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PROPERTIES OF MULTIPLICATIVE INTEGRALS I*

GALINA S. BORISOVA

ABSTRACT: In this paper we present some important properties of a special
kind of multiplicative integrals connected with semigroups of operators Ty (t > 0 and t <
0) with unbounded K"- generators iA, presented as reqular couplings of dissipative and
antidissipative operators in a Hilbert space H. These properties play an important role in
the course of obtaining the asymptotics of the corresponding nondissipatve cueves T, f as
t— +oo (f € H).
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In this paper we present properties of special kind of multiplicative integrals which
play an important role in the further development of the investigations of nonselfadjoint
unbounded operators (with finite dimensional imaginary parts) based on the theory of the
characteristic functions and the triangular models of M.S. LivSic. The presented proper-
ties are inequalities concerning the multiplicative integrals which are so-called limit values
of multiplicative integrals connected with nonselfadjoint unbounded K"- operators A in a
Hilbert space H with differen domains of A and its adjoint A* and presented as a regular
coupling of dissipative and antidissipative operators with real absolutely continuous spectra.
The triangular model of the regular couplings of this class of nonselfadjoint operators has
been introduced and investigated by K.P. Kirchev and G.S. Borisova in [3, 4, 5]. In the course
of investigations of these operators A (the characteristic operator functions, the resolvent of
A, the asymptotic behaviour of the corresponding continuous curves) we use the properties
of the multiplicative integrals from the form

b

- . a(v)
(1) fe—z 1;(;\%/\ T(v)dv’
(A € C, A # a(v) for v € [a,b]), where a(v) is a nondecreasing real function in [a, b], T'(v) is
a measurable nonnegative m x m matrix function, satisfying the conditions

b

(2) / T (0)dv < 400 / 1T (0)||dv < +oc.

The integral (1) is the multiplicative Stieltjes integral, defined as

n

2 L
fef(t)G(t)dt — lim H el (M) (E(0r)—E (k1))
a max A0 —0 2

— of(T)(E(01)—E(00)) o f(12)(E(02)—E(61))  of(Tn)(E(0n)—E(0n-1))

(3)

Y

0
where E(f) = [G(t)dt and the limit in (3) is taken over all the partitions a = 6 <

0, < ... < 0, = b of the interval [a,b] and all the choices of intermediate points 7 such
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that 0,1 < 7 < 0, (kK = 1,2,...,n), G(#) is integrable matrix function on [a,b] and
|E(0) — E@O")]] < 10" —0"].
Further to avoid the complications of writing we will consider the multiplicative integral
(1) in the case when «(v) = v. The general case of a(v) can be considered analogously.
The limits of the multiplicative integrals from the form (in the sense of a strong limit)

b
—iT(v)
s — lim fev (i) 7
U

(4) . .
=5 — lim fe Z (Tv>dv +7T(x) f e :;T(xv)dy

6—0 o P

are used essentially in the case of bounded dissipative operators [7], the case of bounded
nonselfadjoint operators, presented as a coupling of dissipative and antidisipative operators
[2], the case of unbounded nonselfadjoint operators, presented as a coupling of dissipative
and antidissipative operators and with equal domains of the operator and its adjoint [4]. The
equality (4) is proved by L.A. Sakhnovich in [7] and it is an analogue for the multiplicative
integrals of the well-known Privalov’s theorem [6] for the limit values for the integral

b

F) = / 20 gy

a

in the scalar case.

In the case of considered unbounded K"- operators in the course of obtaining the
asymptotics of the corresponding nondissipative curves we essentially use the existence and
the form of the limit values of the multiplicative integrals (in the sense of a strong limit) for
almost all = € [a, b]

b
-1+ (ztid)v
(5) s — lim fe G 1)

6%0

o> 0.

At first we will remind a proposition, obtained in |7], and the form of the limit (5), presented
and obtained in [4], [5], [1], which we will use in this paper.

Theorem 1. (/7]) Let m x m matriz functions (m < co) Bi(t) and By(t) are integrable in
[a,b] and for almost all t in |a,b] satisfy the inequalities

By(t) — B*(t) <0.

Then

b

= 5
fe—zB1(t)dt _ —ZBQ /HB1 )||dt

a (1

Theorem 2. (/1], [4], [5]) Let the matriz function T(x) is integrable and nonnegative in
[a,b]. Then for almost all © € R there exist the limits (5) and they have the form

1+(zi15)v
s — lim fe =) LR
=0,

(6) ‘L € b
—11+‘”“T(v)dv :|:7r(1+;r )T () f e~ i1 T (y)dy

v—x

= s — lim fe
e—0 ote
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(0 >0,e>0).

Let m x m matrix function 7T'(x), defined on R, satisfy the conditions:

(1) [|T(2)]| < C, [[¢T(z)|| < C Vr € R;

(ii) T(x) € Cpy (R), 2T(2) € Coy(R) (0 < a1 < 1,0 < ap < 1) (e, ||T(z1) —T(22)]] <
Clzy — x|, |21 T (x1) — 22T (22)|| < Clzy — 22|** V1,29 € R).

Here C'is a constant and we denote by || || the norm in C™. Let now o« = min{a, as}.
Then the next inequalities hold.

Theorem 3. Let the nonpositive or nonnegative matriz function T(x) be integrable matriz
function on R and satisfy the conditions (i) and (zz) Then

(7) He'LT(x Y(1+22) In(z—€) zT({)(lJrﬁ H < C(l + ’l’|)|$ . £|a

for some constant C > 0, for all ¢ : 0 < o < «, and for x,& such that 0 < x — & < 1.
Proof. At first for the case x — £ > 1 we have

HezT(z )(1+a?) In(z—E) _ SiT(€)(1+€2) In(z— H <
(8) < Hez’T(m )(1+22) In( H + ||62T (&)(1+€2) In(z—¢ H <2< 2(513 _ S)a

/

for all o/ > 0.
Next we consider the case 0 < x — & < 1. Then using Theorem 1 after straightforward
calculations we obtain

||6 2)(14x2) In(z—€) _ et iT(€)(14+€2) In(z— £)|| _

' £+1 L ] E+1
—iT(z)(1+2?) [ ledv —iT(£)(1+€2)
o 2 o
—1T(1)(1+x ) —iT()(1+€2)
<9) — f v—E& dv — f (& v—¢§ dv f H 1+x 1+§ H dU <
T x

E+1
<O+ fehla =g [ phgdv = C(1+ |eple — ¢ Iz — )| <

O(1+ fal)fz - ¢l gele — €77
(for all 8 > 0) where we have used the next inequality:
1T +4%) ~ T+ ) < O+ el — €1

In the right hand side of the last inequality of the relations (9) we have used the inequality

1
(10) ]1ny|§ﬁ—y_ﬁ V>0, 0<y<l.

e
Now the relations (8) and (9) imply that the inequality (7) is true and the theorem is

proved. O

Theorem 4. Let the nonpositive or nonnegative matriz function T(x) be integrable matriz
function on R and satisfy the conditions (i) and (ii). Then for each o/ : 0 < o < « there
exists a constant C' > 0 such that

/

(11) ||€iT(§)(1+£2)ln(§—w) zT(x)(1+ac2)1n (z—w H < C(l + ‘ID (5 __ 5)
forallw, v -w<é<z,0<z—w<l1.
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Proof. We consider the first case
w+T

2

w< €<

—X > 1. Then we have

T
E—w

This implies that

‘ ‘eiT(ﬁ)(1+§2) In(é—w) _ eiT(r)(1+x2) In(z—w) ’ ‘ <

(12) 7 ) In(é—w iT'(x 22) In(z—w B r— o
< ||TOCHE IEw)|| L ||T@ (1) In(a—w)|| = 9 < (£__fu>

forall o : 0 <o < 1.
Now we consider the second case
w+x
2

<€ <.

Hence g_;f) < 1. Now we obtain

’ ’eiT(g)(l—i-ﬁQ) In(é—w) __ eiT(m)(1+12) In(z—w) | ’ _
— ’ ‘eiT(ﬁ) In(¢é—w) 6iT(§)§2 In(é—w) __ eiT(aJ) In(z—w) eiT(m):p2 In(z—w) | | —

iT(@) [ plodv iT@)e? [ Aodv T [ Fiedv iT©E [ gdv
= lle z—1 e z—1 —e £-1 e §-1 S
(13) 7 1 ° 1 ; v 1 . 2 v 1
il(z) [ Azdv iT(x)a? [ —L-dv iT(x) [ s25dv iT(x)2? [ Z=dv
S e x—1 e x—1 —e £—1 e &—1 +
iT(z) [ Aodv iT(z)z? [ Lodv iTE) [ iedv iT(EE [ Slpdv
+|le ¢t e ¢t —e & e ¢!

Then we consider the second addend in the right hand side of the relations (13) and
after straightforward calculations we obtain consecutively

w
v T(€)E [ Sredv

e §-1 =

iT(:r)gfl —Ldv iT(z)z? f —Ldv iT(€) fl

e e £-1 —e ¢

iT(z) [ Uizdv iT(x)x? }U vizdv iT(€) 7 vizd” iT(x)x? }U 1 dv
-1

= |le ¢t e §-1 —e e e +

iT(€) f —Ldv iT(z)x? f —Ldv iT(€) f e dv iT(x)2? ]u —Ldv
+e ! e et —e &1 e et

i) [ edv iT@a? | odv AT | Hedv T©¢ | Sdv
+e e 1 —e & e &t

iT(€) f sedv iT(€)€? f —Ldv iT(€) j‘ redv iT(6)E? f e dv
+e & e et —e ! e ! <

)

iT(z) f —Ldv iT(€) f L dy iT(z)x? f Lg

v—T

IA

9N
o
L
|

[
o

e | v iT© | edo|| || iT@e? [ Aav
e -
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iT(€) f - 1 3 dv iT ()2 f indv ©e [ in dv
+ ||e ¢l e ¢l —e ¢-1 +
iTE) [ vl || T [ Fgdv T [ ledv
+ e £-1 e £-1 —e §—-1 =
iT(z) f —Ldv iT(€) f —Ldv iT(€) f —Ldv iT(€) f e dv
= |le €1 —e &1 +lle &1 —e &1 4
iT@)e? [ —Ldv  iT(€)E f L dy iTEe [ L iT(e)e? | edv
+ (le e —e + |le €1 —e ¢-1

From the assumptions (i) for the matrix function 7'(x) we have that

(15) 1T < [ELITE)EN < Clel < O(1§ — =] + |=).

Then for the last addend in the right hand side of the relations (14) we obtain (applying
Theorem 1)

ez’T(&)E:[1 Lodv B eiT(E)§25!1 edv TOE Ly feiT(f)@ﬁd -
-1
st@&ﬁ—(%Tﬂm—W Ol [ (& —+5) dv <
§-1 £—1
<cms—xuwﬂ>f(lv—;:%w—
(16)  _ Ol — | + fe)(— Infe — w) +In(E — €+ 1)+ Infr — w) — In(x — £ + 1)) =
= C(lg = 2l +al) (In —m@—s+n)=
=cws—w+m40n0+$f) n(l+ (=€) <
<O —al +|af) (£S5 +2-¢) <
<calel) ((£5)" + @ - )
(for all o/ : 0 < o < 1), where we have used the inequality
(17) In(l1+y) <y Vy>0.
Consequently,
TEE [ Ade e [ e\ ,
(18) e -1 —e 1Tl < C(1+ |z|) ((;_—i) + (z — &)~ ) :

For the third addend in the right hand side of the relations (14) using Theorem 1 we
obtain

iT (z)x? T — A 2 [ 1 ) A “
e T d v e TOS S = _ feiT(x)x2uixd” — 76”(5)52@“ <
(19) E—1 &—1
< [ IT(@)e? — T iy
£—1
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But from the assumptions (i) and (ii) for the matrix function 7'(z) it follows that

(20) IT(2)2* = Tl < CA+ |zl (z — &)

Now using (20) we continue the inequalities (19) and we obtain consecutively the next
relations

A SiHT(:ﬁ)xQ—T(é)ﬁzH

Cl+|z))(x =& )*(In(14+2z—¢&) —In(z —w)) =

dv <

[v—z|

O+ Jal)(x — ¢ f

r—

(21) =C(1+|z))(xz—¢ O‘<1nl—|rac— )+ | In(€ — w!+’1n(1+§_;§)’)§

<O+l -8 (0 -+ Edp+ £5) <

CL+ e w =" (2+ 2 ) < CL+lal) (24 %) (e 2" =
— G o) — e

for some constant C = C (2 + é) and for all #: 0 < 8 < a < 1. In the course of obtaining

the inequalities we have used the inequalities (17) and (10).
Now using again Theorem 1 and the inequalities (17) and (10) for the second addend
in the right hand side of the last inequality in (14) we obtain

iT(€) f L dv iT(€) f Ledv

g —e <f||T )l dv <

1
v—T v—&€

| aw=c i (55 )dv=C(mE2 —m(i+2-¢) <

1
+ (2~ 5)“’)

( )+\ln(1+x— ) (g_;i+x—§)§0((§_;§)a

(Va/ : 0 < o/ <1). Consequently,

i) | Aedv  iT©) [ e , e\
(22) |le & —e e gC((w—f)a—l—(g §) >, Vol i 0 <o <1.
—w

Finally, for the first addend in the right hand side of the last inequality in (14) by
analogous calculations we obtain

I
(-

iT'(x [ v % [ v “
e ( )5I1 v —e T(E)gfl vzt T (x) dv feiT(é) S
&—1
(23) w N w
< f 1T (x) = T()ltgdv < Cle = €| [ Jhdv <
S &-1

<O —9™ (¢ =€+ el s) <Cla— 97 < Clw )7,

i.e.
@) [ Ldv T [ Adv N
(24) e 1 —e & <Clx—&6*" Vp:0<pB<a<l.
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Consequently, the inequalities (18), (21), (22) and (24) together with (14) imply that

w w w
iT(z) [ —dv iT(x)a? [ “_dv iT(€)
e ¢t e £t —e ¢-1 e

e | redw
£-1 S

(25) < a(;(; — Y +C <(:c — 6 + (%)a) + 6(1 + |z))(z — €)¥ +

/

+C (1 + |z|) ((m — 6 + <§_‘i>a> Vo/ :0< B <a <1.

Now for the first addend in the right hand side of the last inequality of (13) straight-
forward calculations show that

(26)
iT@) [ dv T [ dv  iT() )2 [ Ldv
e z—1 e z—1 —e £—-1 e £—1 S
w r—1 x—1 x—1
iT(z) () J L gy iT(z) [ Ulzdv —iT(z) [ ——dv iT(z)x? J 1)1Ialv
S e z—1 e z—1 e - e £-1 — e £— S
rx—1 —
—iT(x L dy 0T (x)x2 1 dv r—1
<le ( )5[1 To—e () Jl Tl S —ilw) _ T@a || g <
é’_l v—T v—T
<|[|T(x)+ (I+]z)In(1+2—-¢) <
<C(1+ |z])(z =) §C’(1+|x|)(m—§)a' Vo' : 0 <o <1,
i.e.
iT@) [ dv T@e? [ Aodo T | (@a? | A
(27) e = e =i —e & e ot (L+[z))(z =€)
(Vo' :0<ad/ <1,0<x—-¢E<1).
The inequalities (27), (25) and (13) imply that
||61T(§ Y(1+€2) In(é—w) _ el iT(x)(1+22) In(z—w) | 1+ |£L'|)(I _ ) ’+
(28) +C(x - +C ((33 ) + ) 1+ |z))(z — &Y+

00+ s (( s>a’+(g <))

Vo' : 0 < < a <a<1, [isa fixed number satisfying the inequalities 0 < § < 1. The
inequality (28) can be written in the form

(29)  [|TOUHIME ) _ (T@Ia) e || < E1(1 4 | <(x—£)“’+(x_§> )

for an appropriate constant C (which depend on B) and Vo/ : 0 < f < o/ < o < 1.
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Further the inequalities (12) and (29) imply that

(30) ||ez‘T(€)(1+§2)ln(§—w) - €iT(x)(1+$2)1H(m—w)|| <> (x . 5)

- —w

forall ' : 0 <o/ <1 when w <& < 2 and

31 T(E)A+6%) In(E—w) _ JiT(x)(1+2%) In(z—w) || « (1 _ e T —§
(31)  |le ¢ = CA+fe) { =0 +{ 7=,

Vo' : 0 < f<d <a<1,pis a fixed number satisfying the inequalities 0 < < 1 when
w< B <€ <.
Now the inequalities (30) and (31) can be written in the form

39 OO+ In(g—w) _ iT@)(1+0%) n@—w)|| < (] r=8
(32) le e | <1+ |z]) r—

for some constant C~', Vo' : 0 < <o <a <1, [is afixed number satisfying the inequalities
0 < 8 <1 and for all w, &, x such that w < £ < x. The theorem is proved. n

Finally, it have to mention that all presented inequalities in this paper are satisfied
when T'(x) is nonnegative or nonpositive operator function in infinite dimensional space.
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