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ABSTRACT: Let p be a prime and F be a field of characteristic,
different from p. In the present paper we define the concept p -cyclotomic
algebra over the field F of characteristic, different from p. We examine,

up to isomorphism, the structure of the finite-dimensional commutative semi-
simple p -cyclotomic algebras over F . We discover necessary and sufficient

conditions for an algebra over F to be isomorphic as an F -algebra of a
finite-dimensional commutative p -cyclotomic algebra over F. We give a

criterion when an algebra over a field F of characteristic, different from
p, can be represented as a group algebra of a finite abelian p-group over
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1. Structure and isomorphism of finite-dimensional commutative
semi-simple
p -cyclotomic algebras
Let p be aprime, F be field of characteristic, different from p

and let &; be a primitive pj -th root of the unit in algebraic closure of
F, where j is a non-negative integer. With F(gi) we denote the
extension of the field F with & . Then the -condition
FcF(g)c...cFlg,) < ... is satisfied.

Following S. Berman [1], we call the field F a field of the second
kind with respect to the prime p, if the degree of the extension
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F(s,,&,,...) of F is finite, i.e. if (F(g,&,,...): F)<oo. Otherwise
we will call F a field of the first kind with respect to p. G.
Karpilovsky shows [3], that if F is a field of the second kind with
respect to p and (i) p is odd, then F(gj): F(gl) for every natural
number j; (ii) if p=2, then F(gj)=F(gz) for every natural
number j>2.

If F is a field of the first kind with respectto p, then there exists
a natural m, which is called a constant of the field F with respect to
p [1], such that Flg,)=Fle,1)=.=F(e,)c Fleg) . is
fulfilled, where q =1 for p=2 and q=2 for p=2.If F isafield
of the first kind with respect to p with constant m, then F(ei) is a
field of the first kind with respect to p with constant i for i >m and
with constant m for i <m with respectto p.

For fields of the second kind with respect to p we put the
constant m = oo.

If F is afield of characteristic, different from the prime p, then

Mollov [5] introduces the concept spectrum of the field F with
respect to p and he gives the following definition: if F is a field and

p is a prime, then the set

sp(F)={ieNy|F (&)= F(5,))
is called a spectrum of the field F with respectto p .

When F is a field of the first kind with respect to p with
constant f then, for the spectrum of F the following holds [5]: 1) if
p=2 and F#F(g), then s (F)={0,mm+1..}; 2) if p=2
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and F=F(g) or if p=2 and F=F(s), then
s,(F)={mm+1..}; 3) if p=2 and F=F(s), then
s,(F)=Lmm+1..}.

When F is a field of the second kind with respect to p, then we
have FcF(g)=F(g,)=- for p+2 and
F=F(s,)c F(e,)=F(g;)=... for p=2. Then the spectrum of
the field F of the second kind is: 1) s,(F)=@ for 1.1) p =2 and
F=F(g) or1.2) for p=2 and F=F(s,); 2) s,(F)=1{0 | for
p=2and F=F(g);3) s,(F)={1} for p=2and F = F(g,).

Definition 1.1 . Let p be a prime, F be a field of characteristic,
different from p and let L be an extension of F . The field L is
called p -cyclotomic extension of the field F , if it is obtained from

F by joining only of p'-th roots of the unit (i € N).

Definition 1.2 . Let p be a prime, F be a field of characteristic,
different from p and let A be an algebra over F . The algebra A is
called a p -cyclotomic algebra over the field F , if every field, which
is contained in A, is p -cyclotomic extension of the field F .

We will show some elementary examples of p -cyclotomic
algebras. Namely, let the field L be a p -cyclotomic extension of F
(in particular L =F). Then:

1) the field L isa p -cyclotomic F -algebra;

2) the group algebra LG of an abelian p -group G over L isa
p -cyclotomic F -algebraand a p -cyclotomic L -algebra;
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3) the ring L[xl,xz,...,xn,...] of the polynomials of
Xy X5y, Xy OVEr Lois @ p-cyclotomic F -algebra and a p -
cyclotomic L -algebra;

4) the direct sum of p-cyclotomic F -algebras is a p-
cyclotomic F -algebra.

Theorem 1.1 (Structure). Let p be a prime, F be a field of
characteristic, different from p, and let F be a field of the second
kind with respect to the prime p. Let A be finite-dimensional
commutative semi-simple p -cyclotomic algebra over the field F .
Then

(1.1) A=F®.OFDF(s,)®..®F(s,),
holds where &, is a primitive p*-th root of 1.

Proof. Let dim A=n (neN). According to the structural

theorem of Wedderburn [6], applied to the finite-dimensional semi-
simple algebra A over the field F , we obtain

A=M, (D)eMm, (D,)®..eM, (D,),

where > dim. D, =Y n’=n and D, are algebras with division
i=1 i=1

over the field F for i =1,2,...,5. Since A is a commutative algebra,
then M, (D,) are commutative algebras. Therefore n, =1 for every
i=12,...,S. Besides, the algebras D, have to be commutative for
every i1=12,...,5. Therefore they are fields. Since A is a p-
cyclotomic algebra over the field F, then the fields D, are p-
cyclotomic extensions of F . Since F is a field of the second kind
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with respect to the prime p, then the possible p -cyclotomic
extensions of the field F are either of the kind F, or of the kind
F(gz). #

Definition 1.3. Let p be a prime, F be a field of characteristic,
different from p, and let F be a field of the second kind with respect
to the prime p. Let A be finite-dimensional commutative semi-
simple p -cyclotomic algebra over the field F . The number r, of the

direct summands F in the decomposition (1.1) we will call real
cardinality of A.

Further the direct sum of n fields F (n e N) is denoted by nF .

If F isafield of the second kind with respect to the prime p and
A is a finite-dimensional commutative semi-simple p -cyclotomic
algebra over F , then we can change (1.1) the following way.

1)if1.1) p#2and F=F(g)orif12) p=2and F =F(g,),
then A= A4,F, 4, eN,.

2)if p#2and F = F(g), then A= A,F ® AL, F(g,), 4 eN,.
3)if p=2and F = F(s,), then A= A,F ® 4,F(s,), 4 €N,.

This commentary gives us the possibility to give the following
definition.

Definition 1.4. Let A be a finite-dimensional commutative semi-
simple p -cyclotomic algebra over the field F of the second kind

with respect to the prime p. A characteristic system of A we will
call the systems {4, } in case 1); {4,,4,} in case 2); {4,, 4, } in case
3).
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Proposition 1.2 (Isomorphism). If A is a finite-dimensional
commutative semi-simple p -cyclotomic algebra over the field F of

characteristic, different from the prime p and F is of the second
kind with respect to p and B is an arbitrary F -algebra, then

B= A as F -algebras if and only if B is a finite-dimensional
commutative semi-simple p -cyclotomic algebra over F and the

characteristic systems of A and B coincide.

Proof. Obviously B = A as F -algebras if and only if B is an
finite-dimensional commutative semi-simple p -cyclotomic algebra

over F . Further, the proof follows from Definition 1.4 and the three
cases of the commentary of Definition 1.3. #

Proposition 1.2. can be expressed in the following equivalent
form:

Proposition 1.3 (Isomorphism). If A is a finite-dimensional
commutative semi-simple p -cyclotomic algebra over the field F of

the second kind with respect to the prime p and B is an arbitrary

F -algebra, then B~ A as F -algebras if and only if all of the
following conditions are fulfilled:

(i) B is a finite-dimensional commutative semi-simple p -
cyclotomic algebra over F ;

(ii) dim. B=dim_ A;
(i) ry =r,.

Proof. When F is a field of the second kind with respect to p,
then the characteristic system of A determines uniquely the invariants
dim.- A and r, and vice versa. #

Theorem 1.4 (Structure). Let F be a field of characteristic,
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different from the prime p, and let F be of the first kind with respect
to p and let A be a finite-dimensional commutative semi-simple p -

cyclotomic algebra over F . Then the following direct decomposition
holds

(1.2) A= ZiiF(gi), A eNg,

where only a finite number of numbers A, are different from 0.

The proof is analogous to the proof of Theorem 1.1.

Definition 1.5. Let A be a finite-dimensional commutative semi-
simple p -cyclotomic algebra over the field F of the first kind with

respect to the prime p . The system {/Ii‘i e sp(F)}, where A are the
numbers from (1.2) we call characteristic system of A.

Proposition 1.5 (Isomorphism). If A is a finite-dimensional
commutative semi-simple p -cyclotomic algebra over the field F of

characteristic, different from the prime p, F is a field of the first
kind with respect to p and B is an arbitrary F -algebra, then

Bx= A as F -algebras if and only if B is a finite-dimensional
commutative semi-simple p -cyclotomic algebra over F and the

characteristic systems of A and B coincide.

Proof. Obviously B~ A as F -algebras if and only if B is a
finite-dimensional commutative semi-simple p -cyclotomic algebra

over the field F . Further, the proof follows from Definition 1.5 and
Theorem 1.4. #

Since the field F of characteristic, different from the prime p, is
either of the first kind or of the second kind with respect to p, then
Theorems 1.2 and 1.5 give the following general result:
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Theorem 1.6 (Isomorphism). If A is a finite-dimensional
commutative semi-simple p -cyclotomic algebra over the field F

with characteristic, different from the prime p, and B is an

arbitrary F -algebra, then B~ A as F -algebras if and only if B is
a finite-dimensional commutative semi-simple p -cyclotomic algebra

over F and the characteristic systems of A and B coincide.

If G is a finite abelian p -group, F is a field of characteristic,
different from p, then FG is a finite-dimensional commutative
semi-simple algebra and, according to Example 2, is a p -cyclotomic

F -algebra. We will denote by r., the real cardinality of the F -
algebra FG . Furthermore, if G is a finite abelian p -group, we will

denote G[pi]:{g EG‘ g” = } ieN,.

Lemma 1 of Mollov [4] is in fact a structural theorem for a group
algebra of a finite abelian p-group and can be formulated the

following way:

Theorem 1.7 (Structure). If G is a finite abelian p -group and
F is a field of the first kind with respect to p, then
FG= Y AF(s).
iesp(F)
where
o'
if

)

6[p’]-el

|
(Fle):

6[p"]

i # i,

it i=i,

(1.3)

~
Il
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I, is the smallest number of sp(F) and ] is the maximal number of

sp(F), which is less than i .

2. Some group-theoretic results

In this Section we shall prove some results for finite abelian p -
groups, where p is a prime. If G is abelian p -group, then the sets

G" = {g o’ |g € G} and G[pi]: {g eG‘g P :l} are subgroups of the

group G for every ieN;, where N, is the set of non-negative
integer. For those subgroups we have

(2.1) GP" <G” ana G[p'|<G|p™].

If G is finite then there exists a natural number k, such that
G" =1. Let k be the smallest number with this property. Then we
shall call the number pk exponent of the group G and we shall
denote it with exp G . The inclusions in (2.1) are strong if and only if

p'<expG.

Consider the factor-groups G® [p]/G® [p] for each ieN.
These factor-groups are elementary abelian p -groups and therefore

they are linear spaces over the Galois field GF(p). Put

o, =dime. (6" [p)/G" [p]), ieN.

The number ¢; is called i-th Ulm-Kaplansky invariant of the group
G and is denoted by f,(G). Let r(G) be the rank of the abelian p -

group G [2]. Then it holds fi(G):r(GpH[p]/Gpi[p]), ieN.
Therefore, f,(G) is the number of direct factors of order p' in the
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direct decomposition of G of cyclic p -subgroups. For the finite
abelian p-group G the Ulm-Kaplansky invariants form a complete

system of invariants and therefore they define the group G up to
isomorphism. For infinite abelian p -groups the Ulm-Kaplansky

invariants are determined the same way, namely i are ordinal
numbers. The largest class of abelian p -groups, for which the Ulm-

Kaplansky invariants form a complete system of invariants, are the
totally-projective groups. For groups outside of this class this is not
the case.

For the finite abelian p -groups the Ulm-Kaplansky invariants not
only do form a complete system of invariants, but they are also
independent of each other. That means that if we chose «;,a,,...,a,

to be arbitrary non-negative integers then there shall exists a finite
abelian p -group G, for which the chosen numbers shall be the Ulm-

Kaplansky invariants of G . This group is unigue up to isomorphism
and for o, #0 we have exp G = p". For infinite abelian p -groups
the case is different.

Put
(2.2) ‘G[pi:” - ph.

Lemma 2.1. As per (2.2) if p' <exp G, then S >1. An equality
is achieved if and only if G is a cyclic group.

The proof follows from (2.2) and from the second inequalities of
(2.1).#

In the next lemma we shall denote with p" the exponent of the
finite abelian p -group G .
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Lemma 2.2. The numbers S from (2.2) are determined from the
Ulm-Kaplansky invariants by

i n
23)  B=D ja;+i Y a;=a+2a, +..+ig +ia,, +..+ia,
i1 joiel

for each i =12,...,n where n=log, (exp G).

Proof. Decompose G in a direct product of cyclic p -groups.

This decomposition implies a respective decomposition of G[pi]. It
contains all cyclic direct factors of G, whose orders do not exceed
p'. When i<n each of the rest of the factors contain exactly one

subgroup of order pi. The number of these factors is equal to

Q.+ ,+..+a, and the order of their direct product is p®,

where s =¢; , +;,, +...+ . The order of the direct product of the

i+2
cyclic factors of G, whose orders do not exceed pi is p‘, where
t=c +2a,+...+ic;. Then the order of G|p'] is p
where (2.3) follows. #

t+is

, from

Lemma 2.2 gives an expression of the numbers £ by «;. Now
we shall find ¢, expressed by /£, .

Lemma 2.3. For the numbers ¢; from (2.3) we have

(24) a=2p-p =2 - B, fori=23,..,n-1,
a,=p—-pF . ., =0forkeN.

The proof of this Lemma has a purely technical character.

We know that in order to exist an abelian p -group with invariants
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a,,a,,...,a,, these numbers can be arbitrary non-negative integers.
We see from Lemma 2.3 that the numbers £, 5,,..., 5, can not be
arbitrary non-negative because some of ¢; could obtain negative
values. Now we shall establish the conditions which the numbers f,
must satisfy so that there exists a finite abelian p-group G, for

which ‘G[p‘]‘: p”,i=12..,n=log |G|.

Lemma 2.4. There exists a finite abelian p-group G with
expG=p" and ‘G[pi]‘: p” if and only if the numbers
B, B, B, satisfy the inequalities

(2.5) ﬂlZﬂZ_ﬁlzﬁS_ﬂ22"'Zﬂn_ﬁn—l>0

Proof. Let there exists such a group G so that the Ulm-
Kaplansky invariants of G are o,a,,...,a,. Then they shall be
determined by the formulas (2.4) of Lemma 2.3. Since the invariants
o; are non-negative integers then (2.4) implies the inequalities (2.5).

Conversely if the inequalities (2.5) are satisfied, then (2.4)
determine ¢; and we have ¢; >0 for each 1=12,..,n—-1 and

a, >0. Then for the group G, determined by these Ulm-Kaplansky
invariants, we have exp G = p" and ‘G[pi]‘: ph,i=12..,n.#

For the numbers . there is one more inequality, which we will
need later.

Lemma 2.5. If 1<i< j<n and the numbers A, ; are from
(2.2),then i, < jB .
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The proof of this Lemma has a purely technical character.

Now we shall deduce a criterion that would ensure the existence
of a finite abelian p -group G, if only some of the values of ‘G[pi]‘
are given. To this aim we shall give the following definitions.

Definition 2.1. Let m<n are natural numbers and let
Bos Boiire- B, be a system of natural numbers. We shall call this
system normal of the first type if it satisfies the following inequalities

1
(2.6) Eﬁm 2IBerl_ﬂmZ m+2_ﬂm+12"'2ﬂn_ﬁn—l>0‘

Definition 2.2. Let m<n are natural numbers and let
B B By B, be a system of natural numbers. We shall call this

system normal of the second type if it satisfies the following
inequalities

1
(2.7) ﬂlzaﬂ 2 m+1_ﬂ 2ﬂm+-2_:Bm+12"'2ﬂn_ﬁn—1>o'

Theorem 2.5. Let m<n be natural numbers and let a normal
system of the first or the second type be given. Then there exists a

finite abelian p -group G, such that ‘G[p‘]‘ = p”, where £ are the
numbers of the given normal system.

Proof. 1). Let the given normal system be of the first type. From
the first inequality in (2.6) we get (m +1),[j’m -mg,.,=0.
Consequently there exists an abelian p-group A, for which
|A|= p™Wis - Choose A such that exp A< p™. This is

possible because the limit of exp A above does not affect on the
choice of A. Let now us make an abelian group B, for which
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oa=a,=..=a,=0, o, =206 ,—P. for
iI=m+1lm+2..,n-1 when m+l<n, o,=8,-8, |If
m+1=n, then we put ¢, =0 for i<n-1. In view of (2.6) these
settings are possible. Now let us put G=AxB. It can be

immediately verified that the group G satisfies the conditions of the
theorem.

2) Now let the normal system be of the second type. From the first
two inequalities of (2.7) follows S + ., — /.., =0. Then there

exists an abelian p-group A, for which |A[p]|: pPithnhna and

exp A< p™. The maximum order of such group is p°, where

s=m(B + B, —f,..). We put t=(m+1)3, —mg, . From the
first inequality of (2.7) we have s>t and from the second we have

t>0. Then A can be chosen such that |A| = p'. Further we choose

an abelian group B as in case 1). This is possible, because all the
inequalities in (2.6) participate in (2.7). Then the group G=AxB
satisfies the required conditions. #

Note. The group G, defined in the proof of Theorem 2.5 is not
unique, because A is not determined uniquely. In case 1) A will be
unique if and only if in the first inequality of (2.6) we have equality
and then we obtain A=1. In case 2) A is unique if and only if in the
first two inequalities of (2.7) we have equality and then we obtain
A=1.

3. Algebras of the first and the second kind with respect to a
prime number

Definition 3.1. Finite-dimensional commutative semi-simple p -

cyclotomic F -algebra A is called algebra of the first kind with
respect to p, if the field F is of the first kind with respect to p and

in the direct decomposition of F -algebra A in direct sum of fields
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F(gi) participates at least one field F(gn), for which 4, #0 and
n>m, where m is the constant of the field F with respect to p.

Otherwise the F -algebra A is called algebra of the second kind with
respect to p. If A is an algebra of the first kind with respect to p,
then the largest number n with the above indicated properties is
called the exponent of A.

We note that if A is an algebra of the second kind with respect to
p over the field F, then F can be either of the first kind or of the

second kind with respect to p . Moreover if p = 2, then in the direct
decomposition of this algebra A only fields of the form F and
F(s,) will participate. For p =2 these fields will be of the form F

and F(g,).

Later we shall use the dimensions of F(g;) over F and we shall
determine them now. When p=2 we set d=(F(s,):F). Let
d=(F(g,):F) for p=2.When p=2 we have d/(p—1) and for
p=2 wehave d/2.If p=2,then d =1 ifandonly if F =F(g,).
If p=2,then d =1 ifandonlyif F = F(g,) and d =2 if and only
if F#F(g,). If F is of the first kind with respectto p and i>m,
then (F(g): F)=dp'™.

Now we can give special direct decompositions of the algebra A,
which we will call canonical, namely:

1) If the algebra A is of the first kind with respect to p, with
exponent n, then the decomposition of A is

(3.1) A=A F® A Fle,)®..®AF(s,).
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2) If A is of the second kind with respect to p , then
(3.2) A= AF,
if d=1,
(3.3) A= 1 F ®ALF(s,),
if p£2and d>1,
(3.4) A=A, F ®LF(s,),
if p=d=2.

The numbers A, determined respectively in (3.1), (3.2), (3.3) or

(3.4), are called characteristic numbers of A and we shall say that
they form a characteristic system of A. These numbers form a
complete invariant system of A and determine it up to F -
isomorphism.

For an algebra of the first kind with respect to p when 4 #0

we shall introduce one more system of numeric invariants. Let us
denote

3.5) B = Iogp(/10 +dA, + pdA,., +...+ p“'“di,),
iI=mm+1..,n.

For p=d=2and A, # 0 we set
(3.6) B, =109, 4.

Since the numbers A,,A4,,A,..-v4, are non-negative and
A, # 0, then the logarithms in (3.5) make sense. This holds also for
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the logarithm in (3.6).

When p#2 or p=2=d +1 we say that the numbers (3.5) form
a special characteristic system of A. When p=d =2 a special
characteristic system of A form the numbers (3.5) and (3.6).

With the help of the formulas (3.5) and (3.6) the numbers £, are
determined by Ay, A, Appagsees Ay, -

The numbers A can be determined by the numbers £, namely

(3.7) pﬁm _ ﬂ'o

(38) pﬂl _ pﬂi—l .
/’LI =W for 1 :m,m+L...,n,

p
and for p=d =2 we have A, =2". This shows that the special
characteristic system, combined with the number A, form a complete
invariant system of the algebra A.

For an algebra of the second kind with respect to p we do not
determine a special characteristic system.

4. Representation of a F -algebra as a group algebra

Now we shall clarify on when an algebra over a field F of
characteristic different from the prime p can be represented as a

group algebra of a finite abelian p -group over F . The answer to that
question is in the following main result:

Theorem 4.1. An algebra A over a field F of characteristic,
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different from the prime p, is isomorphic to group algebra FG of
some finite abelian p -group G if and only if the following conditions
are fulfilled:

1) A is a finite-dimensional, commutative, semi-simple and p -
cyclotomic algebra over F ;

2) if A is of the first kind with respect to p with an exponent n
and the constant of the field F with respect to p is m, then for
p=2 or p=2=d+1 we have A, =0, the special characteristic
system of A consists of positive integer and is normal of first type and

" L] oitd=1
4D T 1if pr2,d>1’

For p=d =2 we have A, # 0, the special characteristic system
of A consists of positive integers and it is normal of the second type;

3) If A is of the second kind with respectto p, then

4.2) Ao = P°, $=0 isinteger, if d =1;

423) %:L4=p11

, >0 isinteger,if p#2 and d >1;

Q=2 A4, =212 if p=d=2andif F is of the first
(4.4) kind, then 0 <t <s<mt and if F is of the second kind with
respectto 2, then 0 <t <s or s=t=0.

Proof. Necessity. Let A= FG as F -algebras for some finite
abelian p-group G. Then dimFA:|G|<oo and therefore A is
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finite-dimensional algebra over F . The commutativity of G implies
that A is also commutative. Since charF = p and G is p -group,

then the algebra A is semi-simple. Besides, FG decomposes in a
direct sum of fields of the form F(gi). Therefore the algebra A is

p -cyclotomic. Thus the conditions in point 1) of the theorem are
satisfied.

Let A be of the first kind with respect to p with exponent n and

m is a constant of the field F . Based on the isomorphism A= FG
it follows that A and FG have the same canonical decompositions in
direct sum of fields. From the decomposition

(4.5) FG= A, F®A F(s,)®..®1F(s,),

and Theorem 1.7 we have

0,if d =1,
(4.6) Ao=1 Lif p=2,d>1
G[2]|,if p=d=2,
(4.7) 1 :%
m d 1
(4.8) A= ‘G[pi]‘_‘G[piil]‘ for i=m,m+1..,n.

dpi—m

Let p#2 or p=2=d+1. Since A has exponent n, then the

exponent of G is p" and m<n implies ‘G[p”] > p™. Then from

(4.7) and the first two cases of (4.6) follows A4 > p™—-1>0, ie.
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A, #0. The equalities (4.7) and (3.7) imply ‘G[pm]: p”m. The
equalities (4.8) and (3.8) imply [G[p']|= p” for i=m,m+1...n.

Since the orders of the groups G[pi] for i=m,m+1...,n are non-
trivial degrees of p, then the numbers £ for i=m,m+1,...,n are

natural. These numbers form the special characteristic system of A.
Therefore this system consists entirely of positive integer. From

Lemma 2.4 (the proof of necessity) it follows that the numbers

satisfy the inequalities of (2.6), except the first one. The first
inequality of (2.6) follows from Lemma 2.5 for i=m, j=m+1.

Therefore the special characteristic system of A is normal of the first
type. The formula (4.1) follows from the first two cases of (4.6).

Let p=d =2. The third case in formula (4.6) and formula (3.6)
implies |G[2]|=2". Since 2<m<n, then the order of G[2] is a
nontrivial power of the number 2. Therefore f, is a positive integer.

Analogically the numbers B, f. ,,..., 3, are non-negative integer

and they satisfy the inequalities (2.6), which are the same as the
inequalities (2.7), except the first. The first inequality in (2.7) follows
from Lemma 25 for i=1 and j=m. Therefore the system

B B B B, consists of positive integer and is normal system

of the second type. This system is also the special characteristic
system of A. In this way the requirements in point 2) are proved.

3) Let A is of the second kind with respectto p . Thenif F is of

the first kind with respect to p and the exponent of G is p", then

n<m and when F is of the second kind then the exponent of G is
an arbitrary power of p. Therefore when p =2 in the canonical

decomposition of FG will participate only the fields F and F(gl)
and for p=2 only the fields F and F(g,). For d =1 the
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decomposition of FG contains only the field F with coefficient
o =|G|=p*, where s >0 is an integer. Thus we get formula (4.2).

If p#2 and d>1, then the decomposition of FG is
P _l, where

FG;F®|G|‘%1F(51) so we have A,=1, A=

G|=p°, s=0 is integer. Thus we get formula (4.3). For s=0

formula (4.3) is the same as (4.4). This is a trivial case in which
G=1.

Let p=d =2. Then the decomposition of FG is
(49) FG = 4,F @ 4,F(s,),

G[-[el2]]

where 4, =|G[2]| and 2,= . We set |G[2]|=2",

G| =2°. From (4.9) we get (4.4), where for t and s we have to find

limiting inequalities. The group G is decomposed in a direct product
of t cyclic groups because |G[2]|=2". Each of these cyclic groups

has an order, not larger from 2", since otherwise the algebra A
would be of the first kind. Therefore the maximal order of G is 2™.
From here s <mt follows. The inequalities 0 <t <s follow from the
fact that G[2] is a subgroup of G . If F is of the second kind with
respect to p, then we also have 0 <t <s, but in this case there is no
upper limit for s. However the case t=0 and s>0 leads to a
contradiction, because G[2]=1 implies G =1, so this leaves only

O<t<s or s=t=0 (atrivial case). In this way we proved point 3)
of the necessary conditions.

Sufficiency. Let the conditions 1), 2) and 3) are satisfied. From 1)
it follows that A is decomposed in a direct sum of finite number of
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fields F(gi). We will prove that there exists finite abelian p -group

G, such that the canonical decomposition of FG is the same as the
decomposition of A.

Let A be of the first kind with respect to p with exponent n and

a constant m of the field F. Then 2) implies that the special

characteristic system of A exists and consists of positive integer and
it is a normal system of the first or the second type. From Theorem 2.5
it follows that there exists a finite abelian p-group G, such that

‘G[pi]‘ = p”, where P, are the numbers of the special characteristic
system of A. Thus (3.7) and (3.8) imply (4.7) and (4.8) and (3.6) for
p=d =2 implies the third case of (4.6). Moreover from (4.1) the

first two cases of (4.6) follow. Therefore the algebras A and FG
have the same canonical decomposition from which follows the F -
isomorphism A= FG .

Let A be of the second kind with respectto p. If d =1, then for

G we can choose an arbitrary finite abelian group of order p°® and so
from formula (4.1) we have A= FG . If p#2 and d >1, then for

G we choose again an abelian group of order p° and from (4.3)
A= FG follows. For p=d =2 we choose an abelian group of

order 2° and |G[2]| =2".If F is of the first kind with respect to p,

then we choose the exponent of G to be not greater than p™. If F s
of the second kind with respect to p, then for the exponent of G

there are no restrictions. The inequalities (4.4) ensure the existence of
such group. Then (4.4) implies A= FG . Thus the theorem is proven.
#
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