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ABSTRACT: Let p  be a prime and F  be a field of characteristic, 

different from p . In the present paper we define the concept p -cyclotomic 

algebra over the field F  of characteristic, different from p . We examine, 

up to isomorphism, the structure of the finite-dimensional commutative semi-

simple p -cyclotomic algebras over F . We discover necessary and sufficient 

conditions for an algebra over F  to be isomorphic as an F -algebra of a 

finite-dimensional commutative p -cyclotomic algebra over F . We give a 

criterion when an algebra over a field F  of characteristic, different from 

p , can be represented as a group algebra of a finite abelian p -group over 
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1. Structure and isomorphism of finite-dimensional commutative 

semi-simple     

p -cyclotomic algebras  

Let p  be a prime, F  be field of characteristic, different from p  

and let j  be a primitive 
jp -th root of the unit in algebraic closure of 

F , where j  is a non-negative integer. With  iF   we denote the 

extension of the field F  with i . Then the condition 

    ......1  nFFF   is satisfied.  

Following S. Berman [1], we call the field F  a field of the second 

kind with respect to the prime p , if the degree of the extension 
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 ,..., 21 F  of F  is finite, i.e. if    FF :,..., 21  . Otherwise 

we will call F  a field of the first kind with respect to p . G. 

Karpilovsky shows [3], that if F  is a field of the second kind with 

respect to p  and (i) p  is odd, then    1 FF j   for every natural 

number j ; (ii) if 2p , then    2 FF j   for every natural 

number 2j .  

If F  is a field of the first kind with respect to p , then there exists 

a natural m , which is called a constant of the field F  with respect to 

p  [1], such that         ...... 11   mmqq FFFF   is 

fulfilled, where 1q  for 2p  and 2q  for 2p . If F  is a field 

of the first kind with respect to p  with constant m , then  iF   is a 

field of the first kind with respect to p  with constant i  for mi   and 

with constant m  for mi   with respect to p .  

For fields of the second kind with respect to p  we put the 

constant m .  

If F  is a field of characteristic, different from the prime p , then 

Mollov [5] introduces the concept spectrum of the field F  with 

respect to p  and he gives the following definition: if F  is a field and 

p  is a prime, then the set  

      0 1p i is F i F F       

is called a spectrum of the field F  with respect to p .  

When F  is a field of the first kind with respect to p  with 

constant f  then, for the spectrum of F  the following holds [5]: 1) if 

2p  and  1FF  , then    ,...1,,0  mmFsp ; 2) if 2p  
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and  1FF   or if 2p  and  2FF  , then 

   ,...1,  mmFsp ; 3) if 2p  and  2FF  , then 

   ,...1,,1  mmFsp .  

When F  is a field of the second kind with respect to p , then we 

have     ...21   FFF  for 2p  and 

      ...321   FFFF  for 2p . Then the spectrum of 

the field F  of the second kind is: 1)   Fsp  for 1.1) 2p  and 

 1FF   or 1.2) for 2p  and  2FF  ; 2)    0Fsp  for 

2p  and  1FF  ; 3)    1Fsp  for 2p  and  2FF  .  

Definition 1.1 . Let p  be a prime, F  be a field of characteristic, 

different from p  and let L  be an extension of F . The field L  is 

called p -cyclotomic extension of the field F , if it is obtained from 

F  by joining only of 
ip -th roots of the unit ( i ).  

Definition 1.2 . Let p  be a prime, F  be a field of characteristic, 

different from p  and let A  be an algebra over F . The algebra A  is 

called a p -cyclotomic algebra over the field F , if every field, which 

is contained in A , is p -cyclotomic extension of the field F .  

We will show some elementary examples of p -cyclotomic 

algebras. Namely, let the field L  be a p -cyclotomic extension of F  

(in particular FL  ). Then:  

1) the field L  is a p -cyclotomic F -algebra;  

2) the group algebra LG  of an abelian p -group G  over L  is a 

p -cyclotomic F -algebra and a p -cyclotomic L -algebra;  
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3) the ring  ,...,...,, 21 nxxxL  of the polynomials of 

,...,...,, 21 nxxx  over L  is a p -cyclotomic F -algebra and a p -

cyclotomic L -algebra;  

4) the direct sum of p -cyclotomic F -algebras is a p -

cyclotomic F -algebra.  

Theorem 1.1 (Structure). Let p  be a prime, F  be a field of 

characteristic, different from p , and let F  be a field of the second 

kind with respect to the prime p . Let A  be finite-dimensional 

commutative semi-simple p -cyclotomic algebra over the field F . 

Then  

holds where 2  is a primitive 
2p -th root of 1.  

Proof. Let nA Fdim  ( n ). According to the structural 

theorem of Wedderburn [6], applied to the finite-dimensional semi-

simple algebra A  over the field F , we obtain  

     snnn DMDMDMA
s

 ...21 21
,  

where 



s

i

i

s

i

iF nnD
1

2

1

dim  and iD  are algebras with division 

over the field F  for si ,...,2,1 . Since A  is a commutative algebra, 

then  in DM
i

 are commutative algebras. Therefore 1in  for every 

si ,...,2,1 . Besides, the algebras iD  have to be commutative for 

every si ,...,2,1 . Therefore they are fields. Since A  is a p -

cyclotomic algebra over the field F , then the fields iD  are p -

cyclotomic extensions of F . Since F  is a field of the second kind 

(1.1)     22 ......  FFFFA  ,  



  ГГооддиишшнниикк  ннаа  ШШУУ  „„ЕЕппииссккоопп  КК..  ППрреессллааввссккии””  

ФФааккууллттеетт  ппоо  ммааттееммааттииккаа  ии  ииннффооррммааттииккаа,,  ттоомм  ХХVVІІII  СС,,  22001166  
 

- 58 - 

with respect to the prime p , then the possible p -cyclotomic 

extensions of the field F  are either of the kind F , or of the kind 

 2F . #  

Definition 1.3. Let p  be a prime, F  be a field of characteristic, 

different from p , and let F  be a field of the second kind with respect 

to the prime p . Let A  be finite-dimensional commutative semi-

simple p -cyclotomic algebra over the field F . The number Ar  of the 

direct summands F  in the decomposition (1.1) we will call real 

cardinality of A .  

Further the direct sum of n  fields F ( n ) is denoted by nF .  

If F  is a field of the second kind with respect to the prime p  and 

A  is a finite-dimensional commutative semi-simple p -cyclotomic 

algebra over F , then we can change (1.1) the following way.  

1) if 1.1) 2p  and  1FF   or if 1.2) 2p  and  2FF  , 

then FA 0 , 0 0  .  

2) if 2p  and  1FF  , then  110  FFA  , 0i  .  

3) if 2p  and  2FF  , then  220  FFA  , 0i  .  

This commentary gives us the possibility to give the following 

definition.  

Definition 1.4. Let A  be a finite-dimensional commutative semi-

simple p -cyclotomic algebra over the field F  of the second kind 

with respect to the prime p . A characteristic system of A  we will 

call the systems  0  in case 1);  10 ,  in case 2);  20 ,  in case 

3).  
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Proposition 1.2 (Isomorphism). If A  is a finite-dimensional 

commutative semi-simple p -cyclotomic algebra over the field F  of 

characteristic, different from the prime p  and F  is of the second 

kind with respect to p  and B  is an arbitrary F -algebra, then 

AB   as F -algebras if and only if B  is a finite-dimensional 

commutative semi-simple p -cyclotomic algebra over F  and the 

characteristic systems of A  and B  coincide.  

Proof. Obviously AB   as F -algebras if and only if B  is an 

finite-dimensional commutative semi-simple p -cyclotomic algebra 

over F . Further, the proof follows from Definition 1.4 and the three 

cases of the commentary of Definition 1.3. #  

Proposition 1.2. can be expressed in the following equivalent 

form:  

Proposition 1.3 (Isomorphism). If A  is a finite-dimensional 

commutative semi-simple p -cyclotomic algebra over the field F  of 

the second kind with respect to the prime p  and B  is an arbitrary 

F -algebra, then AB   as F -algebras if and only if all of the 

following conditions are fulfilled:  

(i) B  is a finite-dimensional commutative semi-simple p -

cyclotomic algebra over F ;  

(ii) AB FF dimdim  ;  

(iii) AB rr  .  

Proof. When F  is a field of the second kind with respect to p , 

then the characteristic system of A  determines uniquely the invariants 

AFdim  and Ar  and vice versa. #  

Theorem 1.4 (Structure). Let F  be a field of characteristic, 
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different from the prime p , and let F  be of the first kind with respect 

to p  and let A  be a finite-dimensional commutative semi-simple p -

cyclotomic algebra over F . Then the following direct decomposition 

holds  

(1.2)   
 






Fsi

ii

p

FA  , 
0i  ,  

where only a finite number of numbers i  are different from 0.  

The proof is analogous to the proof of Theorem 1.1.  

Definition 1.5. Let A  be a finite-dimensional commutative semi-

simple p -cyclotomic algebra over the field F  of the first kind with 

respect to the prime p . The system   Fsi pi  , where i  are the 

numbers from (1.2) we call characteristic system of A .  

Proposition 1.5 (Isomorphism). If A  is a finite-dimensional 

commutative semi-simple p -cyclotomic algebra over the field F  of 

characteristic, different from the prime p , F  is a field of the first 

kind with respect to p  and B  is an arbitrary F -algebra, then 

AB   as F -algebras if and only if B  is a finite-dimensional 

commutative semi-simple p -cyclotomic algebra over F  and the 

characteristic systems of A  and B  coincide.  

Proof. Obviously AB   as F -algebras if and only if B  is a 

finite-dimensional commutative semi-simple p -cyclotomic algebra 

over the field F . Further, the proof follows from Definition 1.5 and 

Theorem 1.4. #  

Since the field F  of characteristic, different from the prime p , is 

either of the first kind or of the second kind with respect to p , then 

Theorems 1.2 and 1.5 give the following general result:  
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Theorem 1.6 (Isomorphism). If A  is a finite-dimensional 

commutative semi-simple p -cyclotomic algebra over the field F  

with characteristic, different from the prime p , and B  is an 

arbitrary F -algebra, then AB   as F -algebras if and only if B  is 

a finite-dimensional commutative semi-simple p -cyclotomic algebra 

over F  and the characteristic systems of A  and B  coincide.  

If G  is a finite abelian p -group, F  is a field of characteristic, 

different from p , then FG  is a finite-dimensional commutative 

semi-simple algebra and, according to Example 2, is a p -cyclotomic 

F -algebra. We will denote by FGr  the real cardinality of the F -

algebra FG . Furthermore, if G  is a finite abelian p -group, we will 

denote    1
ipi gGgpG , 0i .  

Lemma 1 of Mollov [4] is in fact a structural theorem for a group 

algebra of a finite abelian p -group and can be formulated the 

following way:  

Theorem 1.7 (Structure). If G  is a finite abelian p -group and 

F  is a field of the first kind with respect to p , then  

 
 






Fsi

ii

p

FFG  ,  

where  

(1.3)  

   
  

 











 



0

:

i

i

ji

i

pG

FF

pGpG


  

if

if

 

,

,

0

0

ii

ii





,  
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0i  is the smallest number of  Fs p  and j  is the maximal number of 

 Fs p , which is less than i .  

2. Some group-theoretic results  

In this Section we shall prove some results for finite abelian p -

groups, where p  is a prime. If G  is abelian p -group, then the sets 

 GggG
ii pp   and    1

ipi gGgpG  are subgroups of the 

group G  for every 0i , where 0N  is the set of non-negative 

integer. For those subgroups we have  

(2.1) ii pp GG 
1

 and    1 ii pGpG . 

If G  is finite then there exists a natural number k , such that 

1
kpG . Let k  be the smallest number with this property. Then we 

shall call the number 
kp  exponent of the group G  and we shall 

denote it with Gexp . The inclusions in (2.1) are strong if and only if 

Gpi exp .  

Consider the factor-groups    pGpG
ii pp /

1

 for each Ni . 

These factor-groups are elementary abelian p -groups and therefore 

they are linear spaces over the Galois field  pGF . Put  

      pGpG
ii pp

pGFi /dim
1

 , Ni .  

The number i  is called i -th Ulm-Kaplansky invariant of the group 

G  and is denoted by  Gfi . Let  Gr  be the rank of the abelian p -

group G  [2]. Then it holds       pGpGrGf
ii pp

i /
1

 , Ni . 

Therefore,  Gfi  is the number of direct factors of order 
ip  in the 
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direct decomposition of G  of cyclic p -subgroups. For the finite 

abelian p -group G  the Ulm-Kaplansky invariants form a complete 

system of invariants and therefore they define the group G  up to 

isomorphism. For infinite abelian p -groups the Ulm-Kaplansky 

invariants are determined the same way, namely i  are ordinal 

numbers. The largest class of abelian p -groups, for which the Ulm-

Kaplansky invariants form a complete system of invariants, are the 

totally-projective groups. For groups outside of this class this is not 

the case.  

For the finite abelian p -groups the Ulm-Kaplansky invariants not 

only do form a complete system of invariants, but they are also 

independent of each other. That means that if we chose n ,...,, 21  

to be arbitrary non-negative integers then there shall exists a finite 

abelian p -group G , for which the chosen numbers shall be the Ulm-

Kaplansky invariants of G . This group is unique up to isomorphism 

and for 0n  we have 
npG exp . For infinite abelian p -groups 

the case is different.  

Put  

(2.2)   ippG i 
 . 

Lemma 2.1. As per (2.2) if Gpi exp , then ii  . An equality 

is achieved if and only if G  is a cyclic group.  

The proof follows from (2.2) and from the second inequalities of 

(2.1). #  

In the next lemma we shall denote with 
np  the exponent of the 

finite abelian p -group G .  
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Lemma 2.2. The numbers i  from (2.2) are determined from the 

Ulm-Kaplansky invariants by  

(2.3) nii

i

j

n

ij

jji iiiij   

 

  ......2 121

1 1

 

for each ni ,...,2,1  where  Gn p explog .  

Proof. Decompose G  in a direct product of cyclic p -groups. 

This decomposition implies a respective decomposition of  ipG . It 

contains all cyclic direct factors of G , whose orders do not exceed 
ip . When ni   each of the rest of the factors contain exactly one 

subgroup of order 
ip . The number of these factors is equal to 

nii    ...21  and the order of their direct product is 
isp , 

where niis    ...21 . The order of the direct product of the 

cyclic factors of G , whose orders do not exceed 
ip  is 

tp , where 

iit   ...2 21 . Then the order of  ipG  is 
istp 

, from 

where (2.3) follows. #  

Lemma 2.2 gives an expression of the numbers i  by i . Now 

we shall find i , expressed by i .  

Lemma 2.3. For the numbers i  from (2.3) we have  

(2.4) 
211 2   , 112   iiii   for 1,...,3,2  ni , 

1 nnn  , 0kn  for Nk . 

The proof of this Lemma has a purely technical character.  

We know that in order to exist an abelian p -group with invariants 
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n ,...,, 21 , these numbers can be arbitrary non-negative integers. 

We see from Lemma 2.3 that the numbers n ,...,, 21  can not be 

arbitrary non-negative because some of i  could obtain negative 

values. Now we shall establish the conditions which the numbers i  

must satisfy so that there exists a finite abelian p -group G , for 

which   ippG i 
 , Gni plog,...,2,1  .  

Lemma 2.4. There exists a finite abelian p -group G  with 

npG exp  and   ippG i 
  if and only if the numbers 

n ,...,, 21  satisfy the inequalities  

(2.5) 0... 123121  nn   

Proof. Let there exists such a group G  so that the Ulm-

Kaplansky invariants of G  are n ,...,, 21 . Then they shall be 

determined by the formulas (2.4) of Lemma 2.3. Since the invariants 

i  are non-negative integers then (2.4) implies the inequalities (2.5).  

Conversely if the inequalities (2.5) are satisfied, then (2.4) 

determine i  and we have 0i  for each 1,...,2,1  ni  and 

0n . Then for the group G , determined by these Ulm-Kaplansky 

invariants, we have 
npG exp  and   ippG i 

 , ni ,...,2,1 . #  

For the numbers i  there is one more inequality, which we will 

need later.  

Lemma 2.5. If nji 1  and the numbers ji  ,  are from 

(2.2), then ij ji   .  
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The proof of this Lemma has a purely technical character.  

Now we shall deduce a criterion that would ensure the existence 

of a finite abelian p -group G , if only some of the values of  ipG  

are given. To this aim we shall give the following definitions.  

Definition 2.1. Let nm   are natural numbers and let 

nmm  ,...,, 1  be a system of natural numbers. We shall call this 

system normal of the first type if it satisfies the following inequalities  

(2.6) 0...
1

1121   nnmmmmm
m

 . 

Definition 2.2. Let nm   are natural numbers and let 

nmm  ,...,,, 11   be a system of natural numbers. We shall call this 

system normal of the second type if it satisfies the following 

inequalities  

(2.7) 0...
1

11211   nnmmmmm
m

 . 

Theorem 2.5. Let nm   be natural numbers and let a normal 

system of the first or the second type be given. Then there exists a 

finite abelian p -group G , such that   ippG i 
 , where i  are the 

numbers of the given normal system.  

Proof. 1). Let the given normal system be of the first type. From 

the first inequality in (2.6) we get   01 1  mm mm  . 

Consequently there exists an abelian p -group A , for which 
  11 

 mm mm
pA


. Choose A  such that 

mpA exp . This is 

possible because the limit of Aexp  above does not affect on the 

choice of A . Let now us make an abelian group B , for which 



  ГГооддиишшнниикк  ннаа  ШШУУ  „„ЕЕппииссккоопп  КК..  ППрреессллааввссккии””  

ФФааккууллттеетт  ппоо  ммааттееммааттииккаа  ии  ииннффооррммааттииккаа,,  ттоомм  ХХVVІІII  СС,,  22001166  
 

- 67 - 

0...21  m , 112   iiii   for 

1,...,2,1  nmmi  when nm 1 , 1 nnn  . If 

nm 1 , then we put 0i  for 1 ni . In view of (2.6) these 

settings are possible. Now let us put BAG  . It can be 

immediately verified that the group G  satisfies the conditions of the 

theorem.  

2) Now let the normal system be of the second type. From the first 

two inequalities of (2.7) follows 011  mm  . Then there 

exists an abelian p -group A , for which   11 
 mmppA


 and 

mpA exp . The maximum order of such group is 
sp , where 

 11  mmms  . We put   11  mm mmt  . From the 

first inequality of (2.7) we have ts   and from the second we have 

0t . Then A  can be chosen such that 
tpA  . Further we choose 

an abelian group B  as in case 1). This is possible, because all the 

inequalities in (2.6) participate in (2.7). Then the group BAG   

satisfies the required conditions. #  

Note. The group G , defined in the proof of Theorem 2.5 is not 

unique, because A  is not determined uniquely. In case 1) A  will be 

unique if and only if in the first inequality of (2.6) we have equality 

and then we obtain 1A . In case 2) A  is unique if and only if in the 

first two inequalities of (2.7) we have equality and then we obtain 

1A .  

3. Algebras of the first and the second kind with respect to a 

prime number  

Definition 3.1. Finite-dimensional commutative semi-simple p -

cyclotomic F -algebra A  is called algebra of the first kind with 

respect to p , if the field F  is of the first kind with respect to p  and 

in the direct decomposition of F -algebra A  in direct sum of fields 
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 iF   participates at least one field  nF  , for which 0n  and 

mn  , where m  is the constant of the field F  with respect to p . 

Otherwise the F -algebra A  is called algebra of the second kind with 

respect to p . If A  is an algebra of the first kind with respect to p , 

then the largest number n  with the above indicated properties is 

called the exponent of A .  

We note that if A  is an algebra of the second kind with respect to 

p  over the field F , then F  can be either of the first kind or of the 

second kind with respect to p . Moreover if 2p , then in the direct 

decomposition of this algebra A  only fields of the form F  and 

 1F  will participate. For 2p  these fields will be of the form F  

and  2F .  

Later we shall use the dimensions of  iF   over F  and we shall 

determine them now. When 2p  we set   FFd :1 . Let 

  FFd :2  for 2p . When 2p  we have  1/ pd  and for 

2p  we have 2/d . If 2p , then 1d  if and only if  1FF  . 

If 2p , then 1d  if and only if  2FF   and 2d  if and only 

if  2FF  . If F  is of the first kind with respect to p  and mi  , 

then    mi

i dpFF : .  

Now we can give special direct decompositions of the algebra A , 

which we will call canonical, namely:  

1) If the algebra A  is of the first kind with respect to p , with 

exponent n , then the decomposition of A  is  

(3.1)    nnmm FFFA   ...0 . 
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2) If A  is of the second kind with respect to p , then  

(3.2) FA 0 , 

if 1d , 

(3.3)  110  FFA  , 

if 2p  and 1d ,  

(3.4)  220  FFA  , 

if 2 dp .  

The numbers i , determined respectively in (3.1), (3.2), (3.3) or 

(3.4), are called characteristic numbers of A  and we shall say that 

they form a characteristic system of A . These numbers form a 

complete invariant system of A  and determine it up to F -

isomorphism.  

For an algebra of the first kind with respect to p  when 0m  

we shall introduce one more system of numeric invariants. Let us 

denote  

(3.5)  imi

mmpi dppdd  

  ...log 10 , 

nmmi ,...,1,  . 

For 2 dp  and 00   we set  

(3.6) 
021 log   . 

Since the numbers nmm  ,...,,, 10   are non-negative and 

0m , then the logarithms in (3.5) make sense. This holds also for 
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the logarithm in (3.6).  

When 2p  or 12  dp  we say that the numbers (3.5) form 

a special characteristic system of A . When 2 dp  a special 

characteristic system of A  form the numbers (3.5) and (3.6).  

With the help of the formulas (3.5) and (3.6) the numbers i  are 

determined by nmm  ,...,,, 10  .  

The numbers i  can be determined by the numbers i , namely  

(3.7) 

d

p m

m
0




 , 

 

(3.8) 

mii
dp

pp ii






1

  for nmmi ,...,1,  , 

and for 2 dp  we have 120

  . This shows that the special 

characteristic system, combined with the number 0 , form a complete 

invariant system of the algebra A .  

For an algebra of the second kind with respect to p  we do not 

determine a special characteristic system.  

4. Representation of a F -algebra as a group algebra  

Now we shall clarify on when an algebra over a field F  of 

characteristic different from the prime p  can be represented as a 

group algebra of a finite abelian p -group over F . The answer to that 

question is in the following main result:  

Theorem 4.1. An algebra A  over a field F  of characteristic, 
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different from the prime p , is isomorphic to group algebra FG  of 

some finite abelian p -group G  if and only if the following conditions 

are fulfilled:  

1) A  is a finite-dimensional, commutative, semi-simple and p -

cyclotomic algebra over F ;  

2) if A  is of the first kind with respect to p  with an exponent n  

and the constant of the field F  with respect to p  is m , then for 

2p  or 12  dp  we have 0m , the special characteristic 

system of A  consists of positive integer and is normal of first type and  

(4.1) 









1,2,1

,1,0
0

dpif

dif
 . 

For 2 dp  we have 00  , the special characteristic system 

of A  consists of positive integers and it is normal of the second type;  

3) If A  is of the second kind with respect to p , then  

(4.2) 
sp0 , 0s  is integer, if 1d ; 

 

(4.3) 10  , 
d

ps 1
1


 , 0s  is integer, if 2p  and 1d ; 

 

(4.4) 

t20  , 
11

2 22   ts , if 2 dp  and if F  is of the first 

kind, then mtst 0  and if F  is of the second kind with 

respect to 2, then st 0  or 0 ts . 

Proof. Necessity. Let FGA   as F -algebras for some finite 

abelian p -group G . Then  GAFdim  and therefore A  is 
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finite-dimensional algebra over F . The commutativity of G  implies 

that A  is also commutative. Since pcharF   and G  is p -group, 

then the algebra A  is semi-simple. Besides, FG  decomposes in a 

direct sum of fields of the form  iF  . Therefore the algebra A  is 

p -cyclotomic. Thus the conditions in point 1) of the theorem are 

satisfied.  

Let A  be of the first kind with respect to p  with exponent n  and 

m  is a constant of the field F . Based on the isomorphism FGA   

it follows that A  and FG  have the same canonical decompositions in 

direct sum of fields. From the decomposition  

(4.5)    nnmm FFFFG   ...0 , 

and Theorem 1.7 we have  

(4.6) 

 















,2,2

,1,2,1

,1,0

0

dpifG

dpif

dif

 . 

 

(4.7) 
 

,
0

d

pG m

m





 . 

 

(4.8) 
   

mi

ii

i
dp

pGpG






1

  for nmmi ,...,1,  . 

Let 2p  or 12  dp . Since A  has exponent n , then the 

exponent of G  is 
np  and nm   implies   mn ppG  . Then from 

(4.7) and the first two cases of (4.6) follows 01 m

m p , i.e. 
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0m . The equalities (4.7) and (3.7) imply   mppG m 
 . The 

equalities (4.8) and (3.8) imply   ippG i 
  for nmmi ,...,1,  . 

Since the orders of the groups  ipG  for nmmi ,...,1,   are non-

trivial degrees of p , then the numbers i  for nmmi ,...,1,   are 

natural. These numbers form the special characteristic system of A . 

Therefore this system consists entirely of positive integer. From 

Lemma 2.4 (the proof of necessity) it follows that the numbers i  

satisfy the inequalities of (2.6), except the first one. The first 

inequality of (2.6) follows from Lemma 2.5 for mi  , 1mj . 

Therefore the special characteristic system of A  is normal of the first 

type. The formula (4.1) follows from the first two cases of (4.6).  

Let 2 dp . The third case in formula (4.6) and formula (3.6) 

implies   122


G . Since nm 2 , then the order of  2G  is a 

nontrivial power of the number 2. Therefore 1  is a positive integer. 

Analogically the numbers nmm  ,...,, 1  are non-negative integer 

and they satisfy the inequalities (2.6), which are the same as the 

inequalities (2.7), except the first. The first inequality in (2.7) follows 

from Lemma 2.5 for 1i  and mj  . Therefore the system 

nmm  ,...,,, 11   consists of positive integer and is normal system 

of the second type. This system is also the special characteristic 

system of A . In this way the requirements in point 2) are proved.  

3) Let A  is of the second kind with respect to p . Then if F  is of 

the first kind with respect to p  and the exponent of G  is 
np , then 

mn   and when F  is of the second kind then the exponent of G  is 

an arbitrary power of p . Therefore when 2p  in the canonical 

decomposition of FG  will participate only the fields F  and  1F  

and for 2p  only the fields F  and  2F . For 1d  the 
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decomposition of FG  contains only the field F  with coefficient 
spG 0 , where 0s  is an integer. Thus we get formula (4.2).  

If 2p  and 1d , then the decomposition of FG  is 

 1

1
F

d

G
FFG


  so we have 10  , 

d

ps 1
1


 , where 

spG  , 0s  is integer. Thus we get formula (4.3). For 0s  

formula (4.3) is the same as (4.4). This is a trivial case in which 

1G .  

Let 2 dp . Then the decomposition of FG  is  

(4.9)  220  FFFG  , 

where  20 G  and 
 

2

2
2

GG 
 . We set   tG 22  , 

sG 2 . From (4.9) we get (4.4), where for t  and s  we have to find 

limiting inequalities. The group G  is decomposed in a direct product 

of t  cyclic groups because   tG 22  . Each of these cyclic groups 

has an order, not larger from 
m2 , since otherwise the algebra A  

would be of the first kind. Therefore the maximal order of G  is 
mt2 . 

From here mts   follows. The inequalities st 0  follow from the 

fact that  2G  is a subgroup of G . If F  is of the second kind with 

respect to p , then we also have st 0 , but in this case there is no 

upper limit for s . However the case 0t  and 0s  leads to a 

contradiction, because   12 G  implies 1G , so this leaves only 

st 0  or 0 ts  (a trivial case). In this way we proved point 3) 

of the necessary conditions.  

Sufficiency. Let the conditions 1), 2) and 3) are satisfied. From 1) 

it follows that A  is decomposed in a direct sum of finite number of 
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fields  iF  . We will prove that there exists finite abelian p -group 

G , such that the canonical decomposition of FG  is the same as the 

decomposition of A .  

Let A  be of the first kind with respect to p  with exponent n  and 

a constant m  of the field F . Then 2) implies that the special 

characteristic system of A  exists and consists of positive integer and 

it is a normal system of the first or the second type. From Theorem 2.5 

it follows that there exists a finite abelian p -group G , such that 

  ippG i 
 , where i  are the numbers of the special characteristic 

system of A . Thus (3.7) and (3.8) imply (4.7) and (4.8) and (3.6) for 

2 dp  implies the third case of (4.6). Moreover from (4.1) the 

first two cases of (4.6) follow. Therefore the algebras A  and FG  

have the same canonical decomposition from which follows the F -

isomorphism FGA  .  

Let A  be of the second kind with respect to p . If 1d , then for 

G  we can choose an arbitrary finite abelian group of order 
sp  and so 

from formula (4.1) we have FGA  . If 2p  and 1d , then for 

G  we choose again an abelian group of order 
sp  and from (4.3) 

FGA   follows. For 2 dp  we choose an abelian group of 

order 
s2  and   tG 22  . If F  is of the first kind with respect to p , 

then we choose the exponent of G  to be not greater than 
mp . If F  is 

of the second kind with respect to p , then for the exponent of G  

there are no restrictions. The inequalities (4.4) ensure the existence of 

such group. Then (4.4) implies FGA  . Thus the theorem is proven. 

#  
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