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ON THE COMPOUND POLYA DISTRIBUTION

KRASIMIRA Y. KOSTADINOVA

ABSTRACT: In this paper we define a compound Pdlya distribution with geomet-
ric compounding distribution. We derive some of its basic properties, recursion formulas
and probability mass function. The method of moments estimation for parameters of a
compound Pdlya distribution is applied. Finally, a definition of a compound Pdlya process
and its probability mass function is given.

KEYWORDS: Compound distributions, geometric distribution, Pdlya process, mo-
ment estimation method.

1 Introduction

The Polya process is defined and analyzed in [1]. It is a mixed Poisson process with
Gamma mixing distribution. In a similar way in [4] the I-Pélya process is defined as a mixed
Polya-Aeppli process with Gamma mixing distribution. The I-Pélya process is defined also
as a pure birth process, see also [3]. In this paper we consider the I-Pélya process as a
compound Poélya process with geometric compounding distribution.

In the next Section 2 we define the compound Poélya distribution and derive its prob-
ability mass function, some properties and recursion formulas. The method of moments
estimation for parameters of a compound Pélya distribution is given in Section 3. In Section
4, the compound Pélya process and its probability mass function is given.

2 Compound Pélya distribution

In this section we consider the random sum
(1) N=X+Xo+ ...+ Xz,

where the random variables (r.v.’s) X; are independent, identically distributed (iid) as X
r.v.’s, and the r.v. Z is independent of the r.v.’s X;, ¢ = 1,2,.... We suppose that the
r.v. Z has a negative binomial distribution with parameters r € N and 6 € (0,1), denoted
by Z ~ NB(r,0). Then the r.v. N has a compound negative binomial distribution with
compounding r.v. X. Let the r.v. X has a geometric distribution with parameter v € (0, 1),
denoted by X ~ Ge(y). The probability mass function (PMF) and probability generating
function (PGF) of X are given by

(2) G=PX=i)=v9(1-7)", i=0,1,...
and
(3 Un(s) = — T Js| < ——

The PMF and PGF of Z are given by

(4) P(Z=i)= (

r+i1—1
)

)(1—9)’”92 i=0,1,...
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and
1-60\" 1
) v = (=42 M <
Then the PGF of N is given by
1—-6 "
(6) Un(s) = (T%(S)) ;

where 1 (s) is the PGF of the compounding distribution, given by (3).

Definition 2.1. The probability distribution of N, defined by the PGF (6) and compounding
distribution, given by (2) and (3) is called a compound Pdlya distribution.

Remark 2.1. The mean and the variance of the compound Pdlya distribution are given by

(1—)fr

E(N) = ma
Var(y) = L= =0@=0) + 1 =0)) .
(1—0)7)° '

For the Fisher index of dispersion we obtain

Var(N) ] (1—7)(2-0) .

FI(N) = i R (R

i.e. the compound Polya distribution is over-dispersed related to the Poisson distribution.

2.1 The Probability Mass Function

The probability function of N(¢) is given by expanding the PGF 1 (s) in powers of s.
Denote by f(i) = P(N(t) = 1), i = 0,1,2,..., the probability mass function of N(t). We
rewrite the PGF of (6) in the form

. wor=a-or 3 (707 (=)

m=0

0" (s)

Denote by 9 (s) = 55

following

, for i = 0,1,..., the derivatives of ¥(s). From (7) we get the

e G e S

From [2], it is known that

(9) fi) =
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Theorem 2.1. The probability mass function of N(t) is given by

o) = ().

(10)
FO) = (=) =0y S () (e =12
Proof. The initial value f(0) = (%)T follows simply from the PGF (0) = f(0).
Then (10) follows from (8) and (9). O

On Figure 1 and Figure 2 are given graphics of the PMF of negative binomial distribu-
tion and the compound Pélya distribution correspondingly, and on Figure 3 is given a graphic
of the PMF of Z ~ NB(r,0) and the compound Pélya distribution for v = 0.5, # = 0.7 and
r=5.

From Figure 2 we see that the tail distribution is longer than the tail distribution on
Figure 1. From Figure 3, one can see that the tail of the compound Pélya distribution
becomes heavier than the tail of the negative binomial distribution.

0,080
0,070
0,060
0,050

0,040

P{Z=0)

0,030
0,020
0,010
0,000

0 1 2 3 4 5 6 7 8 9 1011 12 13 14 15 16 17 18 19 20
i

Figure 1. The PMF of Z-NB(5, 0,7)
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Figure 2. The PMF of N(t)

The following proposition gives an extension of the Panjer recursion formulas (see [5]).

Proposition 2.1. The PMF of the compound Pdélya distribution satisfies the following re-
CUTSIONS

i1
1) (1 =0if() = (A=) [ = DG =) +0r S g fli—j—1)], i=2,3,...

J=0
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Figure 3. The PMF of Z~NB(5, 0,7) and N(t)

and f(1) = 155-0r0(0) with f(0) = (152"

Proof. Differentiation in (6) leads to

(12) 3¢z\g;)(8) =1 8 — :Z;zr_ 97%(5)@/&\/@)(3),
where gy (s) = Y f(i)s', 22600 = S (i41) f(i+1)s', and 11 (s) = 3 g;”. The equation
(12) has the forml:0 - "
1= (=)s =] 6+ DG+ s = (1-7)or 3 f<z'>si§ 45,
Changing the variable from i + j = = i = [ — j, yields
1= (L=)s = 0] 6+ DG+ s’ = (1= 7)o i " i Fi - s

Interchanging the order of summing in the double sum and equivalent transformations results
in

L= S+ 1) f+ st = (1—) S if(i)s' + (1—)0r > [z g i — j)]

1=0 i=1 i=0 |j=0

The recursions (11) are obtained by equating the coefficients of s* on both sides for fixed
1=20,1,2,.... For i = 0 follows that

(1) = T 0 (0).

Fori=1,2,...

L=+ 1) f(i+1) = (1= 7)if (i) + (1= 7)0r > q;f(i — ),

Jj=0

and hence (11).

In the next proposition we give an alternative recursion formula.
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Proposition 2.2. The PMF of the compound Polya distribution satisfies the recursions
(13) (1=07)if(i) = (1=7) [(i = 1)(2 = 0y) +r0y] f(i=1)=(1-7)*(i=2) f(i~2), i = 2,3,...
and f(1) = {5-0r£(0) with f(0) = (%) .

Proof. Differentiation in (6) leads to

/ QT /
(14) Y (s) = W%(S)W/(t)(s),
where ¢y (s) = i)f(i)si, %ﬁﬂs) = io(l +1)f(i+1)s’, and
(I=7)y
Ul = o= )ep

is the derivative of (3). So, the equation (14) has the form

(1= (1=7)s = 09)(1 = (1= )s) i( + D) fi+1)s = roy(1—7) i F(i)s,
or equivalently
(=6 TG+ DI+ =201 =) Tif ()

(1-
(0= DG =D 41891 =) T )

The recursions are obtained by equating the coefficients of s* on both sides for fixed
i=0,1,2,.... O

3 Method of moments

3.1 The Procedure

Let X, X, ..., are iid r.v.’s, which have some distribution. Then the kth moment of

the distribution is defined by
e = E(XP).

For example 1y = F(X) and py = Var(X) + (E(X))%

The procedure follows these four steps (see for example [6]):

1) If the model has m parameters, we compute m moments, fi1, fi2, . . ., ftm and obtain
m equations with m unknowns.

2) Then we solve so that these m parameters as a function of the moments, i.e. every

parameter we express by u;, 1 =1,2,.
3) After that, based on the data X (Xl, Xo, ..., X,), we compute the first m sample

n

m — 1 m

moments, X™ = -5 X"
i=1

4) We replace the distributional moments ,,, by the sample moments X™.
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3.2 Example - compound Pélya distribution

Let us denote by i = E(N¥), the kth moment of the r.v. N. Using that

_ _ (@ —n)or
B o (I—=m)0r . _ B
ung(N3):é(lli—m[(9r+2—«9)((9r+2)+2(1—0)(0r+1—9)]+3y2—2,u1,

by the method of moments for the parameters r, # and ~ of the compound Pélya distribution,
we obtain

(X)

V2XXT - 3(X%)2 4 (

F=

X)? + (X)!

o 2\/2X X5 — 3(X2)2 + (X)2 + (X! |

2X
X7 (X)? + X — /2XX0 - 3(X7)2 + (X)? + (

)
I

Y

>

)4

Whereﬁ:%ZXf, k=1,23.
i=1

4 Compound Pdlya process

We consider the stochastic process N(t), ¢t > 0 defined on a fixed probability space
(Q, F, P) and given by

Xi+Xo+ ...+ Xy, Ni(t) >0,
(15) N(t) =
0, Nl(t) == 0,

where X;, i =1,2,... areiid as X r.v.’s, independent of N;(¢). We suppose that the counting
process Ni(t) is a negative binomial process with parameters r € N and 1—m € (0,1), where

T = %, 0 > 0. Denote by Nyi(t) ~ NB(r, 5%;). In this case N(t) is a compound negative

binomial process. The PMF and PGF of N;(t) are given by
(16) PNty =iy = ("I (2 (N son
nem i o+t) \ox¢t)
and
0 " o+t
17 —
(17) om0 = (57=5) 1o <
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We suppose that the compounding r.v. X ~ Ge(7) is given by PMF (2) and PGF (3). For
the PGF of the process N(t), given in (15) we get

(1s) 66 =m0 = (51

S+t —thy
where 1 (s) is the PGF of the compounding distribution, given by (3).

Definition 4.1. The stochastic process, defined by the PGF (18) and compounding distri-
bution, given by (2) and (3) is called a compound Pdlya process.

4.1 The Probability Mass Function

The probability function of N(t) is given by expanding the PGF (s) in powers of s.
Denote by P;(t) = P(N(t) =1i), i = 0,1,2,..., the probability mass function of N(t). We
rewrite the PGF of (18) in the form

9(s) = (%H): () (e >)m
~(5%1)

‘ (Nr:b_ 1) ((5+t)(1 it(l —7)5)>m'
0V (s)

Bl ,for i =0,1,..., the derivatives of ¢(s). From (19) we get the
st

(]

(19)

NE

3
|

Denote by 19 (s) =

following

20 W =0-2 (7)Y

o+t) ~—~

(T+m_1) ( vt )mm(m+1)...(m+z’—1)_

m o+t (1 —(1—r)s)mti
From [2], it is known that

Y9 (s)

(21) P(t) = 7

s=0-

The result is given in the next theorem.

Theorem 4.1. The probability mass function of N(t) ~compound Pdlya process is given by

w0 ~(reie)

(22)
, § V' (r4+m—1\/m+i—1 v\
Pit) =(1-7)(— L =0,1,...
() =0-7) (5+t) ;1( m )( i )<5+t>  t=01
Proof. The initial value Py(t) = (ﬁ)r follows from the PGF in (18), ¢/(0) = Py(t).
Then (22) follows from (20) and (21). O
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Concluding remarks

In this paper we have introduced a compound Pélya distribution as a compound neg-
ative binomial distribution with geometric compounding distribution. Also, we find the
moments, the recursion formulas and probability mass function and therein the method of
moments estimation for its parameters is applied. Then we define a compound Pélya process
and find its probability mass function.
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