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LIMIT VALUES OF MULTIPLICATIVE INTEGRALS*

GALINA S. BORrisova

ABSTRACT: This paper presents obtaining the explicit form of
the limit values of special kind of multiplicative integrals. These multi-
plicative integrals and the explicit form of their limit values have been
essentially used in the investigations of the nondissipative unbounded
operators in a Hilbert space (presented as a coupling of dissipative and
antidissipative operators and with different domains of the operator
and its adjoint), their characteristic operator functions, asymptotic
behaviour of the corresponding continuous curves.
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In this paper we present properties of special kind of multiplicative
integrals which play an important role in the further development of
the investigations of nonselfadjoint unbounded operators (with finite
dimensional imaginary parts) based on the theory of the characteristic
functions and the triangular models of M.S. LivSic. The presented
properties of the multiplicative integrals are so-called limit values of
multiplicative integrals connected with nonselfadjoint unbounded K-
operators A in a Hilbert space H with differen domains of A and
its adjoint A* and presented as a regular coupling of dissipative and
antidissipative operators with real absolutely continuous spectra. The
triangular model of the regular couplings of this class of nonselfadjoint
operators has been introduced and investigated by K.P. Kirchev and
G.S. Borisova in [2, 3, 4]. In the course of investigations of these
operators A (the characteristic operator functions, the resolvent of A,
the asymptotic behaviour of the corresponding continuous curves) we
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use the properties of the multiplicative integrals from the form

b
— _.1+/\a(U)T d
(1) fe ? a(v)—A (U) v’

a
(A € C, A # a(v) for v € [a,b]), where a(v) is a nondecreasing
real function in [a, b], T'(v) is measurable nonnegative m x m matrix
function, satisfying the conditions

b b
(2) /trT(v)dv < 4005 /|T(v)|]dv < +00.

The integral (1) is the multiplicative Stieltjes integral, defined as

N Y

[ef0GOd =y ] el (EG)-EO-) —
a max A —0 k=1

=Y lim S OEO)-BO) | ol () (E)-Ba1)
max A0 —0

(3)

where
0
E(0) = / G(t)dt

and the limit in (3) is taken over all the partitions a = 6y < 6; <
... < 0, = b of the interval [a,b] and all the choices of intermediate
points 7y such that 01 < 7, < 0 (k=1,2,...,n), G(0) is integrable
matrix function on [a, b] and

I1E®) — E@")| < 10— 6"].

Further to avoid the complications of writing we will consider the
multiplicative integral (1) in the case when «(v) = v. The general
case of a(v) # v can be considered analogously.
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The limits of the multiplicative integrals from the form (in the
sense of a strong limit)

b
—  —iT(v) d
s—lim [er=GEn ™ =
(4) 0—0 ¢
x—0 b
. - —iT () 4 T () - —iT () 4
=s—lim [e v W) [ eTvs
0—0 a ZZ?+5

are used essentially in the case of bounded dissipative operators [6],
the case of bounded nonselfadjoint operators, presented as a coupling
of dissipative and antidisipative operators 1], the case of unbounded
nongselfadjoint operators, presented as a coupling of dissipative and
antidissipative operators and with equal domains of the operator and
its adjoint [3]. The equality (4) is proved by L.A. Sakhnovich in [6]
and it is an analogue for the multiplicative integrals of the well-known
Privalov’s theorem [5] for the limit values for the integral

b

FO) = / tpft)Adt

a

in the scalar case.

In the case of considered unbounded K- operators in the course of
obtaining the asymptotics of the corresponding nondissipative curves
we essentially use the existence and the form of the limit values of the
multiplicative integrals (in the sense of a strong limit) for almost all
x € a, b

b

— _.1+(.1:ii5)vT d

(5) s—lim [e "v-GED) (v)dv
0—0 ¢

6> 0.

At first we will remind some propositions, obtained in [6], which
we will use.
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LEMMA 1. ([6]) Let the matriz function W (X) is analytical and
uniformly bounded by norm in the upper half-plane. Then for almost
all x there exists the limit

Wt(x) =s— lim W(z +1i), > 0.
0—0

LEMMA 2. ([6]) Let the matriz function B(t) is integrable in
[a,b]. Then for almost all x in |a,b] the next equality hold

T+

hm/|B x)||dt = 0.

LEMMA 3. (/6]) Let m x m matriz functions (m < oo) Bj(t)
and Bs(t) are integrable in [a,b] and for almost all t in [a,b] satisfy
the inequalities

Bel®) = BilD) i —1,0
i — Y =
Then

b

H .
Jemima fe*le / 1B (t) — Bat)||dt.

a

Now we are in a position to prove the next theorem.

THEOREM 4. Let the matriz function T(x) is integrable and
nonnegative in [a,b]. Then for almost all x € R there exist the limits
(5) and they have the form

_ 1+ (zEid)v
s — lim fe i v—(x£id) T(U)

0—0 g
(6)
avfs b,
1+ULT( )dU :|:71'(1+$ — 1+’vaLT d
= s — lim f e e f e
e=0 4 e

(0 >0,e>0).
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Proof. We consider the multiplicative integral (5) for A = z £ i
(0 >0), ie

1+(ziz6)v _ 1+(zi16)8k
(7) S — hm fe v—(z£id) T( )dv hm H e i (aEis) 0, —(x£1id) T(ek)Avk
0—0 ¢ maXAkaO
where ¢ = v9 < v1 < ... < v, = b, the intermediate points 05 such

that vp_1 < O < vk, Avg =vp —vp_1 (k=1,2,...,n).
At first after direct calculations we obtain that

L+ (a:£id) _s04v?) jumet(e@—a)+5%
(8) e ﬁ']ﬂ(v) =e (vfcc)2+62T( )= (v—2)2 162 T('U)'

Now we will mention that

(9) le=I <1

for arbitrary 8 > 0 and the matrix 7' > 0, because the function
(e P f,e7F)

is nonincreasing function of 3, 8 > 0 (for fixed f € C™).

On the other hand the function (e"” f,e"T f) of v € R (for fixed
f € C™ when the matrix 7" is nonnegative) does not depend on 7 and
hence

(10) e f11 = 1171l
and consequently

(11) €77 <1 Yy eR.
But [|f]| = [le"T ]| < [[e"T|]| /Il and then
(12) T >1 vy eR
The inequalities (11) and (12) imply that

(13) €T =1 VYyeR.
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Now using (7), (8), (9) and (13) we obtain the next inequality

b
=

Je!

a

(14)

14+(z—1id)v
71}( t+26) T (v)dv

<1, 6>0, zeR.

Further for arbitrary S € R and v > 0 using (13) we obtain that

(15) [T LI < e[ lle ]| = [leT]].
But for arbitrary fixed f € C™ it follows that
(16) e fIl = 1P =Ten T f|| < [P T L £]]
and hence
(17) lle™ T < ||t
The inequalities (15) and (17) imply that
(18) [T = (eI (8,7 € R).
Now for 6 > 0 using (7) and (8) we obtain that
T kg, f Sutl IT@ldo.

(19)

fe"

a

Then for the inverse multiplicative integrals

b
-
€
a

we obtain

(20)

. xEid)v
—1 1:;((1;2.5)) T(v)dv _

-1
14 (x+id)v
el v—(zFid) T(U)

S e

S~ 14 (x+id)v
fe’L o (2 1i8) T(v)dv <1

— )
a
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Then using the inequality (20) we have

-1

b b
(21) fe iR T (w)dv f oGy T(v)dv > 1.
a a
The inequality (21) together with (19) implies that
b _ b s(1402)
(22) | < || feriEEER TO®| o J oIt

a

The inequalities (14), (20) and Lemma 1 give the existence of the
limits

1+(L i6)v
(23) s — lim fe veatis LW
0—0
-1
. 1+ a:+7,5)'uT d
(24) s — lim fe o=Gata) 1 (V)
6—0

for almost all x € R. Then there exists the limit

b

1+(z+u§)v
(25) 8—(%11% fe vmais L)Y
—

Now we are in a position to prove the equality (6), i.e. to obtain
the explicit form of the limit (6). Let us consider the function of €

(26) o) = 2 + /|T (@)lldv, >0

for x such that the next equality is true (using Lemma 2)

r+e

(27) lim — / ||T(v) (z)||dv = 0.

e—0 €
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Then after straightforward calculations we obtain that

b
g 1t (z—ip(e))vp
fe” INERER Ty _

a

€

—i LT () dy kr (1402 T(e) [ ,—i5EET(0)dv

T

<

e

;’{%\Lw
N

|
Q%‘LT

8

—&

; 1+(z—1ip(e))v — 3
| Frmmnon T amron
a a

b
T ja—ie()
e—z#f;js)vT(v)dv

+

= 1t ip(e)
. +(x—ip(e))v
1y+v$T(v)dU e WT(U) v

Tr—¢€

b b
- 1 (z—1 v —
e—ziTmT(v)du [e PR T () gy

r+€ r+e

—+

r—e b
— 14 — 4

+ f eil‘v,vf'T(v)dv ) f efzr“fT(v)dv
a T+e

e ; L+ (z—igp(e))v
il —ie(e)y —iT(z) e dy
e e  ORAGL . ZIE Fip(e) N

1t @—ip@)w 40

+ fe I’Utva( )d e ) (-’E)z[s v—z+ip(e) 6777(1+I2)T(I)

b,
7 6 1+v:cT( )

T+€
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In other words using the inequalities (13) and (9) we have

b,
g 14 (x—ip(e))v
[ Tmariee Wy

a

8
|

€ b
. _> .
e T (14T (@) [ 5B T ||
T+e

|
s

r—& T—€
= li—ie@wp 5 s
<l [e ISEREH TW)dv _ [T o
a a
2%) > (e—ip(e) 2
14+ (x—ip(e v . -
<| [e W’fp(s) (v)dv _ | eﬂ%T(v)dv <
zr+e x+e
ote
e ; 14 (z—ig(e)v
- 1+(z—ip(e))v _ZT( ) Tdv
< f e i T (0)do . ZIE Fie() <
CiT() | ey,
<le she UTRRE TN —r(1422)T(2)

Now at first we will calculate

+
B L (z— ()
. ZT(x) IE v—z+ip(e) dv

We consider the integral

xr+e xr+e

. 1+(z—1 v—x
—i [ BEArdy = i J wmrem -
(29) sz :c—l—
lo=e)nle (1v2)e(e)
i f i o R I e Rl

For the first integral on the right hand side of the equality (29) we
obtain that

(30) (v—x) e}
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For the second integral on the right side of the equality (29) we have

Tte
ve(v—x)—vp?(e)
| e

Tr—€
xr+e T+e

=3 [ dv-2¢X(e) [ oarroamdvt
r—¢ r—e
T+e

+(z? — 802(6))90[8 mdv—

(31) 9 T+e 1
(O | gapramd =

= 2ze — 2xp(e) <arctan ﬁ — arctan ﬁé) +
T+e
+@? =) | poamamdv =
r—e&
= 2ze — 4xp(e) arctan @.

In the equalities (31) we have used (30).

For the third integral in the right side of the equality (29) after
straightforward calculations, using (30) and calculations in (31) we
obtain that

e xr+e
i % v =p(e) | Gmaprpmdvt
oe e r—e
o) | T =
)y arctan 4 xj"radv - f+ :WW@CM
e x+e
1o f de +z @(E)xfa mdv -

= 2arctan (p( o T 2ep(e) + 2(2* — ¢?(¢)) arctan ﬁ'

Now from (29), (30), (31), (32) it follows that

e gy,

i tio0) —i(2ze — 4zp(e) arctan (5))

(33)
—2(1 4 22 — p?(¢)) arctan —= =) — 2ep(e).
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But from the form of ¢(e) it follows that

(34) lim 25 _ g

e—0 €

which together with the equality (33) implies that

T+e
Ll
(35) lim | —i / + @il VL4 a?),
£—0 v—x+ip(e)
r—e

Consequently from (35) it follows that

x+e 1 .
—iT(z) [ %dv Lia? VT
(36) |le we — AT 0 ase — 0.

Let us denote now

_ 1+ (x—ip(e))v
v—x+ip(e)

After direct calculations we obtain that

pTW) = (WT@)" _ p=Fg o @0+

which implies that w is nonpositive matrix function. On
the other hand

(38) ! <1 T ) — (1 +va(v)>*> 0.

(3 VvV—x vV—x

Now from (37), (38) and Lemma 3 it follows that

Z;E . x—ip(e 'u I;E v
fefz% - [e ISEE T(v)dv <
(39) a a
“ 0| L a—ip(e)v 1+wc
S f v—z+ip(e) ||T( )||dv
a
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Analogously we obtain also the inequality

b b
— . Z%T( ) f@ 11;HI;:T(U) v S
(40) r4-e r4e
0| 1 e—ipe) _ 1
< f v—ztip(e) —H)x HT( )Hd’U
T+e
But direct calculations show that
1+ (z—ip(e))v 1+vz w(e)(1+v?)

v—ax+ip(e) o—x | Jo—atie(e)] Jv—z] =

p(e)(14v?)
<F (0—2)

(41)

Further using the relations (39), (40), (41) for the first two summands
of the right hand side of (28) we have

7 i l(z—ie(e)v - il
f e i ——aFiel) T(v)dv f o i 1;T(v) v +
a a

b b
= _jl@—ip(e)vp 7 _jltue
4 f o e Tie () T(v)dv f e e T (v)dv <

(42) f “”@ M) || T (v)dv + f 2L |\ T (v)|dv <
f T ||T () [do+

+2¢(e) { = IT W) dv <

T

b
< 2¢(e) | I () ldv.
a

But for almost all x there exists the limit ([5])

b

lim 5/(_1+U2\|T( v)|dv

e—0 )

-14 -
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which together with the limit (34) imply that

b
1 2
(43) 2¢@X/<U_;;gﬁ¥HT@ﬂMU—%O as £ 0.

a

Consequently,
= (2—ip(e)) =
_;lHE—ieE)vp iltve

[ e ematiet) — [e ZT@)dv|| |
a a
) D lte—ip(e) 5

+(z—ip(e))v .
| [ e IERER T [ et T 0

T+e Tte

as € — 0, where we have used the inequality (42) and the relation
(43).
But from the inequality (37) we have also

us PO =T) ) e@0 )

i (v —2)% + ¢2(e) -
pI(z) — (pT'(z))" _ p(e)(1 +v?)
(46) : =2 T <0

From the relations (45), (46) and Lemma 3 for the third summand on
the right hand side of (28) it follows that

T+e

zte . 1+(z—ip(e))v
J e _ ST SR
(47) -
vhe 1+ (z—ip(e
<[ W (v) = T()||dv.
Tr—e€
But

‘ 1+ (x —ip(e))v
v—ax+ip(e)
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where M = max{|a|, |b|}. Consequently, for the right hand side of the
inequality (47) we have

r+e

1 RERER | IT0) - T@)ldv. <
< % f 17 (v) = T(x)||dv =
(48) f IT(v)~T(2)|ldv
= (14 (M + ¢(¢)
62+¢ f ||T'(v Hdv
< (14 (M +(e) \/f 1T (v) = T()||dv — 0

as € — 0, according to the choice of x. Consequently, from (48) and
(47) it follows that

x4+ x—1 v
= L= ieE@)v oy gy —iT () f %d
—e

(19) || [ e R 0

ase — 0.
Now from (28) using the relations (36), (42), (43), (49) it follows
that

b
= _jlt—iee)vp
fe v—z+ip(e) (U)dv —

a

8

e b
— Lt — Lt

— [ v TOdetn(142M)T(@) [ =iy=y T(v)dv
a x+e

— 0

ase — 0.
Hence the existence of the limit (23) together wit the relation (50)
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implies that

(51)

14 (z—id)v
s — lim fe Ly T(v)dv =

0—0 g
r—€ b,
- Afox — A4z
=s—lim [e" o2 T(0)dv 7 (14a?)T () [e e T(v)dv
e=0 4 z4e
Analogously it can be obtain the limit
LA
i _.1+(1+'L6)'L}
s—lim [e " Tvaw T)dv,
6—0y
The theorem is proved. O
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