) b1(r.e) < &(re);

(3) (UCI) implies (UC2);

(4) (UUCI) implies (UUC2);

(5) If p € R, then (UUCI) and (UUC2) are equivalent;

(6) I p is homogeneous (e.g. is a norm) then all conditions (UCI), (UC2), (UUCI) and (UUC2)
are equivalent.

Lemma 10. (/25]) Let p € R. Let p be (UCI), has the Ay—property, A C Ly be a p—closed and con-
vex subset, B C Ly be p—closed subset and AUB be p—bounded. If the sequences {x,}_y,{zn}5_; C
A and {y,};_, C B be such that:

(i) limy s P(20 — yn) = dp;

(ii) for every € > 0 there exists No € N such that for every m > n > Ny there holds the inequality
P (X —yn) < dp + €.

Then for every € > O there exists N1 € N such that for every m > n > N there holds the inequality
P (xm—2zn) <E.

Lemma 11. (/25]) Let p € *R. Let p be (UCI), has the Ay—property, A be a p—closed and
convex subset of Lp, B be p—closed subset of Ly and AUB be p—bounded. If the sequences
{xn}e Azt CAand {yn};_| C B be such that:
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(i) limn%oop(zn —yn) = dP"
(ii) 1imy_seo P (X — yn) = dp.
Then lim,,_ye p (X, — 2,) = 0.

Lemma 12. ([25]) Let p € R. Let p has the Ay—property, be uniformly continuous, A,B C Ly be
subsets and A UB be p—bounded. If the sequences {x,}7_,{zn}r_; CAand {y,};_, C B be such
that:

(l) limnﬁoop (Zn - xn) =0y
Then llmn*)oop<xn _yl’l) - dp.

We recall that M is called an Orlicz function, provided M is even, convex, continuous non-
decreasing in [0, ) function with M(0) = 0, M(¢) > 0 for any ¢ # 0. Let M be an Orlicz function
and let (Q,X, 1) be a measure space. Let us consider the space L°(Q) consisiting of all mea-
surable real-velued functions on  and define for every f € L%(Q) the Orlicz function modular

M(f) = JoM(f(1)du().

Definition 13. The Orlicz space Ly (2, X, 1) is the space of all classes of equivalent i—measurable
functions f : Q — R over the measure space (Q,X, ) such that M(Af) — 0 as A — 0 or equiva-

lently M (%) < oo for some A > 0.

The function M is a regular convex function modular and it is called Orlicz function modular.
An extensive study of Orlicz spaces can be found in [18, 19, 22, 23].

If M(t) = |t|P, p > 1 we obtain the space L,(€,X, ). The most common examples of Orlicz
spaces are the sequence spaces {7, the function spaces Lys(0,1) and Lys(0,00) that correspond
to the cases: Q countable union of atoms of equal mass, Q = [0, 1] and Q = (0,), u the usual
Lebesgue measure.

We say that M satisfies the Ay—condition if there exist constants C,y > 0, such that M(2¢) <
CM (t) for any ¢ > fy. It is easy to observe that if M satisfies the A;—condition, then the Orlicz
function modular M has the A, property.

If we restrict to the Orlicz space Ly (0, 1), then the Orlicz function modular is defined by

_ 1

M(f)= / M(f(s))du(s). We will denote the corresponding modular function space by L;;(0,1).
0

When M = [t|” we will denote L;(0,1) by L5(0,1).

3 Main Results

Coupled best proximity points and coupled fixed points in metric spaces are defined in [24]
and [3]. Following [24, 3] we will give definitions for coupled best proximity points and coupled
fixed points in modular function spaces.

Just to simplify the notations we will put d = dj (A, B).

Definition 14. Let A and B be nonempty subsets of a modular function space Ly, F : A XA — B.
An ordered pair (x,y) € A X A is called a coupled best proximity point of F if

p(x—F(xy))=py—F(yx)=d.
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Definition 15. Let A be nonempty subset of a modular function space X, F : A XA — A. An ordered
pair (x,y) € A X A is said to be a coupled fixed point of F in A if x = F(x,y) and y = F(y,x).

It is easy to see that if A = B in Definition 14, then a coupled best proximity point reduces to
a coupled fixed point.

Iterated sequences for investigation of existence of coupled best proximity points and cou-
pled fixed points in metric spaces is defined in [3, 24]. Following [24, 3] we will give definitions
for these iterated sequences in modular functional spaces.

Definition 16. (/24])Let A and B be nonempty subsets of a modular function space Ly. Let F :
AxA — Band G:BxB — A. For any pair (x,y) € A X A we define the sequences {x,},_, and

{Vntmo by X0 =x, yo =y and

Xont+1 = F (%2, y20), Yont+1 = F(yan,x2n)
Xon42 = G241, Y20+1)s Yont2 = G(V2nt1,X2n+1)

foralln > 0.

We will generalize the notion of cyclic contraction pair (F,G) of maps in metric spaces
[4, 24] for modular function spaces.

Definition 17. Let A and B be nonempty subsets of a modular function space X, F : A XA — B
and G : B X B — A. The ordered pair (F,G) is said to be a cyclic p—Kannan contraction pair if
there exist non-negative number o, such that & < 1/2 and there holds the inequality

p(F(x,y) = Gu,v)) <o(p(x—F(x,y)) +p(u—Gu,v))) + (1-2a)d(A,B)
forall (x,y) € Ax A and (u,v) € BXB.

Definition 18. Let A be nonempty subsets of a modular function space X, F : A X A — A is said to
be a cyclic p-Kannan contraction map if there exist non-negative numbers o, such that ot < 1/2
and there holds the inequality

p(F(x,y) = F(u,v)) < o(p(x—F(x,y)) + p(u—F(u,v)))
for all x,y,u,v € A.

Theorem 19. Let p € R. Let A C Ly be nonempty, p—closed and p—bounded. Let F : A X A — A be
a cyclic p-Kannan contraction map. Then F has unique coupled fixed points (x,y) € A. Moreover
for any (xo,y0) € A the sequences {x,}, {y,} defined by the equations:

) x1 = F(x0,y0), y1 = F(y0,%0),
Xn+1 :F(xnayn>, Yn+1 :F(ynvxn)7

n=1,2,..., converge to the unique coupled fixed points (x,y) € A .

Proof. From the definition of (2) we get

P (Xn1 = Xn) = P(F (X, yn) — F (Xn—1,¥n-1)) < P (Xn — Xnt1) + 0P (Xp—1 — Xn)
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and
P 1 —Yn) = PF Vs Xn) = F Vn—1,%n-1)) < 0P (Yn — Ynt1) + 0P (Yn—1 — Yn)-
And we get

o
P (Xnt1—xn) < mp(xn_l — Xn)

and o
p(yn—i—l _yn) S mp(yn—l _yn>~

Therefore after summing the above inequalities we get

(04

Pt =Xn) P Onit —=yn) < 7 (PLn = Xa1) +P (= Yn-1))

2
< (%) (p(xn—l _xn—l)+p(yn—l _yn—Z)

< ... < (%)n(p(xl —x0) +p (1 —y0))-

From the last chain of inequalities we get that for any n, p € N there holds

D (ks — )+ POty —3n) < (L)n<p(xp—xo>+p<yp—yo>>.

l-o
From the assumption that A is a p—bounded set it follows that existence of M > 0, such that
p(u—v) <M for any u,v € A. Consequently

o

P (Xntp —Xn) + P (Vntp —Yn) < (m) (p(xp—x0)+p(yp—y0)) <2M (%) )

From lf‘a € [0,1) it follows that for any € > 0 there is Ny such that for any n > Ny, there holds

(t2;)" < 5. Then for any ng > N and any p > 1 the inequality max{p (x+p — Xn), 0 (Yntp —
yn)} <2M (&)n < € holds. Thus for every € > 0 there exists Ny such that for any n > Ny the
inequality p(z,+p —2x) < € holds, for p € N and z = x or z =y. Therefore {x,} and {y,} are
Cauchy sequences. From the completeness of L, and the closeness of A it follows that there are
x,y € A, such that lim,,_, p (x, —x) = 0 and lim,,_,ee p (y, —y) = 0.

We will proof that F(x,y) = x and F(y,x) = y.

px—F(xy) = Iimp (ot —F(xy) < limp(F(uy) ~ F(x,y)
< lim 0 (5 —x11) + ap (x— F(x,)).

Thus we get the inequality (1 —a)p (x — F(x,y)) < lim, e 0p (X, —Xxp41) =0, 1.e. x=F(x,y). In
a similar fashion we get

p(y_F(yax)) = hmp(yn—i-l _F(yax)) < r}l_r};lop (F(ymxn) _F(yvx))

n—oo

< nli_rg;ap(y,, _)’n—H) + Ocp(y—F(y,x)).

Thus we get the inequality (1 — ot)p (y — F(y,x)) < limy—yeo 0P (Y — Yu+1) = 0, i.e. x = F(x,y).
Therefore (x,y) is coupled fixed points of F in A.
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Suppose (u,v) is another coupled fixed points of F in A i.e. u = F(u,v) and v = F(v,u).
From the inequalities

p(x—u)=p(F(x,y) = F(u,v) < ap(x—F(x,y)) +op(u—F(u,v))

and
p(y—v)=p(F(y,x) —F(vu) < op(y—F(yx))+op(v—F(v,u))
we get that p(x —u) = p(y — v) = 0, which is a contradiction. So the assumption that there exists
second coupled fixed points is not true.
By what we have just proved for any initial guess (uo, vo) the sequences {u, };_, and {v,}5_,
defined in (2) converge to a coupled fixed point (u,v) of F in A, which is unique. Thus {u,};_,
and {v, };~_, converge to the coupled fixed point (x,y) O

Theorem 20. Let p € R. Assume that p satisfies (UCI), has the Ap—property and be uniformly
continuous. Let A,B C Ly be p—closed, p—bounded, convex subsets, F : AXA — Band G:BXB —
A and the ordered pair (F,G) be an cyclic p—Kannan contraction pair. Then there exists a unique
order pair (x,y) € A X A such that (x,y) is a coupled p—best proximity points of F in A (i.e. p(x—
F(x7y)) —i—p(y—F(y,x)) = 2d(AvB))- There holds x = G(F(x,y),F(y,x)), Y= G(F(y,x),F(x,y))
the order pair (F(y,x),F(x,y)) is a coupled p—best proximity points of G in B. More over for any
initial guess (xp,y0) € A X A the iterated sequences {x,}, {y} defined by

Xon+1 :F(x2n>y2n)a Yon+1 = F(y2n>x2n)7

3) Xon42 = G(X2n+1,Y2n41): Y2n12 = G(V2nt1,X2n+1),
n=01.2...

satisfied

Y}EEOP(XZn _x) = 07 r}gl;lop(yZn _y) = 07 r}i_l;l;lop(x2n+l —F(X,y)) = 07 nlglolop(yZnJrl _F(y7x)) =0.
Lemma 21. Let p € R. Assume that p satisfies (UCI1), has the Ay—property and be uniformly
continuous. Let A,B C L, be nonempty, p—closed and p—bounded, convex subsets, F : A x A — B
and G : B x B — A and the ordered pair (F,G) be a cyclic p—Kannan contraction pair. If (xo,yo) €
A and we define:

Xont+1 = F (%20, y2n), Yan+1 = F (yan,%2n)

Xon+2 = G(X2nt1,Y2041)s Yan+2 = G(Van+1,%20+1)

for all n € N U{0}, then 1i_1>n p(x2n —X2n+1) =d, lgn P (yon —Yon+1) = d.
n—oo n—oo
Proof. From the assumption that (F, G) is a cyclic p—Kannan contraction pair we get

P (F (x2n,¥2n) — G(X2n—1,Y20-1))

p(xont1 —x2n) =
< ap(xon —xmt1) + 0P (X2n—1 —x2,) + (1 —20x)d

and
p(F(y2n7x2n) - G(y2n—1 7x2n—1))

p(y2n+l_y2n) =
< op (Y —Yant1) F 0P (Yon—1—y2n)) + (1 —20)d.

Therefore

(04 o
n — Aln g— n-— A2n— l———
P (2ms1 = x2n) < 7 P2 — 02 1)+( 1—a)d
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and
o o
P (2t — yzn)Sl—P(yzn yzn_1)+(1—1—)d
—a
Thus
p(oni1—xm) —d < (%) (P(x2n —x20-1) — d)
2n
< (1%)" (plxi —x0) — d)
Pt —ym)—d < (%) (P(van —yan—1) —d)
2n
< (%) (p(y1 —y0) —4d)
Therefore limy, o P (X2, — X24+1) = d and lim, o = p (y2, — Yon+1) = d. O

Lemma 22. Let p € R. Assume that p satisfies (UCI1), has the Ay—property and be uniformly
continuous. Let A, B C L, be p—closed, p—bounded, convex subsets, F : AXA — Band G:BxB —
A and the ordered pair (F,G) be a cyclic p—Kannan contraction pair. If (xo,y0) € A X A and we
define:

Xon+1 = F(X2n,y2n), Yont1 = F (Yon, Xan)

Xon+2 = G(X2nt1,Y20+41)s Yani2 = G(Van+1,%20+1)
for all n € N U{0}, then for € > 0, there exists a positive integer Ny such that for all m > n > Ny
such that n+ m is an odd number we have p (X, — xn) + P (Y — Xxn) < 2d + €.

Proof. From the assumption that (F,G) is a cyclic p—Kannan contraction pair we get

p(G(XZm—l ;yZm—l> - F(x2n7y2n))

p(x2m_x2n+1> =
< ap(me_l —X2m) —|—OCp(X2n —XQ,,_H) —l—(l —206)6[.

Thus
p(x2m —x2m11) —d < a(p(xom x2m) d)JFO‘(P(in—xZ;H)—d)
< (a) Talpxo—x)—d)+ (%) " a(p(xo—x1) — d)
and
P(vam—Yam+1) = P(Gam—1,%2m—1)—F (yon,x2n))
< opam—1—Y2m) + ap(x2, —x2441) + (1 —200)d
Thus

P (yom —yons1) —d < a(p(yom—1—yom) —d) +a(P(y2n —Y2u41) — d)
< (+%)" alplo—y) —d)+ (+%) " a(p(o—y1) —d)
Therefore for any € > 0, there exists a positive integer Ny such that for all m > n > Ny such that
n~+m is an odd number we have p (x, —x,) + P (Y — xn) < 2d + €. ]

Lemma 23. Let p € R. Assume that p satisfies (UCI), has the Ay—property and be uniformly
continuous. Let A, B C L, be p—closed, p—bounded, convex subsets, F : AXA — Band G:BxB —
A and the ordered pair (F,G) be a cyclic p—Kannan contraction pair. If (x9,y0) € A X A and we
define:

Xon+1 = F (X2, Y2n), Yont1 = F (yan, X2n)

x2n42 = G(X2nt1,Y2n+1)s Yant2 = G(Von+1,X2n+1)-
for all n € N U{0}. If the sequences {x2,};_, and {yn} 5, are p—convergent to x and y respec-
tively, then p(x— F(x,y)) =d and p(y — F(y,x)) =d.
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Proof. From Lemma 21 we have that there hold the equalities lim, o p (X2, — X24+1) = d and
lim,—ye0 P (X21142 — X21+1) = d. Thus from Lemma 11 we obtain lim,, . p (x2, — X2,+2) = 0. From
limy,—ye0 p (X2, —X2,—1) = d and lim,, e, p (X2, —x) = 0 applying Lemma 12 we get im0 P (X2,—1 —
x)=d.

From Lemma 21 we have that there hold the equalities lim, o p(y2, — y2n+1) = d and
limy,—ye0 P (Y242 — Y2n+1) = d. Thus from Lemma 11 we obtain lim,, . p (y2n — y2n+2) = 0. From
lim, o0 P (Y2 — y2n—1) = d and lim,, e p (y2, —y) = 0 applying Lemma 12 we get lim,, oo p (Y21—1 —

y) =d.
Since
pIF(ry) =) < lim p(F(x.y) —xa0) = lim p(P(x.5) = Glrzs-1.32:-1)
< r}grolo [Ocp(x—F(x,y)) +ap(x2n71 _x2n> + (1 —ZOC)d] =d.
Thus

(1= 0)d < (1 @)p(F(x.y) ~2) < lim ap(xa1 —xz) + (1 —2a)d = (1 - @)d.

Consequently p(F(x,y) —x) =d.

Since
p(F(y,X)—y) S ,}i_rgl}op(F(yvx)_yZn) :r}i_{{)loP(F()’,x)—G(YZn—l,xzn—l))
< lim [ep(y—F(y,%)) + @p(yan-1 = y2) + (1 = 20)d] = d.
Thus

(- @)d < (1 - a)p(F(y.x) ~y) < lim op(ya-1 —y20) + (1~ 2a)d = (1 - @)d.

Consequently p(F(y,x) —y) =d. O

Proof of Theorem 20. For and pair (xg,y9) € (A X A) we consider the sequences {x, }, {y,}. From
Lemma 21 we have that lim,,_,. p (X2, — X2,+1) = d. By Lemma 22 we have that for every € > 0
there exists Ny € N, such that there holds the inequality p (x2,, —X2,41) < d + € for every m,n > Np.
From Lemma 10 by setting z,, = x2,,, Xy = X2, and y, = xo,,1-1 it follows there exists N; € N, such
that the inequality p(7%"x — T'?"x) < € holds for every m > n > N;. Therefore the sequence
{x2,}5_, is a p—Cauchy sequence. The proof that {y,,}’_, is a p—Cauchy sequence can be made
in a similar fashion.

From the completeness of L, and closeness of A is follows that there are x,y € A, such that
lim, e p (X2, —x) = 0 and lim,,_, p (y2, —y) = 0. By Lemma 23 it follows that (x,y) is a coupled
p-best proximity point.

First we will prove that if (x,y) is a coupled p—best proximity point then there holds

x=G(F(x,y),F(yx) and y = G(F(y,x), F (x,y)).
From the inequality

S p(F(x,y) = G(F(x,y),F(y,x)))
ap(

)_
x—=F(xy)) +ap(F(xy) = G(F (x,),F(y,x))) + (1 -20)d

IA
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we get

(I-a)d < (1-a)p(F(x,y)=G(F(x,y),F(y,x)))
< ap(x—F(xy)+(1-2a)d = (1-a)d
and thus it follows that p (F (x,y) — G(F (x,y),F(y,x))
and Lemma 11 it follows that x = G(F (x,y), F(y,x))

) = d. From the equality p(F(x,y) —x) =d
. By similar arguments from the inequality

S = p(F(yx)—G(F(yx),F(xy)))
< ap(y—F(yx)+ap(F(y,x) = G(F(yx),F(xy)))+ (1 -20)d
we get
(1-oa)d a)p(F(y,x) = G(F (y,x),F (x,y)))

IAINA

F(y,x))+ (1 —2)d(A,B) = (1 —o)d

p(y—
and thus it follows that p(F (y,x) — G(F (y,x),F(x,y))) = d. From the equality p(F(y,x) —y) =d
and Lemma 11 it follows that y = G(F (y,x), F (x, y))
Consequently (F(x,y),F(y,x)) is a coupled best proximity point of G in B.
It remains to prove that the coupled best proximity points is unique. Let us suppose the
contrary, i.e. there exists (u,v) € A x A such that p(x —u) + p(y —v) > 0. We can write the
inequalities

(1
o

d = p(F(x,y)—u)=p(F(x,y)—G(F(u,v),F(v,u)))
(4) < op(x—F(x,y))+ap(F(u,v) = G(F(u,v),F(vu)))+ (1 -2a)d
= ap(x—F(x,y)+ap(F(u,v)—u)+(1-20)d =d,
d = p(F(yx)—v)=p(F(x)—GF(v,u),F(uv)))
(5) < oap(y—F(yx)+op(F(yx)—G(F(vu),F(u,v)))+(1-2a)d
= ap(y—F(y,x))+oap(F(yx)—y)+(1-20)d =d,
G % = PE@Y)—x) =p(F(ur) - G(F(x.y).F(3.2))
< ap(u—F(u,v))+ap(F(x,y) = G(F(x,y),F(yx)))+ (1 -2a)d,
o S = P(E(u)—y) = p(F(nu) — G(F(.2).F(x))
< ap(v—Fu))+ap(F(yx)—G(F(yx),F(x,y)))+ (1 —2a)d.
Therefore
p(F(x,y) —u) = p(F(y,x) —v) = p(F(u,v) —x) = p(F(v,u) —y) =d.
From

p(F(x,y) —x) = p(F(y,x) —y) = p(F(u,v) —u) = p(F(v,u) —v) =d.
and Lemma 11 it follows that x =u and y = v.
From Lemma 23 it follows that for every € > 0 there exists N, such that for any n,m > N
there holds p (x2, — x2u+1) < d + €. Therefore applying Lemma 10 and lim,—ye p (X2, — X2541) = d
it follows that {x2,41} 7, is a Cauchy sequence. From the completeness of L, and closeness of B
it follows that there is X € B such that lim,, . p (x2,11 —X) = 0.
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By similar arguments we get from Lemma 23 it follows that for every € > 0 there exists
N, such that for any n,m > N there holds p(y2;, — yom+1) < d + €. Therefore applying Lemma
10 and lim, e p (Y27, — Yon+1) = d it follows that {y2n+1}:l°:1 is a Cauchy sequence. From the
completeness of Ly and closeness of B it follows that there is y € B such that nlgl; p(van+1—y) =0.

We will show that ¥ = F(x,y) and y = F(y,x).

From lim,, e p (X241 —X) = 0, limy, 00 p (X241 — X2,) = d and Lemma 12 it follows that
lim,_,e p (X2, —X) = d. Using the uniform continuity of p we get p (x —X) = lim, e p (X2, —X) =d.
By p(x—F(x,y)) = d and Lemma 10 it follows that X = F (x,y).

From lim,, e p (Y241 —¥) = 0, lim, 00 P (Y2n+1 — Y2n) = d and Lemma 12 it follows that
lim,, ;0 p (y2,, —¥) = d. Using the uniform continuity of p we get p(y—7y) = lim, e p(y2, —¥) =d.
By p(y— F(y,x)) = d and Lemma 10 it follows that y = F (y,x).

It remains to show that any iterated sequences {x,}>_, and {y,}’_, are p—convergent to-
wards the uniques coupled best proximity points (x,y) of F in A

Indeed by taking of an arbitrary initial guess (ug,v9) € A X A we get, that the iterated se-
quences {u,}_, and {v,}’_, are p—convergent towards a coupled best proximity points (u,v) of
F in A. From the uniqueness coupled best proximity points (x,y) of F in A it follows that {u,}’_,
and {v,}>_, are p—convergent towards the unique coupled best proximity points (x,y) of F in A.(0
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