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METHOD
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 ABSTRACT: In this paper we study a new modification of the well known Durand-Kerner 

iterative method for simultaneous approximation of polynomial zeros. We establish new local 

convergence theorems with error estimates. The main results are motivated by the convergence 

analysis of the Weierstrass’ method provided by Niell in [1]. We also compare the two corresponding 

radiuses of convergence.  
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1  INTRODUCTION 

 

Let )(zP  be a monic polynomial  
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 of degree 2n , with simple real or complex zeros n ,,, 21  , and let (0)(0)
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distinct reasonable close approximations of these zeros. 

In this study we consider a simultaneous iterative method defined by  
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 is the so-called Weierstrass’ correction. 

The iteration method (2)-(3) is a modification of the famous Weierstrass’ iterative 

method for simultaneously finding all the zeros of polynomials  

(5) ,)(= )()(1)( k
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k
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i Wzz z   0,,1,2,= kni  ,  

which is also called Durand-Kerner, Weierstrass-Dochev, or shorter the WDK method. It is 

originally proposed by Weierstrass in 1891 [2], rediscovered later by Durand [3], Dochev [4], 

Kerner [5], Preši c  [6], and since then it has been investigated by many authors (see [7, 8, 9, 10, 
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11, 12, 13, 14, 15, 16]). The modified method (2)-(3) was firstly introduced in [17], and so called 

Inverse WDK method. Some recent results were obtained in [18, 19]. 

Throughout this paper, we will use only the norm defined by  

 ,||max= i
i

z


z  

and we will follow the usual convention that a summation over the empty set of indices equals 0, 

while a product over the same set equals 1. 

 

2  LOCAL CONVERGENCE ANALYSIS 

 

First, we prove some auxiliary results. 

  

Lemma 1 Let  0c , cd 2> , 1>q , 2n  and  
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 Then the following relations hold true  
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 Proof. )(i  The inequality (6) is equivalent to the following two inequalities  
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 and consequently  
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 The assertion (7)  
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follows from the choice of q , assumption 2n  and the relation (10). 

)(ii  The claim (8) follows from (7), the choice of d  and the inequality  

 .
1

=<
k

k

kdd

kd

cd

c


 

 

Corrolary 1  Let (1,2)q , then from the relations (6), (7) and (8) of Lemma 1 it follows 

that  
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 and  
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Lemma 2 Let the initial assumptions and (6), (7), (8) of Lemma 1 hold true and let 

(1,2)q . Then 4/3=q  is the maximum value of the parameter q  such that  
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 Proof. From the left side of (13)  

 
1

11

1

1

2
1

1
22

=

2
1

1
2

=),,(


















































































n

nn

n

n

cd

cd

cd

c

cd

cd

cd

c

cd

cd

cd

cd

cd

c

cd

cd

cd

d

ndcg  

and the relations (6), (7) and (8) it follows  
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The first derivative of )(qh  is 0>)2/(2=)( 2qqh  , i.e. )(qh  is monotone in the interval (1,2)  

and also  
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But the value 4/3=q  is the only solution of the equation 1=)(qh , which proves the lemma.  

Further, in proving of the main result we will use the identity (given by [9])  
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 which is valid for any n2  numbers ii vu , , such that ji uu =  for ji =  ( nji ,1,=,  ). 

  

Theorem 1 Let  zP C  be a monic polynomial of degree 2n , where  
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is the root vector of P , and let  
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 then 

(i) the modified Durand-Kerner iteration (2)-(3) is well defined and converges to   

quadratically; 

(ii) the asymptotic convergence rate satisfies  
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 Proof. The thk 1)(   iteration stage of the algorithm (2) is  
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 For easy of later comparisons, we will use the following equivalent form of (17) (see [19])  
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For the error in each component we get  
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 Further, we will bound the amplification factor for the 
thi  component. Let for fixed k  and i  

denote  
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 From (10), (11) and (15) we establish the following inequalities  
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in the identity (14) and using (20), (21), (22) and (23) we obtain  
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 Finally, from the last expression, it follows that the amplification factor for the error norm in 

(19) can be bounded as follows:  
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Substituting )(= kzc  in Lemma 2 and using the assumption (15) and (13) we obtain that  
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Since this bound does not depend on k  and it follows by induction from the assumption (15). 
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and giving in the limit, as k , we get 0)( kz  and the claim (16).  

In the next theorem we consider the case 0=0a  in (1), i.e. there exists s  such that 

0=s  for ns ,1,=  . Without loss of generality we can assume that 0=n . 

  

Theorem 2 Let  zP C  be a monic polynomial of degree 2n  with simple zeros, such 

that  

 


 

ni

ni
isi

=,0=

1,1,=0,= 
  

and let },1,=,|:|{= = njimind jiij   . If the initial guess 
n

Cz (0)
, satisfies the initial 

condition (15) from Theorem 1  

 ,),((0) dn z  
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the inverse WDK iteration (2)-(3) is well defined and converges 

(i) quadratically to 121 ,,, n  ; 

(ii) at least linearly to 0=n .  

 Proof. )(i  The quadratic convergence and the same asymptotic convergence rate (16) for 

1,1,= ni   can be proved in a similar way that we proved Theorem 1 (i). 

)(ii  Let consider the function )(zGn , defined by (3) as a function of one variable nz :  

 ,
)(

=)(=)(
2

z
z

nn

n
nn

Wz

z
Gz


  

then it is easily seen that the point 0=nz  is a fixed point of the function )( nz , i.e. 0=(0)  

(see [19]). 

Let us suppose that 0=)( k

nz . From (17) and taking into account that 0=n , we have  

 .
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Then, it follows  

(25) ,ˆ||

1

1
||=|| )()(

)()(

)(1

1=

)(1)( k

n

k

n

k

j

k

n

j

k

n
n

j

k

n

k

n Az

zz

z
zz 











  

 where  

 .
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1
=ˆ

)()(

)(1

1=

)(












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
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Substituting iu  by )(k

iz  and iv  by i  (for ni ,1,=  ) in (14) and using the relations (21) and 

(23), it is easy to prove that  

 ,
22

1
)(

)(
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which implies  

 ,
22

1
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
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and consequently  
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(26) .1
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 From (26), substituting )(= kzc  in (10) and using the assumptions of the theorem we 

obtain  

(27) .1<11
)()(

)(1

1=








q
zz

z
k

j

k

n

j

k

n
n

j


  

 Then the factor )(ˆ k

nA  defined by (25) can be bounded as follows  

 .1<ˆ )(k

nA  

Thus we have proved the relation  

 ,||<|| )(1)( k

n

k

n zz  0,1,2,=k , 

i.e. 0|| )( k

nz , as k . This completes the proof.  

 

3  COMPARISON WITH A CONVERGENCE RESULT OF WDK-METHOD 

 

The study of local convergence of Weierstrass’ method presented by Niell in [1] shows 

that if the initial approximation 
nz C(0)
 satisfies  

(28) ,
122

12
:=),(

1

1
(0) ddn

n

n










z   

 where },1,=,,=|:{|min= njijid ji  , then the iteration (5) converges to   

quadratically, and the asymptotic convergence rate satisfies  

(29) 

( 1)

2
( )

1
lim .

k

k
k

n

d









 




z

z
  

The radius of convergence ),( dn  defined by (15) (in Theorem 1) corresponds to the 

radius ),(  n  defined by (28) with the same asymptotic rate (16). It is obvious that the radius 

),( dn  is smaller from ),( dn . Indeed, the ratio ),()/,( dndn   does not depend on d , and the 

limit  

 .0.41
),(

),(
lim 

 dn

dn

n 


 

The comparative values of the asserted radiuses are included in Table 1. 

 

Table 1: Some comparative values of ),( dn  and ),( dn .   

n  

d

dn ),(
 

d

dn ),(
 

),(

),(

dn

dn




 

1  0.2  0.33 0.6  

2  0.11  0.22 0.52  

3  0.08  0.17 0.48  
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4  0.06  0.13 0.47  

5  0.05  0.11 0.46  

10  0.03  0.06 0.43  

20  0.01  0.03 0.42  

50  0.005  0.013 0.42  

100  0.002  0.006 0.41  
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