MATTEX 2016 PA3JE]I MATEMATHUKA
Tom 1
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ON LOCAL CONVERGENCE ANALYSIS OF THE INVERSE WDK
METHOD®

GYURHAN H. NEDZHIBOV

ABSTRACT: In this paper we study a new modification of the well known Durand-Kerner
iterative method for simultaneous approximation of polynomial zeros. We establish new local
convergence theorems with error estimates. The main results are motivated by the convergence
analysis of the Weierstrass’ method provided by Niell in [1]. We also compare the two corresponding
radiuses of convergence.
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1 INTRODUCTION

Let P(z) be a monic polynomial
1) P(z)=a,+az+...+a, 2" +2",
of degree n>2, with simple real or complex zeros «,a,,...,a,, and let z2,z9,...,z9 be

distinct reasonable close approximations of these zeros.
In this study we consider a simultaneous iterative method defined by

2 260 = G(zW)=G**(z®), k=0,1.2,..,
where G :C" — C" is a vector valued function with components
72
3 G =G (@2)=————, z=(z,,...,2,), i=1,...,n,
3) i =Gi(2) L TW.@) (2, )

and the term
P(z)

(4) Wi (@)= F—
H(Zi - Zj)
J#I

is the so-called Weierstrass’ correction.

The iteration method (2)-(3) is a modification of the famous Weierstrass’ iterative
method for simultaneously finding all the zeros of polynomials

(5) ¢ =209 W (z%), i=12,...,n, k>0,

, (1=1,...,n)

which is also called Durand-Kerner, Weierstrass-Dochev, or shorter the WDK method. It is
originally proposed by Weierstrass in 1891 [2], rediscovered later by Durand [3], Dochev [4],
Kerner [5], Presic’ [6], and since then it has been investigated by many authors (see [7, 8, 9, 10,
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11, 12, 13, 14, 15, 16]). The modified method (2)-(3) was firstly introduced in [17], and so called
Inverse WDK method. Some recent results were obtained in [18, 19].
Throughout this paper, we will use only the norm defined by

], =maxI2, |

and we will follow the usual convention that a summation over the empty set of indices equals O,
while a product over the same set equals 1.

2 LOCAL CONVERGENCE ANALYSIS
First, we prove some auxiliary results.

Lemmallet c>0,d>2c, q>1,n>2 and

d—c\"
6 <q.
© ) <
Then the following relations hold true
(7) (i) c<kd, where k = q_—l;
29-1
(8) iy —S- <971
d-c q
Proof. (i) The inequality (6) is equivalent to the following two inequalities
d-c _*
9 < n-1
®) d-2c a
and consequently
1
n1_
(10) P )
2qmt -1
The assertion (7)
c< 971y
2q-1

follows from the choice of g, assumption n>2 and the relation (10).
(if) The claim (8) follows from (7), the choice of d and the inequality
C kd k
< = .
d-c d-kd 1-k

Corrolary 1 Let g (1,2), then from the relations (6), (7) and (8) of Lemma 1 it follows
that
d
11 c<—
(11) 3
and
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¢ (d-c\"*
(12) L <1
d-c\d-2c

Lemma 2 Let the initial assumptions and (6), (7), (8) of Lemma 1 hold true and let
ge(1,2). Then q=4/3 is the maximum value of the parameter q such that

d (d—cj*_l
(13) g(c,d,ny=d=c\d=2 <1

n-1
1 C d-c
d-cld-2c
Proof. From the left side of (13)

d [d—c}”_l (d—c)”_l c (d—cj“
-1 + -1
—c\d-2c d-2c d-c\ld-2c

d

g(C, d ! n) = n-1 n-1
1_L d-c 1_L d-c
d-c\d-2c d-c\d-2c

and the relations (6), (7) and (8) it follows

g-1
q+—q-1
=200 _ )
1 q_l 2—q -
-———¢
!

g(c,d,n) <

The first derivative of h(q) is h'(q) =2/(2—qg)* >0, i.e. h(q) is monotone in the interval (1,2)
and also

lim h(q) = .
q—2

But the value q = 4/3 is the only solution of the equation h(q) =1, which proves the lemma.
Further, in proving of the main result we will use the identity (given by [9])

19 ] e oy | e
i Uy — U Zu,-U, jau, U,

which is valid for any 2n numbers u;,v;, such that u; #u; for i #j (i,j=1,...,n).

Theorem 1 Let P e C[z] be a monic polynomial of degree n>2, where
a={aeC":a, #0and ¢, #* a; fori,j=1,...,n}
is the root vector of P, and let
d =min{s, y}, wheres =min,; | —; | andy = min; | & |
If the initial guess z® e C", satisfies the inequality

1

qn—l _l
1

2qmt -1

(15) |2 - o < p(n.d) =

d,where q = 4/3,
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then
(i) the modified Durand-Kerner iteration (2)-(3) is well defined and converges to «
quadratically;
(i1) the asymptotic convergence rate satisfies
_ pAN
(16) Mo | | <0

P o n
| -ef ¢

Proof. The (k+1)" iteration stage of the algorithm (2) is

(17) Z-(k+l) —_ (Zi(k))2

O NEYYATIC) i=12,...,n, k>0.

For easy of later comparisons, we will use the following equivalent form of (17) (see [19])

) _ w, (")

(18) 2 =20 =L i=12,...n, k>0
Wi (z™)
1+ ©
Zi
which implies
W-(Z(k))
(k+1) =50
N _ai_l—(k)
Wi (z™)
1+ B
Zi
and consequently
k) _ (k) _ ()
it LA W)
S PICPIO L1700 ;0 Q)
(k+1) — (7K JF T i — (k) j# i i i
i -0 = (4 — o) 1_W =" —a) W.(z®)
1+ 1+
zM 7®

For the error in each component we get

n (k) _ (k)
1-T] L —a +Wi(z )
(k) (k) (k)
;7 — Zj Z

i#i
(k) !
Wi (z")
0

K ok
|Zi( +l)_05i = Zi( )_ai |

1+

which implies

(k) _ (k)

T T W)
(k) (k) (k)
Z, —Zj Z,

j#

(19) Hz(k+1) - a” < Hz(k) — OKH miax Wi (Z(k))

1+
20

Further, we will bound the amplification factor for the i component. Let for fixed k and i
denote
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n (k) _ (k)
1-T1 Z(ik) Ofkj) + ((Zk) )
;' — Zj Z;

j#i
W, (z) '
1+ ,®

AW =

Then the following inequality is valid

v g,
[T 60 -4+
2 12

k
Zi(k)—a- n Zi()—a

i i
;0 I1 200 _ 50
(20) Aj(k) < j# i J#ESi i
- (k) noZ20_ o '
1— i~ H i j
(k) (k) (k)
Z; i i 0T

From (10), (11) and (15) we establish the following inequalities

@) 12920 Pla —a;|-12® —o; |- 2 —a; |2 d - 2z® o> 0,
(22) 120 Bl | -1 2% — e 2 d [z —a > O
and
k k (k) (k)
oy |2, e ] oot —d]
) I TR IR P e
Substituting

u, =z%, 1<s<i-1 vV, =a,, 1<s<i-1
u =z%, i<s<n-1 and <v,=a,,, i<s<n-1
u, =z%, s=n

vV, =, s=n
in the identity (14) and using (20), (21), (22) and (23) we obtain

a4k ol ) =] 4]0 ]
+

N Rl o M % Gl e

AW < 1
1] a- ]

1-—
e o]l -2 -

S

e R LR (e

n-1
+
422" —o| & d-22 ] dqpm_aud_4fm_4J
|2 -a] [d-[z*-a

n-1
dkwa\dﬂw”%J

which implies

s=0

(24) A¥ <

and consequently
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n-1 n-1
d—[z% -a . |2 —a| (d-[z%-a
e =14+
d-2[z% -qf d [z - af( d -2z -]
‘ ] (o] - |
1-—

n-1
d—W“—aHd—ﬁM“—ﬂJ

Finally, from the last expression, it follows that the amplification factor for the error norm in
(19) can be bounded as follows:
d [ d —Hz(k) -

n-1
d—zuw—au]

AW = ) d _Hz(k) _aH
=max AT < = = &(n,d).
N (e
d [z -af{d -2z -
Substituting ¢ = Hz(k’ —aH in Lemma 2 and using the assumption (15) and (13) we obtain that
&(n,d) <1,

whenever
|2 -] < p(n, d).
Since this bound does not depend on k and it follows by induction from the assumption (15).
Then &, <1 is a uniform upper bound for all the &, . This completes the proof of the claim (i) .
(if) From (19) and the derivation of (24), it follows that

S n-1
ot d) 1 (akee
‘z(k*” —aH d —ZHZ(k) —a| s d —2”2(” —aH d —Hz(k) —a” d —ZHZ(k) —aH
<
2 = n-1
2% -4 2 -o] (d-[z"-a
d~[2% - af{ d-2[z% -4

and giving in the limit, as k — oo, we get Hz(") —aH — 0 and the claim (16).
In the next theorem we consider the case a, =0 in (1), i.e. there exists s such that
a, =0 for s=1,...,n. Without loss of generality we can assume that ¢, =0.

Theorem 2 Let P e C[z] be a monic polynomial of degree n>2 with simple zeros, such

. {iO, i=1,...,n-1
a, is )
=0, i=n

that

and let d ={min,, |o;—c, i, j=1,...,n}. If the initial guess z® eC", satisfies the initial
condition (15) from Theorem 1
HZ(O) —aH < p(n,d),
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the inverse WDK iteration (2)-(3) is well defined and converges

() quadratically to o, ,,...,a, ;;

(i) at least linearly to ¢, =0.

Proof. (i) The quadratic convergence and the same asymptotic convergence rate (16) for
1=1,...,n—1 can be proved in a similar way that we proved Theorem 1 (i).

(ii) Let consider the function G, (z), defined by (3) as a function of one variable z,:

ZZ

then it is easily seen that the point z, =0 is a fixed point of the function 6(z,), i.e. (0)=0
(see [19]).
Let us suppose that z' # 0. From (17) and taking into account that ¢, =0, we have

7(k+1) = (k) 1 = 7K 1

n [ S (LY n ERT)
W, (%) 1 700 g
1+-—20 1+ L

k
24 o=
Then, it follows

1 n

(25) |28 =] 289 | <z AL,

n-1 Z(k)

1+H 209 _ _k

where
~ 1
(k) —
A= 1 700 _ '
o ITT 5 —%i
g Zr(]k) _ ng) |
Substituting u, by z* and v, by «, (for i=1,...,n) in (14) and using the relations (21) and

(23), it is easy to prove that

it a, | g oo o]
oo w2 11 ,
7 k)

a2l -2 T F -2 —of 11 0 -2 -4

which implies

S
sa e, | 0] gf ] —d
ln_[zn a; z a nZ: d—|z a
& FICIRETC I I S P W g

]

and consequently
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From (26), substituting c:Hz(k) —aH in (10) and using the assumptions of the theorem we
obtain

(27)

Then the factor A% defined by (25) can be bounded as follows
AV <1
Thus we have proved the relation

I Zr(1k+l) <] Zr(1k) , k=0,12,...,

i.e. |20, as k —oo. This completes the proof.

3 COMPARISON WITH A CONVERGENCE RESULT OF WDK-METHOD

The study of local convergence of Weierstrass’ method presented by Niell in [1] shows
that if the initial approximation z e C" satisfies

21,

221"

where d=min{|e, —«; [:i# j,i, j=1,...,n}, then the iteration (5) converges to «
quadratically, and the asymptotic convergence rate satisfies

(28) |29 -a| <z(n.d) =

(k+1)
(29) limica |+

—aH n-1
<

i .nd
2 -e] 4

The radius of convergence p(n,d) defined by (15) (in Theorem 1) corresponds to the
radius z(n,o) defined by (28) with the same asymptotic rate (16). It is obvious that the radius
p(n,d) is smaller from z(n,d). Indeed, the ratio o(n,d)/z(n,d) does not depend on d, and the
limit

. p(n,d)
0172041
m n.d)

The comparative values of the asserted radiuses are included in Table 1.

Table 1: Some comparative values of p(n,d) and z(n,d).

n p(n,d) z(n,d) p(n,d)
d d z(n,d)
1 0.2 0.33 0.6
2 0.11 0.22 0.52
3 0.08 0.17 0.48
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4 0.06 0.13 0.47
5 0.05 0.11 0.46
10 0.03 0.06 0.43
20 0.01 0.03 0.42
50 0.005 0.013 0.42
100 0.002 0.006 0.41
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