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PROPERTIES OF MULTIPLICATIVE INTEGRALS IT*

GALINA S. BORISOVA

ABSTRACT: This paper is a conlinuation of the paper [2] and presents a part
of some important properties of a special kind of multiplicative integrals connected with
semigroups of operators Ty (t > 0 and t < 0) with unbounded K"- generators iA, pre-
sented as regular couplings of dissipative and antidissipative operators in a Hilbert space
H. These properties play an important role in the course of obtaining the asymptotics of
the corresponding nondissipatve cueves Ty f ast — +oo (f € H).
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This paper is a continuations of the paper [2] and it presents a part of properties of
special kind of multiplicative integrals using the obtained results in [2|. These properties of
multiplcative integrals play an important role in the further development of the investigations
of nonselfadjoint unbounded operators (with finite dimensional imaginary parts) based on the
theory of the characteristic functions and the triangular models of M.S. Liv§ic. The presented
properties are inequalities concerning the multiplicative integrals which are so-called limit
values of multiplicative integrals connected with nonselfadjoint unbounded K”- operators A
in a Hilbert space H with differen domains of A and its adjoint A* and presented as a regular
coupling of dissipative and antidissipative operators with real absolutely continuous spectra.
The triangular model of the regular couplings of this class of nonselfadjoint operators has
been introduced and investigated by K.P. Kirchev and G.S. Borisova in [4, 5, 6]. In the course
of investigations of these operators A (the characteristic operator functions, the resolvent of
A, the asymptotic behaviour of the corresponding continuous curves) we use the properties
of the multiplicative integrals from the form

b
1) [ e

a

I

(A € C, X # a(v) for v € [a,b]), where a(v) is a nondecreasing real function in [a, b], T'(v) is
a measurable nonnegative m x m matrix function, satisfying the conditions

b b
(@) / T (v)dv < 400 / 1T (v)||dv < +oo.
The integral (1) is the multiplicative Stieltjes integral, defined as
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where E(f) = [G(t)dt and the limit in (3) is taken over all the partitions a = 6 <

0, < ... < 0, = b of the interval [a,b] and all the choices of intermediate points 7 such
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that 0,1 < 7 < 0, (kK = 1,2,...,n), G(#) is integrable matrix function on [a,b] and
|E(0") — E(0")]] < |0 - 6"].
The limits of the multiplicative integrals from the form (in the sense of a strong limit)

—iT'(v)
s — lim fev i)
=07,

(4) m 5
—iT(v)

_S—(lsl_l;l’lfevcc

v—T

dv iﬂ'T f —iT(v) dv
(&
z+0

are used essentially in the case of bounded dissipative operators [8], the case of bounded
nonselfadjoint operators, presented as a coupling of dissipative and antidisipative operators
[3], the case of unbounded nonselfadjoint operators, presented as a coupling of dissipative
and antidissipative operators and with equal domains of the operator and its adjoint [5]. The
equality (4) is proved by L.A. Sakhnovich in [8] and it is an analogue for the multiplicative
integrals of the well-known Privalov’s theorem [7] for the limit values for the integral

b

F) = / 20 gy

a

in the scalar case.

In the case of considered unbounded K"- operators in the course of obtaining the
asymptotics of the corresponding nondissipative curves we essentially use the existence and
the form of the limit values of the multiplicative integrals (in the sense of a strong limit) for
almost all = € [a, b]

b

1+(1i25)'u
(5) s — lim fe =) T 5,
=07,

At first we will remind a proposition, obtained in [8], and the form of the limit (5), presented
and obtained in [5], [6], [1], which we will use in this paper.

Theorem 1. (/8]) Let the m x m matriz functions (m < oo) By(t) and By(t) are integrable
in [a,b] and for almost all t in [a,b] satisfy the inequalities

By(t) — B*(t) <0.

Then

5
fe—zBl (t)dt —ng / HBl )||dt

a CL

Theorem 2. ([1], [5], [6]) Let the matriz function T(x) is integrable and nonnegative in
la,b]. Then for almost all x € R there exist the limits (5) and they have the form

b

1+(a:iu§)v (’L))d’v

s — (l$1_r>1(1] fe (s Lid)
) - .
=S — ].lm f 671' 1+UIT(U)d’U :|:7r(1+x T(x f e 1U+U; T( )d
e—0 w e
(6>0,e>0)
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Let now «a(z) be a nondecreasing unbounded real function, defined in (a,b) (—oco <
a < b < +00). Let II(z) be a measurable n x m (1 <n < m,r < m) matrix function whose
rows are linearly independent on each point of a set with a positive measure and satisfying
the conditions

(7) /tr B(z)dx < 400, /||H(x)||2dx < 00,

a

where B(z) = II*(x)II(x).
Let L : C" — C™, L* = L, det L # 0. Without loss of generality we can suppose
that L has the representation

(8) L:Jl—J2+S+S*,
where J1, J5, 5,5 : C™ — C™,

I, 0 (0 0 (00
(9) J1_<0 O>7J2_<O Im—rl),s_(g 0)7

I}, is the identity matrix in C* (k = ry,m —11), Sis a (m —ry) X 71 matrix, 71 is the number
of the positive eigenvalues and m —ry is the number of the negative eigenvalues of the matrix
L.

Let the matrix function B(z) satisfy also the conditions

and a(z)B(x).Jy be an integrable matrix function on (a,b) (—oco < a < b < +00). Let us
consider a Hilbert space L?(a, b; C"), whose elements are vector functions f(x) from the form

f(x) = (fi(x), fo(), -, ful@)),  (fi € LP(a,D)).
The scalar product in L?(a, b; C") is defined by the formula

(f.9) = /f(l’)g*(:c)dx

We will denote by || || the norm of an operator function in C* and by || ||p2- the norm
in L2(a,b; C™).
Let Q(x) be a measurable matrix function on (a, b) satisfying the condition

(10) (z)Q(x) =1

for almost all € (a,b). Then the operators P, and P,, defined by the equalities
Pif(z) = f(o)(2) 1Q(x), Paf(z) = f(2)(z) Q(z)

onto L?(a,b; C"), are orthogonal projectors in L?(a, b; C").

The model A, describing the class of K"-operators presented as a coupling of dissipa-
tive and antidissipative operators with real absolutely continuous spectra and with different
domains of A and A* has been introduced in [4] and has the form

~93-



MATTEX 2016 PABIIEJI MATEMATUKA
Tom 1

Af(x) = Ang(a:) = a(zr)g(x)+

+i [ (&) (e(§) + i)H(ﬁ)Jjem(“)Bl(”)d”J1H*(x)(OA(SC) — 1)d§—

a ¢
(1D i [ g(&)ale) + z’)ﬂ(f)Jzze—wwwﬂdeJQH*<x><a<x> et

£ [ g(E)(@E) + )TI(E) Iy f e Bn e [ a0 J 1)
13 a

where G is an invertible operator in L*(R; C") and

(12) G=1+PKDP,,

KPQQ(x) =
b

1 = —if 9(&)(al§) + z’)H(g)sze—m<v>32<v>dvdgsfeBl<v>va1H*(:c),
3 a

Bi(z) = B(z)Jy, By(z) = B(x)Jy, for each f(x) = Gg(z) € L*(R;C") such that Af €
L?(R;C"). Using the form of the projectors P, P, the model A, defined by (11), takes the
the form

(14) Af(z) = AGy(x) = PLAP g(x) + PoAPyg(x) + iK Pog(z),
where K is defined by (13) and
P AP g(z) = a(x)g(x)(z)J;Q(z)+

x
x —

+i [ 9(§)(a(§) + i)H(f)J1{6i°‘(”)31(”)d”J1H*($)(04(50) — 4)dg,
PyAPyg(z) = o) g(@)l(z) 2Q(z)—

g
T —

(15) i J(€)(a(6) + DI o e M T (1) () = )
PiAPyg(z) =
— [y©)(ale) + I OBES [P I (),

P,APg(x) =0

and Dy = G(Dy4, ® Dy,) C L*(R;C"). The representation (15) and straightforward calcu-
lations show that A; = P, A is a dissipative operator onto P,G™'D4 and Ay = P, A is an
antidissipative operator onto P,G~'Dy = P,Dy = D ,,. In other words

Im (A, P,G~'f(z), .G~ f(z)) >0, (f € Dy),
Im (A P,G1f(z), PG ' f(2)) <0, (f € Da).

The representation (14) implies that A is a regular coupling of a dissipative operator and an
antidissipative one, i.e.

A=APG '+ AP, +iKP,
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and A = A1 V AQ.

The model A, defined by (11), is a closed densely defined operator as a coupling of a
dissipative operator and an antidissipative one with real spectra.

For our further considerations we need the resolvent of the coupling of the model A,
defined by (11). It turns out that for each A : Im A # 0 the operator A — A\ is invertible
and the explicit form of the resolvent can be obtained. In the case a(z) = = when A # i the
resolvent (A — A\I)~! is given by the next theorem.

Theorem 3. ([6/) The model A, defined by (11), has the resolvent

(A=) f(z) = L8

()=
- SN 5 ©) 5, (o) ) .
~i ] RO [ TP LI () 5+
- a(§)+i - i%B )dv " a(€)—i
(16) i a(g)_Af(f)H(S)Jz%fe aG dE JoIT () 26—
= I+Aa(v)
__t f 2‘((5)4’1 H(g)JQ fe a(u) 5y Bs( ’U)dvd S
3
e a(v) .
f 6711;(2 Bi(v) va H*( ) (x))__;\

for each X\ : Im X\ # 0, X\ # 1, for each f € L*(R;C") and the resolvent is a bounded operator
in L2(R; C").

The model (11) generates semigroups of operators {7} };<o and {7} };>0 from the class
(Cp) with generators iA (see [6], [5]), defined by the equality

T f(z) = —5& [ €A — (£ —id)])~  f(x)dé+
(17) “+o00 -
ok [ etEF(A = (& +i8) )7 f(x)dE

in the sense of a principal value where f = (A — X\oI) g for all g € Dy, Ao is an arbitrary
fixed number with Im Ay > 0, ¢ is an arbitrary number with 0 < § < I'm A\g when ¢ > 0 and
ImM <0,0<d< —Im Ay when t < 0.

The explicit obtaining of the asymptotics of the corresponding nondissipative processes
Tif as t — oo allows to construct the scattering theory (as in the bounded case of the model
A in [3]) for the couple (A*, A): in other words to obtain the wave operators W, (A*, A),
the scattering operator and the similarity of A and the operator Q of multiplication by the
independent variable. All results are obtained explicitly in [4], [5]), [6] using the multiplica-
tive integrals, their properties and matrix generalization of the classical gamma-function,
introduced in [3].

The presented properties of the multiplicative integrals in this paper and in [2] play an
important role for obtaining the asymptotics of the corresponding nondissipative processes
T,f as t — +oc.

Let m x m matrix function 7'(z), defined on R, satisfy the conditions:

@) [[T(@)ll < C, [l2T(z)]| < CVr € R;
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(ii) T'(z) € Coy(R), 2T (z) € Coy(R) (0 <y < 1,0 < g < 1) (ice. ||T(xy) —T(xa)]| <
C|ZL‘1 - $2|a17 ||ZE1T(I1) — ZEQT(IQ)H S C|l’1 — $2|a2 \V/Z)'Jl,l’g S R)

Here C'is a constant and we denote by || || the norm in C™. Let now o« = min{ay, as}.

Further we will introduce some appropriate denotations. Let us denote the next oper-
ators using the multiplicative integrals and the limit values from the form (6):

i . (z£id)v
(19) Folz £id,u) = [e v twmy [0,
(z£id)v
(20) Jr:t(x U) =S — (lslr% fe_l 1v+ (@Eid) T(v)dv
—>

for all w, u,x € R such that —oco < w < u < +00 and

z—08
(21) FE(z,u) = s — lim f emiime Tw)dv T f et oss T(v)dv ,
6—0 ors
(22) Pu(x) = Fl(z,u) — F, (2,u),
’I‘ 5 o 5 —1
(23) Rjﬂ( ) — 5 — lim f - 1U+”;T(v)dv +7T (x) s — lim f e—zlv"'_”;T(v)dv
v 6—0 6—0 ’
:c 8 T( )zfé +v:cd
(24) Uy () = s—(lsm% fe 52T (v)dy e w UT° e*iT(ﬂc)ﬂc(xﬂPw)7
4>
(25) P (2, 1) = RE (@)Uou (2)e T35
. il'(z) f e gy = vz
(26) Us(z,u) = lim e~ T @a(u=2=0)p "t [ e iR T (v
6—0 o6
(27) Qi(% u) = 7;24; (z,u) o~ T (@)z(u—) eﬁ(x) In(u—x) efif(u) ln(ufx)’
z 8
(28) V_oo(x) _(ISHI(l) fe LR T(v)dv i T(2) In 6
- —00

for all w, u, x such that —co < w < x < u < +00.
Then the next inequalities hold.
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Theorem 4. Let the nonnegative or nonpositive matriz function T(x) be integrable matriz
function on R and satisfy the conditions (i) and (ii). Then

/

(29) |FE(&2) — QE(& )|l < C(1 + |a|) (@ — €)°

for some constant C > 0, for all o : 0 < o < «, and for oll w, &, x : w < £ < w,
O<z—w<l1.

Proof. At first we will note that from (21), (23), (24), (25), (26) it follows after straightfor-
ward calculations that F= (&, x) from (21) can be written in the form

(30) Fou (€,2) = Py (&, 2)Us (&, 7).
Then from (30) and (27) we obtain
175 (8, 7) — Qu(& o)l = .
(31) = H7’2w &, 2)Us (&, ) — P, (€, x)e~TOLE f)emo1n<z—&>e—iT<x>1n<m—f>H <

< ||PE (& )| Hu3 £,1) — e TEE—) z’T‘<s>1n<m—s>€—ﬁ<x>1n<x—s>H,

On the other hand

w

(32) ||772w (& ) ‘— HRil Waw(€)e iT()In $=¢ zT(f)l o

<[RGN || 12w (€

S E—w
6zT(f) In>=¢

But RN < 1, 1420(6)

function) and hence

(33) 1P, (&, 2)]| <1

On the other hand for the second multiplier in the right hand side of the last inequality
n (31) it follows that

— 1 (because T(€) is selfadjoint operator

Us (€, 7) — e TOE—) T () Ina—8) o—iT(@) Ina—8) H _

iT(E) [ TEEdy = o
TG0 i o | )s{s " [ e

6—0 )
o~ iT(O)E(@—8) i (€) In(2—€) ,~iT () In(a—£) H <

ireE) [ ﬁf_’fdv Y

< ||€7iT 5)“ lme £+6 f G_i%T(”)dv — elf(f) ]n(xfé')efi'f(gj) In(z—§) <
- 5—0 £re -
(34)
1+v£d ﬁ>
i (7L ggmon) [ st |
00 €+5 )
1 [T ©ma—g) _ iT(@) m—e) e—ﬁ(x)ln(x—g)H <
Lrgg, & 3
< i (o TOL T o) egron
0=0 €+5 )

/

+CO'(1+ |a])(x — &)
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Ve, :0<x—¢<1,d :0<d <a<1). In the right hand side of the last inequality of
the relations (34) we have used Theorem 3 in [2].

Further, for the first addend in the right hand side of (34) applying Theorem 1 we
obtain consecutively

. T o1we il .
61T($)£{6 e dv B Tei%ﬂ”)d” fefilvtv;;r(v)dv <
) £+6
e | e & v .
<lle e Tt [ eiET@A| <oy ‘(T(ﬁ) —T(v)) 52| dv <

§+6 46

f QT gy 4 f =IOl gy f AITO T gy <
&40

C [ (v—=8&>~ 1dv+C’fdv+C’|£\ f v—¢&) dy <
£+6 £+5

+

<C[(v=¢&>~ 1dv+Cfdv+C’|£|fv— &) tdv <
£
<

e O -0) + a2|5|<x—g
< (0= &+ Olw— " + S+ e — &) < O+ e — )"

ie.
i) | tfa . B _
(35) SOLTEE g gsgrom ) vsgrom) < 614 g - 6
£+o €+s
Now the inequalities (31), ), (34) together with (35) imply that the inequality

(29) is true.
The theorem is proved. O

Finally it is worth to mention that using the obtained properties in [2|, the presented
properties in this paper and similar inequalities and ideas it can be proved the next inequal-
ities concerning the nonnegative or nonpositive matrix function 7'(z) and the introduced
denotations. Let the nonnegative or nonpositive matrix function 7'(z) be integrable matrix
function on R and satisfying the conditions (i) and (ii).

Theorem 5.

6) (o) ~ Ul < C1+ o) (22

for some constant C > 0, for all w,&,x:w< &<z, 0<z—w<1and o =a/(1+a).

Theorem 6.
&\”
(37) RS ) - RE @l < O+ ) (F25
for some constant C > 0, forallw, ¢ r:w<é<z,0<z—w<1andd =a/(l+a).
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Theorem 7.

/

(39 l05) - @z(@)l < +1al) (£25)

for some constant C > 0, forallw,§,r:w<é<z,0<z—w<1andd =a/(l+a).

Theorem 8.

/

(30) sz, 0) — Us(E, )| < G+ ) (””‘g )

u—2

foré <z <u,0<u—¢<1andd =a/(l+a).

Theorem 9.

(10) IFE(E, w) — FE(,w)ll < 51 + Ja)) ((‘”‘f)a/ ¥ (‘f)> ,

E—w uU—x

(41) 4 (2 0) — U w)| < 51+ 2] <(i) ¥ (‘f)> |

E—w u—

for some constant C > 0, for all w, &, z,u:w<é<r<u, 0<u—w<1,d = af/(l+a),
where Uy, (z,u) is defined by the equality

Uy (2, u) = RE () F (2, u).

Theorem 10.

Je TN gy, () TOMINES || < O(1 + |2]) (€ - 2)°

w

/

(42)

for some constant C > 0, for all w,&,x - w <z < & < x4+ 6, B <1, and for each
o 0<d <a<l.

These inequalities play an essential role in the process of obtaining the asymptotics
of nondissipative curves generated by unbounded operators from the class K" with differ-
ent domains of the operator and its adjoint and presented as couplings of dissipative and

antidissipative operators with real absolutely continuous spectra.

Finally, it have to mention that all presented inequalities in this paper and in [2] are
satisfied when T'(x) is nonnegative or nonpositive operator function in infinite dimensional
space.

References

1. Galina S. Borisova, Limit values of multiplicative integrals, Annuals of Konstantin Preslavski University,
Faculty of mathematics and Informatics, 2016 (accepted).

2. Galina S. Borisova, Properties of multiplicative integrals I, MATTEX 2016.

3. K.P. Kirchev, G.S. Borisova, Nondissipative Curves in Hilbert Spaces Having a Limit of the Corresponding
Correlation Function, Integral Equations Operator Theory, 40 (2001), 309-341.

- 99 .



MATTEX 2016 PABIIEJI MATEMATUKA
Tom 1

4. K. Kirchev, G. Borisova, A triangular model of regular couplings of dissipative and anridissipative oper-
ators, Comptes rendus de 1’Academie bulgare des sciences, 58 (5) (2005), 481-486.

5. K.P. Kirchev, G.S. Borisova, Triangular models and asymptotics of continuous curves with bounded and
unbounded semigroup generators, Serdica Math. J., 31 (2005), 95-174.

6. K.P. Kirchev, G.S. Borisova, Regular Couplings of Dissipative and Anti-Dissipative Unbounded Opera-
tors, Asymptotics of the Corresponding Non-Dissipative Processes and the Scattering Theory, Integral
Equations Operator Theory, 57 (2007), 339-379.

7. LI. Privalov, Boundary characteristics of analytic functions, Moscow, 1950 (Russian).

8. L.A. Sakhnovich, Dissipative operators with an absolutely continuous spectrum, Works Mosk. Mat. Soc.,
vol. 19 (1968), 211-270 (Russian).

-30-



	sec1_math-TEX
	BORISOVA-2-2016-MATTEX.pdf


