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1 Introduction

Symmetric spaces with a�ne connections, Weyl spaces and Rieman-
nian spaces with additional structures are studied in [1, 4, 5, 6, 7,
9, 10, 11, 14]. Additional structures on such spaces are de�ned by
tensors of type (1,1). Using n independent vector �elds, in [16, 17]
there is constructed an apparatus for the study of spaces with sym-
metric connections containing special compositions or special nets.
This apparatus is applied to triples of compositions in [2] and to al-
most para-contact and almost para-complex structures in [12]. Four-
dimensional spaces with a symmetric a�ne connection and additional
structures are studied in [3]. In [13], such structures are studied by
help of tensors.

Using the apparatus above, we explore Riemannian spaces of com-
positions of three basic manifolds. In particular, we analyze compo-
sitions such that the tangent planes of each basic manifold are trans-
lated parallelly along any line in the other two basic manifolds. In
a special coordinate net, we de�ne Riemannian spaces consisting of
such compositions. We provide an example of such compositions in a
three-dimensional Riemannian space.
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2 Preliminaries

Let VN be a Riemannian space with metric tensor gαβ . Denote by
Γναβ and ∇ the coe�cients of the Levi-Civita connection and the co-
variant derivative de�ned by this connection. Further in this work
the following notation indices will be used

α, β, γ, σ, τ, ν = 1, 2, . . . , N,

i, j, k, l, s = 1, 2, . . . ,m; m < N

ī, j̄, k̄, l̄, s̄ = m+ 1,m+ 2, . . . , N,

p, q, r, t = m+ 1,m+ 2, . . . ,m+ n; m+ n < N, (1)

p̄, q̄, r̄, t̄ = 1, 2, ...,m;m+ n+ 1,m+ n+ 2, . . . , N,

a, b, c, d = m+ n+ 1,m+ n+ 2, . . . , N,

ā, b̄, c̄, d̄ = 1, 2, . . . ,m+ n.

Let v
α

β be independent vector �elds, and {v
α
} be the net de�ned

by v
α

β . The reciprocal covector �elds
α
vβ to v

α

β are given by

v
α

β νvβ = δνα ⇔ v
β

νβvα = δνα (2)

where δνα is the identity a�nor. If {v
α
} is the coordinate net, then

gαβv
ν

αv
ν

β = 1 and (2) imply that the vectors v
α

β and their reciprocal

covectors
α
vβ are given by:

v
1

α
(

1√
g11
, 0, . . . , 0

)
, v

2

α
(

0, 1√
g22
, . . . , 0

)
, . . . , v

N

α
(

0, 0, . . . , 1√
gNN

)
,

1
vα
(√
g11, 0, . . . , 0

)
,

2
vα
(
0,
√
g22, 0, . . . , 0

)
, . . . ,

N
vα
(
0, 0, . . . ,

√
gNN

)
.

(3)
In addition to the arbitrary coordinates xα (α = 1, . . . , N), in VN

we introduce the coordinates
α
u with respect to the net {v

α
}. For a

given vector �eld vα we have vα(
1
u,

2
u, . . . ,

N
u).

- 44 -



Ãîäèøíèê íà ØÓ "Åïèñêîï Ê. Ïðåñëàâñêè"

Ôàêóëòåò ïî ìàòåìàòèêà è èíôîðìàòèêà, òîì XVII C, 2016

The following derivative equations are known to be valid [15, 16]

∇σv
α

β =
ν
T
α
σv
ν

β, ∇σ
α
vβ = −

α
T
ν
σ
ν
vβ. (4)

From (2), (3), (4) and ∇σv
α

β = ∂σv
α

β + Γβσνv
α

ν in the parameters of the

coordinate net {v
α
} the following hold

ν
T
α
σ = Γνσα

√
gνν√
gαα

, α 6= ν, (5)

α
T
α
σ = Γασα −

1

2
∂σ ln(g11, g22, . . . , gNN ). (6)

If g is the determinant of (gαβ) then

Γασα = ∂σ ln
√
|g| =

∂ ln
√
|g|

∂
σ
u

. (7)

From (6) and (7) we �nd

α
T
α
σ = ∂σ ln

ln
√
|g|

√
g11g22 . . . gNN

. (8)

Therefore
α
T
α
σ = grad.

Further, consider the a�nors [16, 17]

aβα = v
i

β ivα − v
ī

β īvα,

bβα = v
p

β pvα − v
p̄

β p̄vα, (9)

cβα = v
a

β avα − v
ā

β āvα.

From (2) and (9) we have aβαaνβ = δνα, b
β
αbνβ = δνα and cβαcνβ = δνα. From

(6) and the last equations it follows that the a�nors aβα, b
β
α and cβα
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de�ne the compositions Xm × XN−m, Xn × XN−n and XN−m−n ×
Xn+m, respectively.

Denote by P (Xm), P (XN−m), P (Xn), P (XN−n), P (XN−m−n)
and P (Xn+m) [7] the positions (tangent spaces) to the basic mani-
folds Xm, XN−m, Xn, XN−n, XN−m−n and Xn+m respectively. De-

note by
1
aβα and

2
aβα,

1
bβα and

2
bβα,

1
cβα and

2
cβα the projecting a�nors of

the compositions Xm × XN−m, Xn × XN−n and XN−m−n × Xn+m,
respectively [16, 17]. According to [16, 17], we have

1
aβα = v

i

β ivα,
2
aβα = v

ī

β īvα,
1
bβα = v

p

β pvα,
2
bβα = v

p̄

β p̄vα,
1
cβα = v

a

β avα,
2
cβα = v

ā

β āvα.

(10)
Consider the composition Xm × Xn × XN−m−n of three basic

manifolds Xm, Xn and XN−m−n i.e. their topological product. The
tangent spaces of these basic manifolds are P (Xm), P (Xn) and

P (XN−m−n), and
1
aβα,

1
bβα and

1
cβa are the projecting a�nors of these

manifolds. According to [16, 17], we have

1
aβα +

1
bβα +

1
cβα = δβα,

1
aβα

1
aνβ =

1
aνα,

1
bβα

1
bνβ =

1
bνα,

1
cβα

1
cνβ =

1
cνα,

1
aβα

1
bνβ =

1
bβα

1
aνβ =

1
aβα

1
cνβ =

1
cβα

1
aνβ =

1
bβα

1
cνβ =

1
cβα

1
bνβ = 0.

(11)

If vα is a random vector, then vα =
1
aαβv

β +
1
bαβv

β +
1
cαβv

β =
1
V α +

2
V α +

3
V α, where

1
V α =

1
aαβv

β ∈ P (Xm),
2
V α =

1
bαβv

β ∈ P (Xn),
3
V α =

1
cαβv

β ∈ P (XN−m−n). Obviously v
i

α ∈ P (Xm), v
p

α ∈ P (Xn), and

v
a

α ∈ P (XN−m−n).

If R ν
αβγ and Rαβ are the curvature tensor and the Ricci tensor

respectively, then [8]

R ν
αβγ = ∂αΓνβγ − ∂βΓναγ + ΓνατΓτβγ − ΓνβτΓταγ ,

(12)

Rαβ = ∂νΓναβ − ∂αΓννβ + ΓνντΓταβ − ΓτναΓντβ .
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3 Riemann Spaces of Compositions

Xm ×Xn ×XN−m−n
Consider the a�nor

Bβ
α = v

i

β ivα − v
p

β pvα. (13)

From (2) and (13) we have Bβ
αBν

β = v
i

ν ivα + v
p

ν pvα = δνα − va
ν avα. In

the parameters of the coordinate net, the matrix of the a�nor Bβ
α is

given by

(Bβ
α) =

 δji 0 0
0 −δqp 0
0 0 0

 . (14)

De�nition 1 The composition Xm×Xn×XN−m−n is a Z-composition

provided

∇[σB
β
α] = 0. (15)

Theorem 1 The Riemannian space VN with metric tensor gαβ is a

space of Z-compositions Xm ×Xn ×XN−m−n if and only if the coef-

�cients of derivative equations (4) and the independent vector �elds

v
ν

α satisfy

i
T
p
σv
q

σ −
i
T
q
σv
p

σ = 0,
i
T
b
σv
a

σ −
i
T
a
σv
b

σ = 0,
p

T
s
σv
k

σ −
p

T
k
σv
s

σ = 0,

p

T
a
σv
b

σ −
p

T
b
σv
a

σ = 0,
a
T
s
σv
k

σ −
a
T
k
σv
s

σ = 0,
a
T
p
σv
q

σ −
a
T
q
σv
p

σ = 0,

a
T
s
σv
p

σ +
a
T
p
σv
s

σ = 0, 2
p

T
s
σv
a

σ −
p

T
a
σv
s

σ = 0, 2
i
T
p
σv
a

σ −
i
T
a
σv
p

σ = 0, (16)

i
T
p
σv
s

σ =
p

T
s
σv
q

σ =
i
T
a
σv
s

σ =
a
T
s
σv
b

σ =
p

T σ
a
v
q

σ =
b
T σ
p
v
a

σ = 0.
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Proof Using (4), equation (15) can be written as

2∇[σB
β
α] =

ν
T
i
σv
ν

β ivα −
ν
T
i
αv
ν

β ivσ −
i
T
ν
σv
i

β νvα +
i
T
ν
αv
i

β νvσ

−
ν
T
p
σv
ν

β pvα +
ν
T
p
αv
ν

β pvσ +
p

T
ν
σv
p

β νvα −
p

T
ν
αv
p

β νvσ = 0.

(17)

According to (2), after contracting the last equation with v
s

α, v
q

α and

v
a

α, we obtain the following equations equivalent to (17)

ν
T
s
σv
ν

β −
ν
T
i
αv
s

αv
ν

β ivσ −
i
T
s
σv
i

β +
i
T
ν
αv
s

αv
i

β νvσ +
ν
T
p
αv
s

αv
ν

β pvσ +
p

T
s
σv
p

β−

−
p

T
ν
αv
s

αv
p

β νvσ = 0,

−
ν
T
i
αv
q

αv
ν

β ivσ −
i
T
q
σv
i

β +
i
T
ν
αv
q

αv
i

β νvσ −
ν
T
q
σv
ν

β +
ν
T
p
αv
q

αv
ν

β pvσ +
p

T
q
σv
p

β−

−
p

T
ν
αv
q

αv
p

β νvσ = 0, (18)

−
ν
T
i
αv
a

αv
ν

β ivσ −
i
T
a
σv
i

β +
i
T
ν
αv
a

αv
i

β νvσ +
ν
T
p
αv
a

αv
ν

β pvσ +
p

T
a
σv
p

β−

−
p

T
ν
αv
a

αv
p

β νvσ = 0.

Contract the �rst equation of (18) with v
α

σ, v
r

σ and v
b

σ to obtain

ν
T
s
σv
k

σv
ν

β −
ν
T
k
αv
s

αv
ν

β −
i
T
s
σv
k

σv
i

β +
i
T
k
αv
s

αv
i

β +
p

T
s
σv
k

σv
p

β −
p

T
k
αv
s

αv
p

β = 0,

ν
T
s
σv
r

σv
ν

β −
i
T
s
σv
r

σv
i

β +
i
T
r
αv
s

αv
i

β +
ν
T
r
αv
s

αv
ν

β +
p

T
s
σv
r

σv
p

β −
p

T
r
αv
s

αv
p

β = 0,

(19)

ν
T
s
σv
b

σv
ν

β −
i
T
s
σv
b

σv
i

β +
i
T
b
σv
s

σv
i

β +
p

T
s
σv
b

σv
p

β −
p

T
b
σv
s

σv
p

β = 0.
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Equations (19) are equivalent to the �rst equation of (18). Reasoning
analogously, the second equation of (18) is equivalent to

−
ν
T
k
σv
q

σv
ν

β −
i
T
q
σv
k

σv
i

β +
i
T
k
αv
q

αv
i

β −
ν
T
a
σv
k

σv
ν

β +
p

T
q
σv
k

σv
p

β −
p

T
k
αv
q

αv
p

β = 0,

−
i
T
q
σv
r

σv
i

β +
i
T
r
αv
q

αv
i

β −
ν
T
q
σv
r

σv
ν

β +
ν
T
r
αv
q

αv
ν

β +
p

T
q
σv
r

σv
p

β −
p

T
r
αv
q

αv
p

β = 0,

(20)

−
i
T
q
σv
a

σv
i

β +
i
T
a
αv
r

αv
i

β −
ν
T
q
σv
a

σv
ν

β +
p

T
q
σv
a

σv
p

β −
p

T
a
αv
r

αv
p

β = 0.

Similarly, the third equation of (18) is equivalent to

−
ν
T
k
αv
a

αv
ν

β −
i
T
a
σv
k

σv
i

β +
i
T
k
αv
a

αv
i

β +
p

T
a
σv
k

σv
p

β −
p

T
k
αv
a

αv
p

β = 0,

−
i
T
a
σv
r

σv
i

β +
i
T
r
αv
a

αv
i

β +
ν
T
r
αv
a

αv
ν

β +
p

T
a
σv
i

σv
p

β −
p

T
r
αv
a

αv
p

β = 0, (21)

−
i
T
a
σv
b

σv
i

β +
i
T
b
αv
a

αv
i

β +
p

T
a
σv
b

σv
p

β −
p

T
b
αv
a

αv
p

β = 0.

Since the vector �elds v
α

β are independent, it follows that equations

(19), (20) and (21) are equivalent to (16) which completes the proof.

Corollary 1 In the parameters of coordinate net {v
α
}, equations (16)

imply

Γipa = Γisp = Γisa = 0, Γpas = Γpqs = Γpqa = 0, Γasp = Γasb = Γabp = 0.
(22)

- 49 -



Ãîäèøíèê íà ØÓ "Åïèñêîï Ê. Ïðåñëàâñêè"

Ôàêóëòåò ïî ìàòåìàòèêà è èíôîðìàòèêà, òîì XVII C, 2016

Proof According to (3), equations (16) have the form

1
√
gkk

p

T
s
k −

1
√
gss

p

T
k
s = 0,

1
√
gkk

a
T
s
k −

1
√
gss

a
T
k
s = 0,

1
√
grr

i
T
q
r −

1
√
gqq

i
T
r
q = 0,

1
√
grr

a
T
q
r −

1
√
gqq

a
T
r
q = 0,

1
√
gaa

i
T
b
a −

1
√
gbb

i
T
a
b = 0,

1
√
gbb

p

T
a
b −

1
√
gaa

p

T
b
a = 0,

2
√
gbb

p

T
s
b −

1
√
gss

p

T
b
s = 0,

2
√
gaa

i
T
p
a −

1
√
gpp

i
T
a
p = 0, (23)

1
√
gpp

a
T
k
p +

1
√
gkk

a
T
p
k = 0,

1
√
gss

i
T
r
s = 0,

1
√
grr

p

T
s
r = 0,

1
√
gss

i
T
a
s = 0,

1
√
gbb

a
T
s
b = 0,

1
√
gqq

p

T
a
q = 0,

1
√
gaa

b
T
p
a = 0.

Using (5) and the symmetry of Γναβ , equations (23) can be written as
(22).

From [7] and (22) it follows that the positions P (Xm), P (Xn) and
P (XN−m−n) of the Z-composition Xm×Xn×XN−m−n are translated
parallelly along any line in the manifolds Xn and XNm−n, Xm and
XN−m−n, Xm and Xn. From the fundamental equation ∇σgαβ = 0
and (22), we obtain the following in the parameters of coordinate net
{v
α
}

∂pgij = ∂agij = 0, ∂igpq = ∂agpq = 0, ∂igab = ∂pgab = 0,

∂igpa = ∂pgai = ∂agip = 0.

Therefore gij(
k
u), gpq(

r
u), gab(

c
u), gip(

k
u,

r
u), gia(

k
u,

c
u), gpa(

r
u,

c
u). In the

parameters of the coordinate net {v
α
}, from (12) and (13) it follows:

Rip = −∂iΓqqp − ΓqsiΓ
s
qp, Ria = −∂iΓbba − ΓbsiΓ

s
ba,

Rpa = −∂pΓbba − ΓbqpΓ
q
ba,

R α
ijp = R α

ija = 0, R α
pqs = R α

pqa = 0, R α
abs = R α

abp = 0,

R α
ipa = 0.
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Consider a three-dimensional Riemannian space V3(gαβ). Let the
vector �elds v

1

α, v
2

α and v
3

α de�ne the tangent spaces of the basic one-

dimensional spaces X1, Y1 and Z1 of the Z-composition X1×Y1×Z1.
Then v

1

α ∈ P (X1), v
2

α ∈ P (Y1), v
3

α ∈ P (Z1). Equations (22) can be

written as

Γ1
23 = Γ1

12 = Γ1
13 = 0, Γ2

31 = Γ2
12 = Γ2

23 = 0, Γ3
12 = Γ3

13 = Γ3
23 = 0.

In the parameters of the coordinate net {v
α
} we have

g11(
1
u), g22(

2
u), g33(

3
u), g12 =

√
g11
√
g22 cos ω

12
,

g13 =
√
g11
√
g33 cos ω

13
, g23 =

√
g22
√
g33 cos ω

23

where ω
αβ

is the angle between the vector �elds v
α

ν and v
α

ν and ω
αβ

(
α
u,

β
u).

We change the variables as follow:
√
g11d

1
u = d

1
U ,
√
g22d

2
u = d

2
U ,

√
g33d

3
u = d

3
U . Then the line element of the Riemannian space V3(gαβ)

of the composition X1 × Y1 × Z1 is given by

ds2 = d
1

U2 +d
2

U2 +d
3

U2 +2 cos ω
12
d

1
Ud

2
U+2 cos ω

13
d

1
Ud

3
U+2 cos ω

23
d

2
Ud

3
U.
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