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RIEMANNIAN SPACES OF COMPOSITIONS OF
THREE BASIC MANIFOLDS

MvusA AJETI AND IVAN BADEV

ABSTRACT: We consider Riemannian spaces of compositions
of three basic manifolds such that the tangent planes of each manifold
are translated parallelly along any line in the other two manifolds.
We obtain invariant characteristics of these compositions and explore
Riemannian spaces containing such compositions.
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1 Introduction

Symmetric spaces with affine connections, Weyl spaces and Rieman-
nian spaces with additional structures are studied in [1, 4, 5, 6, 7,
9, 10, 11, 14|. Additional structures on such spaces are defined by
tensors of type (1,1). Using n independent vector fields, in [16, 17]
there is constructed an apparatus for the study of spaces with sym-
metric connections containing special compositions or special nets.
This apparatus is applied to triples of compositions in [2] and to al-
most para-contact and almost para-complex structures in [12]. Four-
dimensional spaces with a symmetric affine connection and additional
structures are studied in [3]. In [13], such structures are studied by
help of tensors.

Using the apparatus above, we explore Riemannian spaces of com-
positions of three basic manifolds. In particular, we analyze compo-
sitions such that the tangent planes of each basic manifold are trans-
lated parallelly along any line in the other two basic manifolds. In
a special coordinate net, we define Riemannian spaces consisting of
such compositions. We provide an example of such compositions in a
three-dimensional Riemannian space.
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2 Preliminaries

Let Vv be a Riemannian space with metric tensor g,3. Denote by
I'os and V the coefficients of the Levi-Civita connection and the co-
variant derivative defined by this connection. Further in this work
the following notation indices will be used

o, B,v,0,T,v=1,2,...,N,

9, kl,s=1,2,....m; m<N

ik lLs=m+1,m+2,. .., N,
p,g,rt=m+1m+2,....m+n; m+n<N, (1)
pg,FHt=1,2,..mym4+n+1,m+n+2,... N,
a,bye,d=m+n+1,m+n+2,...,N,
a,b,c,d=1,2,...,m+n.

Let v% be independent vector fields, and {v} be the net defined
(6% (0%
by v#. The reciprocal covector fields %B to v? are given by
6 (03

Py =00 o g'fﬁa — o 2)

[e%

where 0% is the identity affinor. If {v} is the coordinate net, then
(0%
gagvavﬁ = 1 and (2) imply that the vectors v” and their reciprocal
v v

«

3 .
covectors vg are given by:

1 1 1
a<m,o,...7o),ga(o,@,...,o),...,%a(0,0,..., gNN>,
2

o (V/AI1, 0, .-, 0) 80 (0,7/G22,0,...,0) ..., o (0,0,..., \/GNN) -
(3)

In addition to the arbitrary coordinates z® (« =1,...,N),in Vy

S =S

we introduce the coordinates U with respect to the net {v}. For a
(0%

. 12 N
given vector field v* we have v*(u, u, ..., u).
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The following derivative equations are known to be valid [15, 16]

Vo'gﬂ = %gvﬁ, Vg%ﬁ = —%ggﬁ. (4)
o vV v

From (2), (3), (4) and V0 = 9,07 + I',v” in the parameters of the
coordinate net {v} the following hold

v vv
TJZFZQ\/T, o F# v, (5)
@ \/gaia
« o 1
To=T5,— 53:7 In(g11, 922, -+, gNN)- (6)
(0%

If g is the determinant of (gng) then

01
aa:aﬂn\/@:M. (7)

o

ou
From (6) and (7) we find

. =0,1n mVigl (8)

911922 -- - gNN

RMNpo

Therefore ja”o = grad.
(03
Further, consider the affinors [16, 17|

v = gﬁga — Uﬁga, 9)

From (2) and (9) we have aaaﬁ o, bﬁbg = 0% and cgcg = ¢0%. From

B

(6) and the last equations it follows that the affinors aa, b2 and &
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define the compositions X, X Xy_m, Xn X Xny_n and Xy_,p—p X
Xn4m, respectively.

Denote by P(Xm)v P(XN—m)7 P(Xn)7 P<XN—n)7 P<XN—m—n)
and P(Xp4+m) [7] the positions (tangent spaces) to the basic mani-
folds X, Xn—m, Xn, XN-n, XN—m-n and X, respectively. De-
1 2
note by éﬁ and 35, bg and bg, (1:5 and 32 the projecting affinors of
the compositions X,, X Xn_m, Xn X Xn—pn and Xy_m—n X Xn+m,
respectively [16, 17]. According to [16, 17|, we have
Ay 2

7

= 1 2 _ _
BL p p 1 a 2 a
Bla, b gﬂva, bg = 00, cg = gﬂva, cg :gﬁva.

)

. @

(10)

Consider the composition X,, X X;, X Xny_m_n of three basic

manifolds X,,, X,, and Xy_p,—p i.e. their topological product. The
tangent spaces of these basic manifolds are P(X,,), P(X,) and

P(XN_m-n), and aa, bﬂ and ééf are the projecting affinors of these
manifolds. According to [16, 17|, we have

1
Gl 0+ eh =68, alay—ay, WO =1

1 1
by — by — ok ik

1 1

If v is a random vector, then v* = cltgvﬁ + bg‘vﬁ + ég‘vﬁ =V*+
2 3 1 2 1 3
Ve 4V, where V* = a%o? € P(X,), Vo = bgof € P(X,), V* =
507 € P(Xy_m_n). Obviously v* € P(X,), v* € P(X,), and

7 p

v € P(XN—m_n)-
a

If Ramy and R, are the curvature tensor and the Ricci tensor
respectively, then [§]

Ry, = 0al%, — 0T, + T4 Th, — T4 T7,.
(12)
Raﬂ = 8VFZB 8 Fyﬂ + FI/T aB — 17;04 :B'
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3 Riemann Spaces of Compositions
X X X, X XN_men

Consider the affinor '
B8 = vPu, — 0P, (13)
i P

From (2) and (13) we have Bng = vl’ii)a 0 g = 8% — 1"0y. In
7 p a

the parameters of the coordinate net, the matrix of the affinor Bg is
given by

& 0 0
BH=| 0 -2 0 |. (14)
0 0 0

Definition 1 The composition X, X Xy X XN—m—n 1S 6 Z-composition
provided

V[UBg] =0. (15)
Theorem 1 The Riemannian space Vi with metric tensor gog is a
space of Z-compositions Xy X Xn X XN_m—n if and only if the coef-
ficients of derivative equations (4) and the independent vector fields
v satisfy
14
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Proor Using (4), equation (15) can be written as

14 7 v i 7 7
2V[(,B§} = TyvP0s — TovP0y — TovPl0 + TavP 0,
7 14 7 14 14 1 14 7 (17)
v P v p p v p v
— TP, + TovPvy + TovPvg — TovPv, = 0.
p v p v v p v p

According to (2), after contracting the last equation with v, v® and
s q

v®, we obtain the following equations equivalent to (17)
a

14
Ts,v Tvv 7TUU +TU’UUU+TU’UU +TUU
su i%s v s p

D v
o
—Tav vﬁvg—(),
vV s p

v : 7 7 v v P

— TQUQU'B%U - Tgvﬁ + Tavav'gqlﬁg — TP + Tavav'ggg + TP —
iq v q i viog i q v p oq v q p

— T o0, =0, (18)
vog p

; 7 A v p
— Tavavﬂil)g — Tavﬁ + Tavavﬂilig + Tavavﬁga + TP —
i a v p a v a p

a 1 v oa

Contract the first equation of (18) with v?, v¥ and 15" to obtain
[0 T

v v 7 7 p p

T 070 — T v*0P TU 08 + Tov®0? + T yv®v? — Tov®o? =0,
s k v k s v s i k s 4 s k p k s p

v 7 7 v p p
Tov°v? — Tovov? 4+ Ty 0P + Tov®v? + Tov7vP — T ov*v® =0,
s r v s r o1 r s 1 r s v s r p r s p

(19)

v i i p p
T 00 — Tov®0? + Tov0P + T o0 — T, 0%0P = 0.

s b v s b 1 b s 1 s b p b s p
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Equations (19) are equivalent to the first equation of (18). Reasoning
analogously, the second equation of (18) is equivalent to

v i i p p
— Ty’ v® — Tov®vP + T ov*0P T VoVP + Ty — TP = 0,
k q v q k 1 k q 1 a k v q k p q p
7 14 p p
— T,,v"vﬁ +T vP — TovvP +Tav P + TP — Tov®0? =0,
q T 1 T q 1 q T v T q Vv q T p T q p
(20)
v p
—T v”vﬁ —l—Tav v — T v T v70? — Tov®® = 0.
q a Z a T ’L q a vV q a p a T p
Similarly, the third equation of (18) is equivalent to
i p p
— Tov*P? — T 0 /B + Tav Uﬁ + Tyv"v? — Tov*® =0,
a v a k kE a 1 a k p kE a p
7 7 v p p
— Tovv? + Tavavﬁ + Tov®0” + Tov0? — TP =0, (21)
a'r 4 roa i roa v a i D roa p
i i p p
— Ty’ 0® + Tyv®0® + Tov®0P — TP =0
a b 1 b a 1 a b p b a p

Since the vector fields v” are independent, it follows that equations

(19), (20) and (21) are equivalent to (16) which completes the proof.

Corollary 1 In the parameters of coordinate net {v}, equations (16)
(0%
mmply

P;')a = F;p = Féa =0, Pgs = ng = Fga =0, ng = ng = gp =0.
(22)
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PRrROOF According to (3), equations (16) have the form

1 P 1 »p 1 a 1 a
TS 07 Tk - TS - 07
\ 9kk 5 \/Gss k 9kk S \/3Gss k
1 ) 1 ) 1 a 1 a
Ty ——Ty=0, —T, — ——T, =0,
Grr 4 \/@ r \/g? q \/% r
1 ( 1 1 » 1 »
T, — T, =0, Ty, — T,=0,
vV Yaa b vV 9bb @ goy @ v 9aa b
2 P 1 » 2 i 1 i
Ty — — 0, Ty— —T,=0, 23
\V 3gbb 8 Jss bs vV Yaa pa 9pp a® ( )
1 a 1 o 1 ¢ 1 P
T, + T, =0, T, =0, T, =0,
\/%kp \/gkikpk gssrs grrsr
1 1 a 1 » 1 b
T,=0, —T, =0, T,=0, T,=0.
Jss @ \V 3bb 8 VYqq @ vV Yaa P

Using (5) and the symmetry of I'}, 5, equations (23) can be written as
(22).

From [7] and (22) it follows that the positions P(X,,), P(X,) and
P(XN—m—n) of the Z-composition X,,, X X, X Xy _—p, are translated
parallelly along any line in the manifolds X, and Xy, _p, X, and
XN-m-n, Xm and X,,. From the fundamental equation V,g.3 = 0
and (22), we obtain the following in the parameters of coordinate net

{v}
8;Logz'j = (%gij =0, 8igpq = 8agpq =0, 0igap = apgab =0,
aigpa = apgai = 8agip =0.

k k k r
Therefore gij(u)y gpq(ﬁ)v gab(ﬁ)a gip(u,ﬂ), gm(U,ﬁ), gpa(U,a)- In the
parameters of the coordinate net {v}, from (12) and (13) it follows:
(63

Rip = —0;T%, —TLI% | Ri = —0,T%, —T0T5,,

L
Rya = =0pT, — T4, 15,
Ry, = Ry;," =0, Rpgs® = Rpga” =0, Ry, ® = Ry, * =0,
Ripaa =0
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Consider a three-dimensional Riemannian space V3(gq3). Let the
vector fields ll)a, 12)a and 13)" define the tangent spaces of the basic one-

dimensional spaces X1, Y1 and Z; of the Z-composition X7 X Y7 X Z7.
Then ftl)a € P(Xy), 12)0‘ e P(h), ga € P(Z;). Equations (22) can be
written as

Fég = F%Q = F%?) =0, F?’,l = F%Q = F%?, =0, F?Q = F:{):s = Fgg =0.

In the parameters of the coordinate net {v} we have
[e%

1 2 3
911(“)7 922(U)a 933(U)7 912 = 1/g114/922 COS %7

913 = 4/911+/933 COS %7 923 = \/9224/933 COS%

where w is the angle between the vector fields v and v” and w (4, 5)
af a a aB

1 2
We change the variables as follow: 1/gnahlL = dU, ,/gggdtzt = dU,

. 3
\ /g33d’li = dU. Then the line element of the Riemannian space V3(gqz3)
of the composition X; x Y7 x Z1 is given by

) 12 22 32 1 2 1 3 2 3
ds* = dU*“+dU*+dU —|—2cosi/J2dUdU+2cos%dUdU+2cos§ustdU.
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