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PROPERTIES OF MULTIPLICATIVE INTEGRALS II
∗

Galina S. Borisova

ABSTRACT: This paper is a continuation of the paper [2] and presents a part

of some important properties of a special kind of multiplicative integrals connected with

semigroups of operators Tt (t ≥ 0 and t ≤ 0) with unbounded Kr- generators iA, pre-

sented as regular couplings of dissipative and antidissipative operators in a Hilbert space

H. These properties play an important role in the course of obtaining the asymptotics of

the corresponding nondissipatve cueves Ttf as t→ ±∞ (f ∈ H).
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This paper is a continuations of the paper [2] and it presents a part of properties of
special kind of multiplicative integrals using the obtained results in [2]. These properties of
multiplcative integrals play an important role in the further development of the investigations
of nonselfadjoint unbounded operators (with �nite dimensional imaginary parts) based on the
theory of the characteristic functions and the triangular models of M.S. Liv�sic. The presented
properties are inequalities concerning the multiplicative integrals which are so-called limit
values of multiplicative integrals connected with nonselfadjoint unbounded Kr- operators A
in a Hilbert space H with di�eren domains of A and its adjoint A∗ and presented as a regular
coupling of dissipative and antidissipative operators with real absolutely continuous spectra.
The triangular model of the regular couplings of this class of nonselfadjoint operators has
been introduced and investigated by K.P. Kirchev and G.S. Borisova in [4, 5, 6]. In the course
of investigations of these operators A (the characteristic operator functions, the resolvent of
A, the asymptotic behaviour of the corresponding continuous curves) we use the properties
of the multiplicative integrals from the form

(1)

b→∫
a

e−i
1+λα(v)
α(v)−λ T (v)dv,

(λ ∈ C, λ 6= α(v) for v ∈ [a, b]), where α(v) is a nondecreasing real function in [a, b], T (v) is
a measurable nonnegative m×m matrix function, satisfying the conditions

(2)

b∫
a

trT (v)dv < +∞;

b∫
a

||T (v)||dv < +∞.

The integral (1) is the multiplicative Stieltjes integral, de�ned as

(3)

b→∫
a

ef(t)G(t)dt = lim
max4θk→0

n→∏
k=1

ef(τk)(E(θk)−E(θk−1)) =

= ef(τ1)(E(θ1)−E(θ0))ef(τ2)(E(θ2)−E(θ1)) . . . ef(τn)(E(θn)−E(θn−1)),

where E(θ) =
θ∫
a

G(t)dt and the limit in (3) is taken over all the partitions a = θ0 <

θ1 < . . . < θn = b of the interval [a, b] and all the choices of intermediate points τk such
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that θk−1 ≤ τk ≤ θk (k = 1, 2, . . . , n), G(θ) is integrable matrix function on [a, b] and
||E(θ′)− E(θ′′)|| ≤ |θ′ − θ′′|.

The limits of the multiplicative integrals from the form (in the sense of a strong limit)

(4)

s− lim
δ→0

b→∫
a

e
−iT (v)
v−(x±iδ)dv =

= s− lim
δ→0

x−δ→∫
a

e
−iT (v)
v−x dve±πT (x)

b→∫
x+δ

e
−iT (v)
v−x dv

are used essentially in the case of bounded dissipative operators [8], the case of bounded
nonselfadjoint operators, presented as a coupling of dissipative and antidisipative operators
[3], the case of unbounded nonselfadjoint operators, presented as a coupling of dissipative
and antidissipative operators and with equal domains of the operator and its adjoint [5]. The
equality (4) is proved by L.A. Sakhnovich in [8] and it is an analogue for the multiplicative
integrals of the well-known Privalov's theorem [7] for the limit values for the integral

f(λ) =

b∫
a

p(t)

t− λ
dt

in the scalar case.
In the case of considered unbounded Kr- operators in the course of obtaining the

asymptotics of the corresponding nondissipative curves we essentially use the existence and
the form of the limit values of the multiplicative integrals (in the sense of a strong limit) for
almost all x ∈ [a, b]

(5) s− lim
δ→0

b→∫
a

e−i
1+(x±iδ)v
v−(x±iδ) T (v)dv, δ > 0.

At �rst we will remind a proposition, obtained in [8], and the form of the limit (5), presented
and obtained in [5], [6], [1], which we will use in this paper.

Theorem 1. ([8]) Let the m×m matrix functions (m ≤ ∞) B1(t) and B2(t) are integrable
in [a, b] and for almost all t in [a, b] satisfy the inequalities

Bk(t)−B∗(t)
i

≤ 0.

Then ∥∥∥∥∥∥
b→∫
a

e−iB1(t)dt −
b→∫
a

e−iB2(t)dt

∥∥∥∥∥∥ ≤
b∫

a

||B1(t)−B2(t)||dt.

Theorem 2. ([1], [5], [6]) Let the matrix function T (x) is integrable and nonnegative in
[a, b]. Then for almost all x ∈ R there exist the limits (5) and they have the form

(6)

s− lim
δ→0

b→∫
a

e−i
1+(x±iδ)v
v−(x±iδ) T (v)dv =

= s− lim
ε→0

x−ε→∫
a

e−i
1+vx
v−x T (v)dve±π(1+x

2)T (x)

b→∫
x+ε

e−i
1+vx
v−x T (v)dv

(δ > 0, ε > 0).
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Let now α(x) be a nondecreasing unbounded real function, de�ned in (a, b) (−∞ ≤
a < b ≤ +∞). Let Π(x) be a measurable n×m (1 ≤ n ≤ m, r ≤ m) matrix function whose
rows are linearly independent on each point of a set with a positive measure and satisfying
the conditions

(7)

b∫
a

tr B(x)dx < +∞,
b∫

a

||Π(x)||2dx < +∞,

where B(x) = Π∗(x)Π(x).
Let L : Cm −→ Cm, L∗ = L, detL 6= 0. Without loss of generality we can suppose

that L has the representation

(8) L = J1 − J2 + S + S∗,

where J1, J2, S, S
∗ : Cm −→ Cm,

(9) J1 =

(
Ir1 0
0 0

)
, J2 =

(
0 0
0 Im−r1

)
, S =

(
0 0

Ŝ 0

)
,

Ik is the identity matrix in Ck (k = r1,m− r1), Ŝ is a (m− r1)× r1 matrix, r1 is the number
of the positive eigenvalues and m−r1 is the number of the negative eigenvalues of the matrix
L.

Let the matrix function B(x) satisfy also the conditions

B(x)J1 = J1B(x)

and α(x)B(x)J2 be an integrable matrix function on (a, b) (−∞ ≤ a < b ≤ +∞). Let us
consider a Hilbert space L2(a, b;Cn), whose elements are vector functions f(x) from the form

f(x) = (f1(x), f2(x), . . . , fn(x)), (fk ∈ L2(a, b)).

The scalar product in L2(a, b;Cn) is de�ned by the formula

(f, g) =

b∫
a

f(x)g∗(x)dx.

We will denote by || || the norm of an operator function in Cn and by || ||L2- the norm
in L2(a, b;Cn).

Let Q(x) be a measurable matrix function on (a, b) satisfying the condition

(10) Π(x)Q(x) = I

for almost all x ∈ (a, b). Then the operators P1 and P2, de�ned by the equalities

P1f(x) = f(x)Π(x)J1Q(x), P2f(x) = f(x)Π(x)J2Q(x)

onto L2(a, b;Cn), are orthogonal projectors in L2(a, b;Cn).
The model A, describing the class of Kr-operators presented as a coupling of dissipa-

tive and antidissipative operators with real absolutely continuous spectra and with di�erent
domains of A and A∗ has been introduced in [4] and has the form
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(11)

Af(x) = AGg(x) = α(x)g(x)+

+i
x∫
a

g(ξ)(α(ξ) + i)Π(ξ)J1

x→∫
ξ

eiα(v)B1(v)dvJ1Π
∗(x)(α(x)− i)dξ−

−i
x∫
a

g(ξ)(α(ξ) + i)Π(ξ)J2

x→∫
ξ

e−iα(v)B2(v)dvJ2Π
∗(x)(α(x)− i)dξ+

+
b∫
a

g(ξ)(α(ξ) + i)Π(ξ)J2

b→∫
ξ

e−iα(v)B2(v)dvdξS

x→∫
a

eB1(v)dvJ1Π
∗(x),

where G is an invertible operator in L2(R;Cn) and

(12) G = I + P1KP2,

(13)

KP2g(x) =

= −i
b∫
a

g(ξ)(α(ξ) + i)Π(ξ)J2

b→∫
ξ

e−iα(v)B2(v)dvdξS

x→∫
a

eB1(v)dvJ1Π
∗(x),

B1(x) = B(x)J1, B2(x) = B(x)J2, for each f(x) = Gg(x) ∈ L2(R;Cn) such that Af ∈
L2(R;Cn). Using the form of the projectors P1, P2 the model A, de�ned by (11), takes the
the form

(14) Af(x) = AGg(x) = P1AP1g(x) + P2AP2g(x) + iKP2g(x),

where K is de�ned by (13) and

(15)

P1AP1g(x) = α(x)g(x)Π(x)J1Q(x)+

+i
x∫
a

g(ξ)(α(ξ) + i)Π(ξ)J1

x→∫
ξ

eiα(v)B1(v)dvJ1Π
∗(x)(α(x)− i)dξ,

P2AP2g(x) = α(x)g(x)Π(x)J2Q(x)−

−i
x∫
a

g(ξ)(α(ξ) + i)Π(ξ)J2

x→∫
ξ

e−iα(v)B2(v)dvJ2Π
∗(x)(α(x)− i)dξ,

P1AP2g(x) =

=
b∫
a

g(ξ)(α(ξ) + i)Π(ξ)J2

b→∫
ξ

e−iα(v)B2(v)dvdξS

x→∫
a

eB1(v)dvJ1Π
∗(x),

P2AP1g(x) = 0

and DA = G(DA1 ⊕DA2) ⊂ L2(R;Cn). The representation (15) and straightforward calcu-
lations show that A1 = P1A is a dissipative operator onto P1G

−1DA and A2 = P2A is an
antidissipative operator onto P2G

−1DA = P2DA = DA2 . In other words

Im (A1P1G
−1f(x), P1G

−1f(x)) ≥ 0, (f ∈ DA),
Im (A2P2G

−1f(x), P2G
−1f(x)) ≤ 0, (f ∈ DA).

The representation (14) implies that A is a regular coupling of a dissipative operator and an
antidissipative one, i.e.

A = A1P1G
−1 + A2P2 + iKP2
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and A = A1 ∨ A2.
The model A, de�ned by (11), is a closed densely de�ned operator as a coupling of a

dissipative operator and an antidissipative one with real spectra.
For our further considerations we need the resolvent of the coupling of the model A,

de�ned by (11). It turns out that for each λ : Im λ 6= 0 the operator A − λI is invertible
and the explicit form of the resolvent can be obtained. In the case α(x) = x when λ 6= i the
resolvent (A− λI)−1 is given by the next theorem.

Theorem 3. ([6]) The model A, de�ned by (11), has the resolvent

(16)

(A− λI)−1f(x) = f(x)
α(x)−λ−

−i
x∫
−∞

α(ξ)+i
α(ξ)−λf(ξ)Π(ξ)J1

x→∫
ξ

e−i
1+λα(v)
α(v)−λ B1(v)dvdξJ1Π

∗(x) α(ξ)−i
α(ξ)−λ+

+i
x∫
−∞

α(ξ)+i
α(ξ)−λf(ξ)Π(ξ)J2

x→∫
ξ

ei
1+λα(v)
α(v)−λ B2(v)dvdξJ2Π

∗(x) α(ξ)−i
α(ξ)−λ−

− i
λ−i

+∞∫
−∞

α(ξ)+i
α(ξ)−λf(ξ)Π(ξ)J2

+∞→∫
ξ

ei
1+λα(v)
α(v)−λ B2(v)dvdxS.

.

x→∫
−∞

e−i
1+λα(v)
α(v)−λ B1(v)dvJ1Π

∗(x) α(x)−i
α(x)−λ

for each λ : Im λ 6= 0, λ 6= i, for each f ∈ L2(R;Cn) and the resolvent is a bounded operator
in L2(R;Cn).

The model (11) generates semigroups of operators {Tt}t≤0 and {Tt}t≥0 from the class
(C0) with generators iA (see [6], [5]), de�ned by the equality

(17)

Ttf(x) = − 1
2πi

+∞∫
−∞

eit(ξ−iδ)(A− (ξ − iδ)I)−1f(x)dξ+

+ 1
2πi

+∞∫
−∞

eit(ξ+iδ)(A− (ξ + iδ)I)−1f(x)dξ

in the sense of a principal value where f = (A − λ0I)−1g for all g ∈ D1, λ0 is an arbitrary
�xed number with Im λ0 > 0, δ is an arbitrary number with 0 < δ < Im λ0 when t > 0 and
Im λ0 < 0, 0 < δ < −Im λ0 when t < 0.

The explicit obtaining of the asymptotics of the corresponding nondissipative processes
Ttf as t→ ±∞ allows to construct the scattering theory (as in the bounded case of the model
A in [3]) for the couple (A∗, A): in other words to obtain the wave operators W±(A∗, A),
the scattering operator and the similarity of A and the operator Q of multiplication by the
independent variable. All results are obtained explicitly in [4], [5]), [6] using the multiplica-
tive integrals, their properties and matrix generalization of the classical gamma-function,
introduced in [3].

The presented properties of the multiplicative integrals in this paper and in [2] play an
important role for obtaining the asymptotics of the corresponding nondissipative processes
Ttf as t→ ±∞.

Let m×m matrix function T (x), de�ned on R, satisfy the conditions:
(i) ||T (x)|| ≤ C, ||xT (x)|| ≤ C ∀x ∈ R;
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(ii) T (x) ∈ Cα1(R), xT (x) ∈ Cα2(R) (0 < α1 ≤ 1, 0 < α2 ≤ 1) (i.e. ||T (x1)−T (x2)|| ≤
C|x1 − x2|α1 , ||x1T (x1)− x2T (x2)|| ≤ C|x1 − x2|α2 ∀x1, x2 ∈ R).

Here C is a constant and we denote by || || the norm in Cm. Let now α = min{α1, α2}.
Further we will introduce some appropriate denotations. Let us denote the next oper-

ators using the multiplicative integrals and the limit values from the form (6):

(18) T̃ (x) = (1 + x2)T (x),

(19) Fw(x± iδ, u) =

u→∫
w

e−i
1+(x±iδ)v
v−(x±iδ) T (v)dv,

(20) F±w (x, u) = s− lim
δ→0

u→∫
w

e−i
1+(x±iδ)v
v−(x±iδ) T (v)dv

for all w, u, x ∈ R such that −∞ ≤ w < u ≤ +∞ and

(21) F±w (x, u) = s− lim
δ→0

x−δ→∫
w

e−i
1+vx
v−x T (v)dve±πT̃ (x)

u→∫
x+δ

e−i
1+vx
v−x T (v)dv,

(22) Pw(x) = F+
w (x, u)−F−w (x, u),

(23) R±1w (x) = s− lim
δ→0

x−δ→∫
w

e−i
1+vx
v−x T (v)dve±πT̃ (x)

s− lim
δ→0

x−δ→∫
w

e−i
1+vx
v−x T (v)dv

−1 ,

(24) U2w(x) = s− lim
δ→0

x−δ→∫
w

e−i
1+vx
v−x T (v)dve

iT (x)
x−δ∫
w

1+vx
v−x dv

e−iT (x)x(x−δ−w),

(25) P±2w(x, u) = R±1w (x)U2w(x)eiT̃ (x) ln
x−w
u−x ,

(26) U3(x, u) = lim
δ→0

e−iT (x)x(u−x−δ)e
iT (x)

u∫
x+δ

1+vx
v−x dv

u→∫
x+δ

e−i
1+vx
v−x T (v)dv,

(27) Q±w(x, u) = P±2w(x, u)e−iT (x)x(u−x)eiT̃ (x) ln(u−x)e−iT̃ (u) ln(u−x),

(28) V−∞(x) = lim
δ→0

x−δ→∫
−∞

e−i
1+vx
v−x T (v)dveiT̃ (x) ln δ

for all w, u, x such that −∞ ≤ w < x < u ≤ +∞.
Then the next inequalities hold.
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Theorem 4. Let the nonnegative or nonpositive matrix function T (x) be integrable matrix
function on R and satisfy the conditions (i) and (ii). Then

(29) ||F±w (ξ;x)−Q±w(ξ;x)|| ≤ C̃(1 + |x|)(x− ξ)α′

for some constant C̃ > 0, for all α′ : 0 < α′ < α, and for all w, ξ, x : w < ξ < x,
0 < x− w < 1.

Proof. At �rst we will note that from (21), (23), (24), (25), (26) it follows after straightfor-
ward calculations that F±w (ξ, x) from (21) can be written in the form

(30) F±w (ξ, x) = P±2w(ξ, x)U3(ξ, x).

Then from (30) and (27) we obtain

(31)

‖F±w (ξ, x)−Q±w(ξ, x)‖ =

=
∥∥∥P±2w(ξ, x)U3(ξ, x)− P±2w(ξ, x)e−iT (ξ)ξ(x−ξ)eiT̃ (ξ) ln(x−ξ)e−iT̃ (x) ln(x−ξ)

∥∥∥ ≤
≤
∥∥P±2w(ξ, x)

∥∥∥∥∥U3(ξ, x)− e−iT (ξ)ξ(x−ξ)eiT̃ (ξ) ln(x−ξ)e−iT̃ (x) ln(x−ξ)
∥∥∥ .

On the other hand

(32)
∥∥P±2w(ξ, x)

∥∥ =
∥∥∥R±1w (ξ)U2w(ξ)eiT̃ (ξ) ln

ξ−w
x−ξ

∥∥∥ ≤ ∥∥R±1w (ξ)
∥∥ ‖U2w(ξ)‖

∥∥∥eiT̃ (ξ) ln ξ−w
x−ξ

∥∥∥ .
But ‖R±1w (ξ)‖ ≤ 1, ‖U2w(ξ)‖ ≤ 1 and

∥∥∥eiT̃ (ξ) ln ξ−w
x−ξ

∥∥∥ = 1 (because T̃ (ξ) is selfadjoint operator

function) and hence

(33)
∥∥P±2w(ξ, x)

∥∥ ≤ 1.

On the other hand for the second multiplier in the right hand side of the last inequality
in (31) it follows that

(34)

∥∥∥U3(ξ, x)− e−iT (ξ)ξ(x−ξ)eiT̃ (ξ) ln(x−ξ)e−iT̃ (x) ln(x−ξ)
∥∥∥ =

=

∥∥∥∥∥∥e−iT (ξ)ξ(x−ξ) lim
δ→0

e
iT (ξ)

x∫
ξ+δ

1+vξ
v−ξ dv

u→∫
ξ+δ

e−i
1+vξ
v−ξ T (v)dv −

− e−iT (ξ)ξ(x−ξ)eiT̃ (ξ) ln(x−ξ)e−iT̃ (x) ln(x−ξ)
∥∥∥ ≤

≤
∥∥e−iT (ξ)ξ(x−ξ)∥∥

∥∥∥∥∥∥lim
δ→0

e
iT (ξ)

x∫
ξ+δ

1+vξ
v−ξ dv

u→∫
ξ+δ

e−i
1+vξ
v−ξ T (v)dv − eiT̃ (ξ) ln(x−ξ)e−iT̃ (x) ln(x−ξ)

∥∥∥∥∥∥ ≤
≤

∥∥∥∥∥∥lim
δ→0

eiT (ξ) x∫
ξ+δ

1+vξ
v−ξ dv

−
u←∫

ξ+δ

ei
1+vξ
v−ξ T (v)dv

 u→∫
ξ+δ

e−i
1+vξ
v−ξ T (v)dv

∥∥∥∥∥∥+

+
∥∥∥eiT̃ (ξ) ln(x−ξ) − eiT̃ (x) ln(x−ξ)∥∥∥∥∥∥e−iT̃ (x) ln(x−ξ)∥∥∥ ≤

≤

∥∥∥∥∥∥lim
δ→0

eiT (ξ) x∫
ξ+δ

1+vξ
v−ξ dv

−
u←∫

ξ+δ

ei
1+vξ
v−ξ T (v)dv

 u→∫
ξ+δ

e−i
1+vξ
v−ξ T (v)dv

∥∥∥∥∥∥+

+C̃ ′(1 + |x|)(x− ξ)α′
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(∀x, ξ : 0 < x− ξ < 1, α′ : 0 < α′ < α < 1). In the right hand side of the last inequality of
the relations (34) we have used Theorem 3 in [2].

Further, for the �rst addend in the right hand side of (34) applying Theorem 1 we
obtain consecutively∥∥∥∥∥∥

eiT (ξ) x∫
ξ+δ

1+vξ
v−ξ dv

−
u←∫

ξ+δ

ei
1+vξ
v−ξ T (v)dv

 u→∫
ξ+δ

e−i
1+vξ
v−ξ T (v)dv

∥∥∥∥∥∥ ≤
≤

∥∥∥∥∥∥e
iT (ξ)

x∫
ξ+δ

1+vξ
v−ξ dv

−
u←∫

ξ+δ

ei
1+vξ
v−ξ T (v)dv

∥∥∥∥∥∥ ≤
x∫

ξ+δ

∥∥∥(T (ξ)− T (v))1+vξ
v−ξ

∥∥∥ dv ≤
≤

x∫
ξ+δ

‖T (ξ)−T (v)‖
|v−ξ| dv +

x∫
ξ+δ

|v−ξ|‖ξT (ξ)‖
|v−ξ| dv +

x∫
ξ+δ

|ξ|‖ξT (ξ)−xT (x)‖
|v−ξ| dv ≤

≤ C
x∫

ξ+δ

(v − ξ)α1−1dv + C
x∫

ξ+δ

dv + C|ξ|
x∫

ξ+δ

(v − ξ)α2−1dv ≤

≤ C
x∫
ξ

(v − ξ)α1−1dv + C
x∫
ξ

dv + C|ξ|
x∫
ξ

(v − ξ)α2−1dv ≤

≤ C
α1

(x− ξ)α1 + C(x− ξ) + C
α2
|ξ|(x− ξ)α2 ≤

≤ C
α1

(x− ξ)α + C(x− ξ)α + C
α2

(1 + |ξ|)(x− ξ)α ≤ Ĉ(1 + |ξ|)(x− ξ)α,

i.e.

(35)

∥∥∥∥∥∥
eiT (ξ) x∫

ξ+δ

1+vξ
v−ξ dv

−
u←∫

ξ+δ

ei
1+vξ
v−ξ T (v)dv

 u→∫
ξ+δ

e−i
1+vξ
v−ξ T (v)dv

∥∥∥∥∥∥ ≤ Ĉ(1 + |ξ|)(x− ξ)α.

Now the inequalities (31), (32), (33), (34) together with (35) imply that the inequality
(29) is true.

The theorem is proved.

Finally it is worth to mention that using the obtained properties in [2], the presented
properties in this paper and similar inequalities and ideas it can be proved the next inequal-
ities concerning the nonnegative or nonpositive matrix function T (x) and the introduced
denotations. Let the nonnegative or nonpositive matrix function T (x) be integrable matrix
function on R and satisfying the conditions (i) and (ii).

Theorem 5.

(36) ||U2w(x)− U2w(ξ)|| ≤ C̃(1 + |x|)
(
x− ξ
ξ − w

)α′
for some constant C̃ > 0, for all w, ξ, x : w < ξ < x, 0 < x− w < 1 and α′ = α/(1 + α).

Theorem 6.

(37) ||R±1w (ξ)−R±1w (x)|| ≤ C̃(1 + |x|)
(
x− ξ
ξ − w

)α′
for some constant C̃ > 0, for all w, ξ, x : w < ξ < x, 0 < x− w < 1 and α′ = α/(1 + α).
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Theorem 7.

(38) ||Q±w(x)−Q±w(ξ)|| ≤ C̃(1 + |x|)
(
x− ξ
ξ − w

)α′
for some constant C̃ > 0, for all w, ξ, x : w < ξ < x, 0 < x− w < 1 and α′ = α/(1 + α).

Theorem 8.

(39) ||U3(x, u)− U3(ξ, u)|| ≤ C̃(1 + |x|)
(
x− ξ
u− x

)α′
for ξ < x < u, 0 < u− ξ < 1 and α′ = α/(1 + α).

Theorem 9.

(40) ||F±w (ξ, u)−F±w (x, u)|| ≤ C̃(1 + |x|)

((
x− ξ
ξ − w

)α′
+

(
x− ξ
u− x

)α′)
,

(41) ||U±w (x, u)− U±w (ξ, u)|| ≤ C̃(1 + |x|)

((
x− ξ
ξ − w

)α′
+

(
x− ξ
u− x

)α′)
,

for some constant C̃ > 0, for all w, ξ, x, u : w < ξ < x < u, 0 < u− w < 1, α′ = α/(1 + α),
where Uw(x, u) is de�ned by the equality

U±w (x, u) = R∓1w (x)F±w (x, u).

Theorem 10.

(42)

∥∥∥∥∥
x→∫
w

e−i
1+vξ
v−ξ T (v)dv − U2w(ξ)e−iT (ξ)(1+ξ

2) ln ξ−x
ξ−w

∥∥∥∥∥ ≤ C̃(1 + |x|)(ξ − x)α
′

for some constant C̃ > 0, for all w, ξ, x : w < x < ξ < x + β, β < 1, and for each
α′ : 0 < α′ ≤ α ≤ 1.

These inequalities play an essential role in the process of obtaining the asymptotics
of nondissipative curves generated by unbounded operators from the class Kr with di�er-
ent domains of the operator and its adjoint and presented as couplings of dissipative and
antidissipative operators with real absolutely continuous spectra.

Finally, it have to mention that all presented inequalities in this paper and in [2] are
satis�ed when T (x) is nonnegative or nonpositive operator function in in�nite dimensional
space.
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